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Why Introducing Random or Stochastic Processes 0.1

Oxford Dictionary

Random: adj. Made, done, or happening without method or conscious deci-
sion. In Statistics. Governed by or involving equal chances for each item.

Stochastic: adj. Having a random probability distribution or pattern that
may be analysed statistically but may not be predicted precisely.

Process: n. A series of actions or steps taken in order to achieve a particular
end.

e Why introducing random process? For convenience of analyzing a system.
e T'wo models may be considered in a, e.g., communication system.

— Deterministic model
* No uncertainty about its time-dependent (exact) behavior.
— Random or Stochastic model
« Uncertain about its time-dependent (exact) behavior, but certain
on its statistical behavior.

e Example of stochastic models

— Channel noise and interference, or source of information such as voice




Random Variables 0.9

Definition (Random variable) A random variable on a probability space
(S, F, P) (in which F is a o-field and P is a probability measure for events in JF)
is a real-valued function (¢) (i.e., x: S = R) with{( € S : x(() <z} € F for

every r € R.

(page 4) ‘The name “random variable” is actually a misnomer, since it is not ran-
dom and not a variable . . . the random variable simply maps each point (outcome)

in the sample space to a number on the real line.

Richard M. Feldman and Ciriaco Valdez-Flores. Applied Probability and Stochastic Processes. Technology & Engineering. Springer
Science & Business Media, 2 edition, 2010.

e An element of S is referred to as a sample outcome.
e An element of F is referred to as an event.

e An event is a subset of S. In other words, F is a non-empty collection of
subsets (events) of S.

e Probability measure P is defined for the events in F. In other words, all events
containing in JF should be probabilistically measurable.



Random Variables 9.3

Example S = {0, A, $} and F = {(Z), {O, A} {0 S}.

Then, a legitimate probability measure P should be defined for all events below:

P@) =0, PUO,A}) =07 P{O) =03, P(S)=1.

No specification is given or should be given for P({{J}) and P({A}).



Random Variables 9.4

Definition (Random variable) A random variable on a probability space
(S, F, P) (in which F is a o-field and P is a probability measure for events in JF)
is a real-valued function (¢) (i.e., x: S = R) with{( € S : x(() <z} € F for

every r € R.

e The event space F must be a o-field. Why? See the next two slides.
o {( €S :x(() <z} must be an event for every x € R.

— Otherwise, the cumulative distribution function (cdf) of @ is not well-

defined:
Priz <z]=P({¢e€ S:xz(() <z}).



The Concept of Field/Algebra 05

Definition (Field/algebra) A set F is said to be a field or algebra of a sample
space S if it is a nonempty collection of subsets of .S with the following properties:

1.0 € Fand S € F;

e Interpretation: F should be a mechanism to determine whether the out-
come lies in an empty set (impossible) or the sample space (certain).

2. (closure under complement action) A € F = A° € F;

e Interpretation: “having a mechanism to determine whether the outcome
lies in A” is equivalent to “having a mechanism to determine whether the

outcome lies in A°.”
3. (closure under finite union) A € F and B € F = AU B € F.

e [nterpretation: If one has a mechanism to determine whether the outcome
lies in A, and a mechanism to determine whether the outcome lies in B,
then he can surely determine whether the outcome lies in the union of A
and B.




o-field /algebra 06

e 'To work on a field may result some problems when one is dealing with “limat’.

E.g., S = R (the real line) and F is a collection of all open, semi-open and
closed intervals whose two endpoints are rational numbers, including R itself.

Let
Ap =10, []r),

where [r];, = |7 x 10%| /10F. Does the infinite union U A; belong to F7?
The answer is apparently negative!

e We therefore need an extension definition of field, which is named o-field.

Definition (o-field/o-algebra) A set F is said to be a o-field or o-algebra of
a sample space S if it is a nonempty collection of subsets of .S with the following
properties:

.)€ Fand S € F;

2. (closure under complement action) A € F = A° € F;

3. (closure under countable union) A; € F fori =1,2,3,... = U A, e F.
i=1




Probability Measure 0.7

Definition (Probability measure) A set function P on a measurable space
(S, F) is a probability measure, if it satisfies:

1.0< P(A) <1lfor Ae F;
2. P(0) =0 and P(S) =1.
3. (countable additivity) if A;, As, ... is a disjoint sequence of sets in F,

then
P <U Ak> = P(A).
k=1 k=1




Sufficiency of CDF 0.

e [t can be proved that we can construct a well-defined probability space (S, F, P)
for any random variable @ if its cdf F'(-) is given.

It can be proved that any function G(x) satisfying;
L. lim, , o G(x) =0 and lim, ,,, G(x) = 1,
2. Right-continuous,
3. Non-decreasing;

is a legitimate cdf for some random variable. It suffices to check the above three

properties for F(-) to well-define a random variable.
T See Theorem 14.1 in [P. Billingsley, Probability and Measure, 3rd Edition, Wiley, 1995]

— Hence, defining a real-valued random variable only by providing its cdf is
good enough from engineering standpoint.

