Mathmatical Statisticals

Chen, L.-A.

Chapter 4. Distribution of Function of Random variables

Sample space S : set of possible outcome in an experiment.

Probability set function P:
(1)P(A) > 0,VACS.
(2)P(S) = 1.

1 1
Random variable X:
X:S—R

Given B C R,P(X € B) = P{s € S: X(s) € B}) = P(X"'(B)) where
X-Y(B)cS.

X is a discrete random variable if its range
X(s)={z € R:3s€ 5, X(s) =z}

is countable. The probability density/mass function (p.d.f) of X is defined

f(z)=P(X =2x),z € R.

Distribution function F':
F(z)=P(X <z),z € R.

A r.v. is called a continuous r.v. if there exists f(x) > 0
such that

F(z) = / f(t)dt,z € R.

where f is the p.d.f of continuous r.v. X.



Let X be a r.v. with p.d.f f(z). Let g: R — R

Q: What is the p.d.f. of g(z)? and is g(x) a r.v.?(Yes)
Answer:

(a) distribution method :

Suppose that X is a continuous r.v.. Let Y = g(X)
The d.f(distribution function) of Y is

G(y) = P(Y <y) = P(9(X) <y)

If G is differentiable then the p.d.f. of Y = ¢(X) is g(y) = G'(y).
(b) mgf method :(moment generating function)

E[e"] = { Yo e f(x) (discrete)

[ e f(x)dx  (continuous)

Thm. m.g.f. M,(t) and its distribution (p.d.f. or d.f.) forms a 1 —1 func-
tions.

ex.
My (t) = e2' = My(.1)(t) = Y ~ N(0,1)

Let X4,..., X, be random variables.
If they are discrete, the joint p.d.f. of Xq,..., X, is

a1
f(ml,...,xn):P(Xl:xl,ngxg,...,Xn:a:n),V ER”
Tn
If Xq,...,X, are continuous r.v.’s, there exists f such that
T
F .Il, / / f tl, . dtl dtn, for € R"
Tn
We call f the joint p.d.f. of Xy,..., X,,.
If X is continuous, then
/ f(t)dt and P(X /f )dt = 0,Vx € R.



Marginal p.d.f’s:

Discrete:
fx,(x)=P(X;, =x) = Z"'ZZ"‘Zf(xl""’xi—l’x’xi+1"“’x”>
Tn Tit1 Ti—1 1
Continuous:

fXZ(.I‘)I/ / / / f(ml,...,xi,l,x,xiﬂ,...,mn)dxl...dxi,ldxiﬂ...d:cn

Events A and B are independent if P(AN B) = P(A)P(B).
Q: If AN B =@, are A and B independent?
A: In general, they are not.

Let X and Y be r.v.’s with joint p.d.f. f(x,y) and marginal p.d.f. fx(z) and
fr(y). We say that X and Y are independent if

Py = Fx()fr ()Y ( ' ) c R

Random variables X and Y are identically distributed (i.d.) if marginal
p.d.f.’s f and g satisfy f = g or d.f.’s F' and G satisfy F' = G.

We say that X and Y are iid random variables if they are independent and
identically distributed.

Transformation of r.v.’s (discrete case)
Univariate: Y = ¢(X), p.d.f. of Y is

g(y) = P(Y =y) = P(g(x) =y) = P({z € Range of X : g(z) =y}) = > f(x)
{z:g9(z)=y}

For random variables X1, ..., X,, with joint p.d.f. f(z1,...,2,), define trans-
formations

Yi :gl(Xla"'aXn)>"'7Ym:gm(Xla--'7Xn)'

The joint p.d.f. of Y7,....Y,, is



g(y17>ym):P(Y'1:y177Ym:ym)

€
= P({ : c91(Ty, ) =YL, (T, ) = Ym )
T,
= Z flxy, ... xy)
x
(| |[o@ien)=y1gm@1zn)=ym}
T,

Example: joint p.d.f. of X7, X5, X3 is

(¢1,25,23) | (0,0,0) (0,0,1) (0,1,1) (1,0,1) (1,1,0) (1,1,1)
flavanmg) | 3 5 5 3 5

Yi=X1+Xo+ X5, Y, = [ X35 — X5

Space of (Y1,Y3) is {(0,0), (1,1),(2,0), (2,1), (3,0)}.
Joint p.d.f. of Y7 and Y5 is

(yi,92) | (0,00 (1,1) (2,00 (2,1) (3,0)

9(914/2) ‘ % % % % %

Continuous one-to-one transformations:
Let X be a continuous r.v. with joint p.d.f. f(z) and range A = X (s).

