
Calculus of Variation ������ Spring� HW �	

��� �������� ����	
��


���� ��� ��� ���� ����

�Time Due� June �� �Fri�� before class�

�� A system with one degree of freedom has a Hamiltonian

H�q� p� �
p�

�m
�A�q�p �B�q�

where A and B are certain functions of the coordinate q	 and p is the momentum conjugate to q�

�a� Find the velocity 
q�

�b� Find the Lagrangian L�q� 
q�

Solution�

�a� The velocity 
q is given by the �rst of the Hamiltonian equations


q �
�H

�p
�

p

m
�A�q�

�b� The Lagrangian L is given by the Legendre transform

L�q� 
q� � p 
q �H �
�

�
m� 
q � A�� �B

�� The equations of motion for a particle of mass m and charge e moving in a uniform magnetic �eld B

which points in the z�direction can be obtained from a Lagrangian

L �
�

�
m� 
x� � 
y� � 
z�� �

eB

�c
�x 
y � y 
x�

�a� Write down the equations of motion�

�b� Find the momenta �px� py� pz� conjugate to �x� y� z��

�c� Find the Hamiltonian	 expressing your answer �rst in terms of �x� y� z� 
x� 
y� 
z� and then in terms of

�x� y� z� px� py� pz��

�d� Evaluate the Poisson bracket


m 
x�m 
y�� 
m 
y�m 
z�� 
m 
z�m 
x�� 
m 
x�H�� 
m 
y�H�� 
m 
z�H�

�e� Rewrite the Hamiltonian system in terms of Poisson bracket�

�



Solution�

�a� We have

�L

� 
x
� �

eB

�c
y�

�L

� 
y
� m 
y �

eB

�c
x�

�L

� 
z
� m 
z

�L

�x
�

eB

�c

y�

�L

�y
� �

eB

�c

x�

�L

�z
� o

so Lagrange�s equations are

m�x �
eB

�c

y� m�y � �

eB

�c

x� m�z � �

�b� The momenta �px� py� pz� conjugate to �x� p� z� are

px �
�L

� 
x
� m 
x�

eB

�c
y� py �

�L

� 
y
� m 
y �

eB

�c
x� pz �

�L

� 
z
� m 
x

�c� The Hamiltonian is

H � �px� py� pz� � � 
x� 
y� 
z�� L

�

�
m 
x�

eB

�c
y

�

x�

�
m 
y �

eB

�c
x

�

y �m 
z� �

�

�
m� 
x� � 
y� � 
z���

eB

�c
�x 
y � y 
x�

�
�

�
m� 
x� � 
y� � 
z��

and equals �kinetic energy�� Writing H in terms of �x� y� z� px� py� pz� we have

H �
�

�m

�
px �

eB

�c
y

��

�
�

�m

�
py �

eB

�c
x

��

�
�

�m
p�z

�d� The Poisson brackets are


m 
x�m 
y� �

�
px �

eB

�c
y� py �

eB

�c
x

�

� 
px� py��
eB

�c

px� x� �

eB

�c

y� py��

�
eB

�c

��


y� x�

�
eB

c

together with


m 
y�m 
z� � 
m 
z�m 
x� � �

The Poisson brackets of the components of the kinematic momentum with the Hamiltonian are

