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Notes:

(a) The number of success in one Bernoulli experiment has Bernoulli dis-
tribution Bernoulli(p).

(b) The number of success in n independent Bernoulli experiments has Bi-
nomial distribution b(n,p).

Normal Distribution
We say that a r.v. X has a normal distribution if it has p.d.f

f(x) =
1√
2π
e−

(x−µ)2

2σ2 ,−∞ < x <∞

for some fixed µ ∈ R and σ > 0. We denote by X ∼ N(µ, σ2).
If X has a normal distribution with µ = 0 and σ = 1, we say that X has a
standard normal distribution.

Note:∫∞
−∞ xf(x)dx = P (X ∈ (−∞,∞)) = P (X−1(R)) = P (S) = 1

⇒
∫∞
−∞

1√
2π
e−

(x−µ)2

2σ2 dx = 1, for µ ∈ R, σ > 0.

Thm. If we let λ = np, then p.d.f of b(n, p)

f(x) =

(
n
x

)
px(1− p)n−x → λxe−λ

x!

1



Proof.

f(x) =

(
n
x

)
px(1− p)n−x, λ = np

=
n!

x!(n− x)!
(
λ

n
)x(1− λ

n
)n−x

=
λx

x!

n(n− 1) · · · (n− (x− 1))

nx
(1− λ

n
)n(1− λ

n
)−x

=
λx

x!
· 1 · (1− 1

n
) · · · (1− x− 1

n
)(1 +

−λ
n

)n(1− λ

n
)−x

=
λx

x!
(e−λ)

Def. We say that r.v. X has a Poisson distribution if it has p.d.f

f(x) =
λx

x!
e−λ, x = 0, 1, 2, · · ·

We denote by X ∼ Poisson(λ).

Notes:

(a) Binomial r.v. = number of success in n Bernoulli experiments.

(b) X = number of success in infinite Bernoulli experiments
X ∼ Poisson(λ)

Gamma Distribution
Gamma function Γ(α) =

∫∞
0
xα−1e−xdx

Properties:
(1) Γ(α) = (α− 1)Γ(α− 1), if α > 1
(2) Γ(1) =

∫∞
0
e−xdx = 1

(3) Γ(n) = (n− 1)Γ(n− 1) = · · · = (n− 1)(n− 2) · · · 1 · Γ(1) = (n− 1)!
(4) Γ(1

2
) =
√
π

Def. We say that X has a Gamma distribution if it has p.d.f

f(x) =
1

Γ(α)βα
xα−1e−

x
β , x > 0, for some α > 0, β > 0

We denote by X ∼ Gamma(α, β).
Note:

∫∞
0

1
Γ(α)βα

xα−1e−
x
β dx = 1, ∀ α > 0, β > 0
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If X has Gamma distribution with β = 2 and α = r
2
, we say that X has a

chi-square distribution with degrees of freedom r. The p.d.f is

f(x) =
1

Γ( r
2
)2

r
2

x
r
2
−1e−

x
2 , x > 0

We denote by X ∼ χ2(r).

Expectation:
Let g be a real valued function on R (g : R→ R). The expectation of g(X)
is

E[g(X)] =

{
Σallxg(x)f(x) , discrete r.v.∫∞
−∞ g(x)f(x)dx , continuous r.v.

Properties:
(a) E[aX + b] = aE[X] + b
(b) E[c] = c

The mean of r.v. X is µ = E[X].
The variance of r.v. X is σ2 = V ar(X) = E[(X − µ)2].
Mean and variance can be divided through moment generating function.

Def. The moment generating function of r.v. X is MX(t) = E[etX ],
a function of t. If there exists δ > 0 such that MX(t) exists for t ∈ (−δ, δ),
then Dk

tE[etX ] = E[Dk
t e
tX ], for all k.

Thm. M
(k)
X (0) = E[Xk], k = 1, 2, · · ·

Proof.

MX(t) = E[etX ] =

∫ ∞
−∞

etxf(x)dx

M
′

X(t) = Dt

∫ ∞
−∞

etxf(x)dx =

∫ ∞
−∞

(Dte
tx)f(x)dx =

∫ ∞
−∞

xetxf(x)dx

M
′′

X(t) = Dt

∫ ∞
−∞

xetxf(x)dx =

∫ ∞
−∞

x(Dte
tx)f(x)dx =

∫ ∞
−∞

x2etxf(x)dx

...

Mk
X(t) = Dt

∫ ∞
−∞

xk−1etxf(x)dx =

∫ ∞
−∞

xk−1(Dte
tx)f(x)dx =

∫ ∞
−∞

xketxf(x)dx

⇒Mk
X(0) =

∫ ∞
−∞

xkf(x)dx = E[Xk]
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Notes:
(1) M

′
X(0) = E[X] = µ = Mean

(2) M
′′
X(0) = E[X2]

(3)

V ariance σ2 = E[(X − µ)2]

= E[X2 − 2µX + µ2]

= E[X2]− 2µE[X] + E[µ2]

= E[X2]− µ2

= M
′′

X(0)− (M
′

X(0))2

If X ∼ Bernoulli(p), m.g.f of X is

MX(t) = E[etX ] = Σ1
x=0e

txpx(1− p)1−x = (1− p) + pet, t ∈ R
M
′

X(t) = pet ⇒Mean µ = E[X] = M
′

X(0) = p

M
′′

X(t) = pet ⇒ E[X2] = M
′′

X(0) = p

⇒ V ariance σ2 = M
′′

X(0)− (M
′

X(0))2 = p2 − p = p(1− p)

If X ∼ b(n, p), m.g.f of X is

MX(t) = E[etX ] = Σn
x=0e

tx

(
n
x

)
px(1− p)n−x

= Σn
x=0

(
n
x

)
(pet)x(1− p)n−x

= (1− p+ pet)n, t ∈ R
M
′

X(t) = n(1− p+ pet)n−1pet

⇒Mean µ = E[X] = M
′

X(0) = np

M
′′

X(t) = n(n− 1)(1− p+ pet)n−2(pet)2 + n(1− p+ pet)n−1pet

⇒ E[X2] = M
′′

X(0) = n(n− 1)p2 + np

⇒ V ariance σ2 = M
′′

X(0)− (M
′

X(0))2 = n(n− 1)p2 + np− (np)2 = np(1− p)

Note:
Binomial expansion:

(a+ b)n = Σn
k=0

(
n
k

)
bkan−k, ∀ a, b ∈ R
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If X ∼ Poisson(λ), m.g.f of X is

MX(t) = E[etX ] = Σ∞x=0e
txλ

xe−λ

x!
= e−λΣ∞x=0

(λet)x

x!
= e−λeλe

t

= eλ(et−1), ∀ t ∈ R

M
′

X(t) = λeteλ(et−1)

⇒Mean µ = E[X] = M
′

X(0) = λ

M
′′

X(t) = λeteλ(et−1) + λ2e2teλ(et−1)

⇒ E[X2] = M
′′

X(0) = λ+ λ2

⇒ V ariance σ2 = M
′′

X(0)− (M
′

X(0))2 = λ+ λ2 − λ2 = λ

Note:
ea = Σ∞k=0

ak

k!
, ∀ a ∈ R

If X ∼ N(µ, σ2), m.g.f of X is

MX(t) = E[etX ] =

∫ ∞
−∞

etx
1√
2πσ

e−
(x−µ)2

2σ2 dx =

∫ ∞
−∞

1√
2πσ

e−
(x−µ)2−2σ2tx

2σ2 dx

=

∫ ∞
−∞

1√
2πσ

e−
x2−2µx−2σ2tx+µ2

2σ2 dx

=

∫ ∞
−∞

1√
2πσ

e−
x2−2(µ+σ2t)x

2σ2
− µ2

2σ2 dx

=

∫ ∞
−∞

1√
2πσ

e−
(x−(µ+σ2t))2

2σ2
− µ2

2σ2
+

(µ+σ2t)2

2σ2 dx

= e−
µ2

2σ2 e
(µ+σ2t)2

2σ2

∫ ∞
−∞

1√
2πσ

e−
(x−(µ+σ2t))2

2σ2 dx

= e−
µ2

2σ2 e
µ2+2µσ2t+σ4t2

2σ2

= eµt+
σ2

2
t2 , t ∈ R

M
′

X(t) = (µ+ σ2t)eµt+
σ2

2
t2

⇒Mean E[X] = M
′

X(0) = µ

M
′′

X(t) = σ2eµt+
σ2

2
t2 + (µ+ σ2t)2eµt+

σ2

2
t2

⇒ E[X2] = M
′′

X(0) = σ2 + µ2

⇒ V ariance V ar(X) = M
′′

X(0)− (M
′

X(0))2 = σ2 + µ2 − µ2 = σ2

5



If X ∼ Gamma(α, β), m.g.f of X is

MX(t) = E[etX ] =

∫ ∞
0

etx
1

Γ(α)βα
xα−1e−

x
β dx =

∫ ∞
0

1

Γ(α)βα
xα−1e−

(1−βt)x
β dx

= (1− βt)−α
∫ ∞

0

1

Γ(α)( β
1−βt)

α
xα−1e

− x
β

1−βt dx

= (1− βt)−α, t < 1

β

∵
β

1− βt
> 0⇒ 1− βt > 0⇒ t <

1

β

M
′

X(t) = α(1− βt)−α−1β

⇒Mean µ = E[X] = M
′

X(0) = αβ

M
′′

X(t) = α(α + 1)(1− βt)−α−2β2

⇒ E[X2] = M
′′

X(0) = α(α + 1)β2

⇒ V ariance σ2 = M
′′

X(0)− (M
′

X(0))2 = α(α + 1)β2 − (αβ)2 = αβ2
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