Consider Y = g(z), a differentiable function. We want p.d.f. of Y.
Thm. [If g is 1-1 transformation, then the p.d.f. of Y is

) :{ Fx(a %52 v € g(A)

0 otherwise.

Proof. The d.f. of Y is
Fy(y) =P <y)=Pg(X) <y)

. 1 . d—l
(a) If gis 7, g~' is also (> 0)



= p.d.f. of Yis

. _ . d—l
(b) If g is N\, g~ ! is also \.. (Z—y < 0)

o) 9 ()
Rl =Pz )= [ =1 [ i

= p.d.f. of Y is

g ()
fr(y) = Dy(1 - / Fx(w)dz)

= —fx(g‘l(y))—dg;y(y)

- el W)

Example : X ~U(0,1),Y = —2 In(x) = g(z)
sol: p.d.f. of X is
1 Jif0<z<1

xTr) =
fx(@) { 0 ,elsewhere.

y dx 1 Y
_ -y _ .
r=et o g G = e
p.d.f. of Y is
dy 1 Y
_ -1 _ Ly
fr(y) = fx(g (Z/))‘dx‘ 26 2,y>0

(XNU(a,b)iffX(;p):{ aa fa<az<b

0 elsewhere.



=Y ~x*(2)

1 T x
X ~x3(r) if xr) = —x2 teT2 x>0
O~ X0 i fx(0) = e )
Continuous n-r.v.-to-m-r.v., n > m, case :
g1

Ty }/lzgl(Xh"'vXn) g
| — : R 57 R
Ty, Yo = gm (X1, ..., Xp)

Q : What are the marginal p.d.f. of Y7,--- .Y},
A : We need to define Y11 = g1 (X1, .-, Xn)y oo, Y = gu(Xy, ..., X))

g1
such that : is 1-1 from R" to R".

In
Theory for change variables :

€

P( GA)://le 77777 Xn(l'l,...,l'n)dl'l"'dl'n
x’n
Let y1 = g1(x1, ..., Z0),  ,Yn = gn(x1,...,2,) be a 1 — 1 function with
inverse 1 = wi (Y1, .-, Yn), "+ »Tn = Wy(y1,...,yn) and Jacobian
oY1 Oyn
J: . .
Ozn ,, Ozn
891 8yn

Then

Hence, joint p.d.f. of Y7,--- Y, is

le ..... Yn(?/la . >Z/n) = le ..... Xn(wb cee 7wn)‘<]’



Thm. Suppose that X, and Xy are two r.v.’s with continuous joint p.d.f.
fx1.x, and sample space A.

If i = 1( X1, Xo) , Yo = g2(Xy, Xy) forms a 1 — 1 transformation inverse
function

X1 . wl(YhYQ) . . ‘3—”; 3—‘;1
(X2>_(w2(Y1,Y2) and Jacobian J = 8_x; a_mz

Oy1 Oy

the joint p.d.f. of Y1,Ys 1s

Y g
P e) = P ) sl () () ),
Steps :
(a) joint p.d.f. of X, X5, space A.
(b) check if it is 1 — 1 transformation.
Inverse function X; = w; (Y1, Y2), Xo = we(Y1,Y2)
(c) Range of (2) = (2)(4)

92

Example : For X1, X, < U(0,1), let ¥; = X; + X5,V = X; — Xo.
Want marginal p.d.f. of Y7, Y,

Sol : joint p.d.f. of X7, X5 is

1 if0<z<1,0<2y<1

0 elsewhere.

fX1,X2 (1’1, xQ) = {

X
A:{(X;):O<x1<1,0<x2<1}

Given yi, Yo, solve y; = 1 + X2, Y2 = T1 — To.

Y1+ Yo Y1 — Y2
= T = 2 :wl(ylay2)7x2 = 92 :wZ(yl’yQ)
(1 — 1 transformation)
Jacobian is

gny 0w 11

J:‘ayi ay;‘:‘i 2 ‘:_1_1:_1
dzy  dzy 1 1 4 4 2
oy1 Oyo 2 2

The joint p.d.f. of Y7,Y5 is

le,Y2(y17y2) - le,Xz(w17w2)|J|’ (;jl) €EB

2
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Marginal p.d.f. of Y,Y; are

J2, 3dye = wn 0 <y <1
fY1(y1> = f;liy; %dQQ =1—-y , 1<y <2
0 , elsewhere.

2+
f_y2y2 sdypi=1y2+1 ,—1<y <0

fra(y2) = f;;” ldp=1—y, ,0<yp<1

0 , elsewhere.

Def. If a sequence of r.v.’s X1,...,X,, are independent and identically dis-
tributed (i.i.d.),then they are called a random sample.