then


m 
x�H� � 
m 
x�
�

�
m� 
x� � 
y� � 
z��� � 
m 
x�m 
y� 
y �

eB

c

y


m 
y�H� � 
m 
y�
�

�
m� 
x� � 
y� � 
z��� � 
m 
y�m 
x� 
x � �

eB

c

x


m 
z�H� � �

�



�e� The equations of motion in terms of the Poisson bracket are

d

dt
�m 
x� � 
m 
x�H� �

eB

c

y

d

dt
�m 
y� � 
m 
y�H� � �

eB

c

x

d

dt
�m 
z� � 
m 
z�H� � �

�� The Hamiltonian for a simple harmonic oscillator is

H �
p�

�m
�

�

�
m��x��

Introduce the complex quantities

a �

r
m�

�

�
x�

ip

m�

�
� a� �

r
m�

�

�
x�

ip

m�

�
�

�a� Express H in terms of a and a��

�b� Evaluate the Poisson bracket 
a� a��	 
a�H�	 and 
a��H��

�c� Write down and solve the equations of motion for a and a��

Solution�

�a� We have

a�a �
m�

�

�
x� �

p�

m���

�
�

so the Hamiltonian for a simple harmonic oscillator can be written

H �
p�

�m
�

�

�
m��x� � �a�a

�b� The required Poisson brackets are


a� a�� �
m�

�

�
x�

ip

m�
� x�

ip

m�

�
� �i


a�H� � �
a� a�a� � �
a� a��a � �i�a


a��H� � �
a�� a�a� � �a�
a�� a� � i�a�

�c� The equations of motion are

da

dt
� 
a�H� � �i�a�

da�

dt
� 
a��H� � i�a��

These can be integrated to give

a � a�e
�i�t� a� � a�

�
ei�t

�



where a� and a�
�
are the initial values of a and a�� This provides yet another way to obtain the

general solution to the harmonic oscillator problem	

x �

r
�

m�
�a � a�� �

r
�

m�
�a�e

�i�t � a�
�
ei�t�

p � �i
p
�m��a� a�� � �i

p
�m��a�e

�i�t � a�
�
ei�t�

�� The motion of a particle of mass m which moves vertically in the uniform gravitational �eld g near the

surface of the earth can be described by an action principle with Lagrangian

L �
�

�
m 
z� �mgz

�a� Show that the action principle is invariant under the transformation z� � z � � where � is any

constant	 and �nd the associated constant of the motion by Noether�s theorem�

�b� Show that the action principle is invariant under the transformation z� � z � �t where � is any

constant	 and �nd the associated constant of the motion by�

Solution�

�a� Setting

z � z� � �� 
z � 
z�

we have
L��z�� 
z�� � L�z� 
z�

�
�

�
m 
z� �mgz

�
�

�
m� 
z��� �mg�z� � ��

�
�

�
m� 
z��� �mgz� �mg�

� L�z� 
z� �
d�

dt

where � � mgt�� Thus the action principle and system is invariant under this transformation� The

corresponding in�nitesimal invariance transformation is obtained by replacing � by �� and setting

�z � z� � z � t��� �� � �m�z �
�

�
gt�����

The associated constant of the motion is

�L

� 
z
�z � �� � m 
z���mgt�� � m� 
z � gt���

The constant m� 
z � gt� equals mv� where v� is the initial velocity of the particle�

�



�b� Setting

z � z� � �t� 
z � 
z� � �

we have
L��z�� 
z�� � L�z� 
z�

�
�

�
m 
z� �mgz

�
�

�
m� 
z� � ��� �mg�z� � �t�

�
�

�
� 
z��� �mgz� �m 
z���

�

�
m�� �mgt�

� L�z� 
z� �
d�

dt

where � � �m�z��
�

�
gt����

�

�
m��t� Thus the action principle and system are invariant under this

transformsation� The corresponding in�nitesimal invariance transformation is obtained by replacing

� by �� and setting

�z � z� � z � t��� �� � �m�z �
�

�
gt�����

The associated constant of the motion is

�L

� 
z
�z � �� � m 
zt���m�z �

�

�
gt����

� m� 
zt � z �
�

�
gt����

The constant m� 
zt � z �
�

�
gt�� equals �mz� where z� is the initial position of the particle� The

expressions


z � gt � v�� 
z � z �
�

�
gt� � �z�

for the two constants of the motion can be inverted to obtain the velocity and position of the

particle as functions of time	


z � v� � gt� z � z� � v�t�
�

�
gt�

thus solving the equations of motion�

�


