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Notes:

(a) The number of success in one Bernoulli experiment has Bernoulli dis-
tribution Bernoulli(p).

(b) The number of success in n independent Bernoulli experiments has Bi-
nomial distribution b(n,p).

Normal Distribution
We say that a r.v. X has a normal distribution if it has p.d.f

1 (z—p)?
fz) = e, —00 < T <00

for some fixed u € R and o > 0. We denote by X ~ N(u,c?).
If X has a normal distribution with 4 = 0 and ¢ = 1, we say that X has a
standard normal distribution.

Note:
[ af(x)de = P(X € (—o0,00)) = P(X~'(R)) = P(S) =1
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ﬁf_w#e 27 dr=1,for pe R, o >0.

Thm. If we let A\ = np, then p.d.f of b(n,p)




Proof.
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We denote by X ~ Poisson(\).
Notes:
(a) Binomial r.v. = number of success in n Bernoulli experiments.

(b) X = number of success in infinite Bernoulli experiments
X ~ Poisson(\)

Gamma Distribution

Gamma function I'(a) = [ 2> e "dx
Properties:

(1) T'(a)=(a—1)I(a—1), if a>1

(2) T(1) =[S e"de =1
3) T(n)=Mn—-1In-1)=--=m-1n-2)---1-T(1) = (n — 1)!
(4) TG3) =7

Def. We say that X has a Gamma distribution if it has p.d.f
! x
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We denote by X ~ Gamma(a, 3).

Note: [}* F(al)ﬁaxa_le_%dx =1, Va>0, >0

a—1_—%

e s, x>0, for somea>0, >0

fla) = 1




If X has Gamma distribution with 8 = 2 and o = 5, we say that X has a

chi-square distribution with degrees of freedom r. The p.d.f is

flz) = z27le72 >0

We denote by X ~ x*(r).

Expectation:
Let g be a real valued function on R (g : R — R). The expectation of g(X)
1s

Yauzg(x) f(z) , discrete r.v.
Elg(X)l = { e i(x)f(x)dx , continuous r.v.
Properties:
(a) ElaX +b=aE[X]+b
(b) Eld=c

The mean of r.v. X is p = E[X].
The variance of r.v. X is 0% = Var(X) = E[(X — p)?].
Mean and variance can be divided through moment generating function.

Def. The moment generating function of r.v. X is Mx(t) = E[eX],

a function of t. If there exists 6 > 0 such that Mx(t) exists for t € (=6,0),
then DEE[eX] = E[DFe'X], for all k.

Thm. MY (0) = E[X}], k=1,2,---
Proof.

Mx(t) = E[e"] = /OO e f(x)dx

— 00

My (t) = D, /OO e f(z)de = /OO (Dye!®) f(x)dx = /Oo ze'® f(x)dx

o0 —00 —0o0

My (t) = D, / " et () da / " oDyt f () = / " e ) ds

o0 —0o0 — 00

M (t) = D, /OO o* e f (2)dw = /00 2" (Dye®) f(z)dx = /OO aFe f(x)dx

—00 —00 —00

= ME(0) = /_OO o f(z)dz = B[X*]
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Notes:
(1) M%(O) = E[X] == Mean
E2) My (0) = E[X?]

3)
Variance 0® = E[(X — p)?]
:E[X2—2uX+u]
= E[X 2]—2uE[ |+ B[]
= E[X*] — 1i*
= My (0) — (M(0))?

If X ~ Bernoulli(p), m.g.f of X is

Mx(t) = E[e®] = 2L _ep*(1 —p)" " = (1 —p) +pe', t € R

My (t) = pe' = Mean p= E[X] =

My (t) = pe' = E[X?] = My(0) =p
(

"

= Variance 0* = My(0) — (M (0))? = p> —p = p(1 — p)

If X ~b(n,p), m.g.fof X is
My (t) = BLe) = e (1) -
n n xX n—x
=X ( . ) (pe')*(1=p)

=(1—p+pe)", teR

My (t) = n(1 —p+pe')" ' pe’
= Mean 1 = E[X] = My (0) = np

My (t) = n(n = 1)(1 = p+pe')"2(pe')* +n(l = p + pe')" ' pe'
= FE[X?] = My (0) = n(n — 1)p* + np

= Variance 02 = My (0) — (M (0))? = n(n — 1)p* + np — (np)?

Note:
Binomial expansion:

(a+b)"=%7, ( Z ) ba"* Ya, beR

=np(1 —p)



If X ~ Poisson(\), m.g.f of X is
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= Mean u = E[X] = M;((O) =A
ML) = Aele A2 -1)
= E[XQ] = My (0) = X+ \?
= Variance 02 = My (0) — (My(0)2 = A+ X2 = A2 =\

Note:
et = E?O“k— VaecR

If X ~ N(p,0?), m.g.fof X is
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My (t) = (u+ o’t)e ="
= Mean E[X] = My(0) = p
My (t) = 0% 58 1 (u+ o?t) e+ 7
= B[X?] = My(0) = 0% + 12

"

= Variance Var(X) = My(0) — (My(0))? = 0% + pi2 — pi? = o>



If X ~Gamma(a, ), m.g.f of X is

o 1 o o 1 —Bt)z
Mx(t) = E[e"] = / et v e hdr = / xa_le_(l 7 dx
0 0

e [ g
(1—pt) /0 F(Oé)(l_iﬁt)ax e TFidx

o 1

=1-=pt)"% t< 3
1_5& >O:1—Bt>0:>t<%
My (t) = a(1—pt)*7'3

= Mean p = E[X] = My(0) = af
My (t) = ala+1)(1 = pt) =25

= B[X?] = My(0) = a(a + 1)

= Variance o? = M;/((O) — (M;((O))2 =ala+1)3 — (aB)? = ap?