If Xq,...,X, is arandom sample from a distribution with p.d.f. fy, then the
joint p.d.f. of Xy,..., X, is

n Ty
fln,. ) =[] fol@).| : | R
i=1

Tn

Def. Any function g(Xi,...,X,) of a random sample X1, ..., X, which is
not dependent on a parameter 6 is called a statistic.

Note : If X is a random sample with p.d.f. f(z,0), where 6 is an unknown
constant, then 6 is called parameter.

For example, N(u,0?) : u,0? are parameters.
Poisson(A) : A is a parameter.

Example of statistics :
Xi,..., X, areiid r.v.’s = X and S? are statistics.

Note : If Xi,..., X, arer.v.’s, the m.g.f of Xy,..., X, is

,,,,, Xn (tl, P 7tn) — E(€t1X1+~..+tnX”)

m.g.f
M,(t) = E(e") = /emf(a:)dx

— DiM,(t) = D;E(e") = Dt/emf(x)dx = /Dtet”f(x)dx



Lemma. X; and X5 are independent if and only if
My, x,(t1,t2) = Mx, (t1) Mx, (t2), V1, t2.

Proof. =) If Xy, X5 are independent,

Mx, x,(t1,t2) = E(e thl‘*‘tQXz)

t t
// 1Iﬁsz 3317552)(133161332

—/_ tlmlel(xl)dxl/_ e fx, (w2)das
= E(e""*1)E(e2%2)
= MX1 (tl)MX2 <t2)

<)

oo oo
MXl,Xg (tl, t2> — E(ethl-i-thg) — / / 6t1m1+t2$2f($1, ZL‘Q)dZL‘ld$2
o o0

My, (t1) Mx, (t2) = B(e" ™) E(e"?)

= / etlxl le ({L‘l)dl‘l / €t2x2fX2 (l‘g)dIQ

—00 — 00

00
= / €t1x1+t2x2f(l‘1,l'2>dl'1dl‘2

—00

With 1 — 1 correspondence between m.g.f and p.d.f,

then f(z1,x2) = fi(x1) fa(x2), Vo, 29
= Xy, Xy are independent.

X and Y are independent, denote by X []Y.

X ~ N(u,o?) , M, (t) = e* i 512 Vte R

X ~ Gamma(a, 5) , M,(t) = (1= pt)"*t < B

X ~b(n,p) M(t) =1 —p+pe’)",Vt € R
X ~ Poisson(\) M, (t) = M=V vt € R

Note :



(a) If (X1,...,X,) and (Y1,...,Y,,) are independent, then g(Xi,...,X,)
and h(Y7,...,Y,,) are also independent.

(b) If X , Y are independent, then

Thm. If (Xy,...,X,) is a random sample from N(u,c?), then

(@)X ~ N(p, =)

(b)X and S? are independent .
n—1)5?
©" )% -y

Proof. (a) m.g.f. of X is

en X E(en 2B (en )

=X~ (1, %)
(b) First we want to show that X and (X; — X, X, — X,..., X, — X) are
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independent. Joint m.g.f. of X and (X; — X, Xy — X,..., X,, — X) is

MY,Xl—Y,XQ—Y Xn 7(?5 tl, e 7t )

1111

:E[etYthl(Xl X+ ttn(Xn X)]

— E[e% S XA X = ‘)
. R R it

i

n(t;—t)+t
n Zn X

— E[ezz':1

n(t; t)+t
He :
H n(t t)+t 2(n<t —1)+1)2
= 2

=1

> (n(t; ft>+t>+—22 (n(ti—7)+1)?
1

m

n

= e i=

2 — 2 — 2 —
_ T (=D G S (D) Syt Y (D)

2 2 —
_ ot T o St D)

= Mf(t)M(Xl—Y,XQ—Y Xn—X) (tlv ce 7tn)

= X and (X; — X, X, — X,..., X, — X) are independent.
= X and 5% = -1 Z( ) are independent.

(c)
(1) Z ~ N(0,1), = 2% ~ y*(1)

(2)

X ~ x*(r1) and Y ~ x*(ry) are independent. = X +Y ~ x*(r; 4+ 73)

H|

Proof. m.g.f. of X +Y is
My (t) = (")) = B(e™H) = E(e")E(e™) = Mx (1) My (1)

—(1—20)F(1—20)F =(1—20) "%
= X +Y ~x%(r; +r9)
(3
(X1,...,X,) ~ N(u,o)
Xi—p Xo— X — 1 i
e e Bt P N0, 1)
o g g

11



My x,—w2 (t) = E(e

P X=X X
o2

t
Gy

(n71)52 (?*#)2

E(et o2 e o2 /n )

12

) = E(e

)2
VeI

)

s 2 =X 4n(X—p)?
2

o