— In other words, it is not necessary to mention the probability space (.5, F, P)
when defining a random variable.

e Then, why bother to introduce the probability space (S, F, P)?



Merit of defining random variables based on (S, F, P) o9

Merit 1: Good for making abstraction of something. For example, (S, F, P) is
what truly and internally occurs but is possibly non-observable.

e In order to infer what really occurs for this non-observable random outcome
(, an experiment that results in an observable value x that depends on this
non-observable outcome must be performed.

e So, x that takes from real values is a function of ¢ € S.

e Since ( is random with respect to probability measure P, the probability of
the occurrence of observation @ is defined as P({( € S : x(() = z}).

e Some books therefore state that  : (S, F, P) — (x(5), B, Q) yields an ob-
servation probability space (z(S5), B, @), where

2(A) = {z(¢(): (€ A}, B={z(A): ACF} and Q(z(A)) = P(A).

T See [Robert M. Gray and Lee D. Davisson, Random Processes: A Mathematical Approach for Engineers, Prentice Hall,

1986].



Merit of defining random variables based on (.5, F, P) o1

Example An atom may spin counterclockwisely or clockwisely, which is not di-
rectly observable. The original true probability space (S, F, P) for this atom is
S = {counterclockwise, clockwise},

F = {(D, {counterclockwise}, {clockwise}, {counterclockwise, clockwise}},
and
[ P(D) =
P({counterclockvvlse}) = 0.4,
P({clockwise}) = 0.6,
(

i {counterclockwise, clockwise}) = 1.

Now an experiment that uses some advanced facilities is performed to examine
the spin direction of this atom. (Suppose there is no observation noise in this
experiment; so a 1-1 correspondence mapping from S to R is obtained.) This results
in an observable two-value random variable &, namely,

x(counterclockwise) =1 and a(clockwise) = —1.



Merit of defining random variables based on (S, F, P) on

Merit 2: (S, F, P) may (be too abstract and) be short of the required mathematical
structure for manipulation, such as ordering (which is the operation required for
cdf).

Example (of a random variable &, whose inverse function exists)

S = {Aa V,D, .7<>7 ‘}
F = A o-field collection of subsets of S

P = Some assigned probability measure on F

Define a random variable & on (.S, F, P) as:
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Merit of defining random variables based on (S, F, P) o1

Examine what subsets should be included in F.

For = < 1, {CeS:x(()<z} =10

For1<xz<2 {(€S:x(() <z} = {A}

For2<xz<3, {(€S:x(() <z} = {a,V}

For3<az <4, {(€S:x(() <z} = {a,V,0}
Ford<axz<b {(€S:x(() <z} = {a,v,0 R}
For5<z<6, {(€S x(() <z} = {a,Vv.ORO}

For x > 6, {CeS:x(()<z} = {a,VIORO &} =S5

By definition, /& must be a o-field containing the above seven events or sets.

Note that we can sort 1,2,3,4,5,6 (to yield the cdf), but we cannot sort
A V. [l O 4 nottomention the manipulation of (A + ¥) or (0 — W).

The smallest o-field containing all subsets of the form {( € S : ®({) < z} is
referred to as the o-field generated by a random variable &, and is usually denoted

by o(x).

In this example, o(x) is the power set of S (since the inverse function of x(()
exists).



Merit of defining random variables based on (S, F, P) o1

Example (of a random variable y without inverse)

Define a random variable y on (S, F, P) as:
y(a)=y(v)=ylJ) =1
y(l) =y(0)=y(¢) = 2

Examine what subsets must be included in F.

Fory < 1, {CeS:y) <y} =10

For 1<y <2 {(€S5:y() <y} = {a,v.0}

For y > 2, {CeS:yQ) <y} = {4, VRO 4} =5
Hence, F must be a o-field containing the above three events or sets.
Thus, the smallest o-field generated by y is

O(y) - {(2)7 {Av v, D}v {.7 0, ‘}7 S}

The introduction of the third merit of defining random variables based on (.S, F, P)
will be deferred until the introduction of the definition of random processes.




Random Vectors and Random Processes 0-14

Definition (Random vectors) A random vector on a probability space
(S, F, P) is a real-valued function & : S — R* with {¢ € S : (¢) < 2"} € F,
where for two real vectors ¥ and y*, [z% < %] = [0 <y, 20 < 4, -+, 1 < Wil

It is possible that 2° £ y* and 2* % y*, e.g., 2> = (0,1) and y* = (1,0). However,
Prlz(1) < 0 or (2) < 1] is well-defined because

Priz(1) < 0 or 2(2) < 1] = Prfz(1) < 0]+Prz(2) < 1]-Prjz(1) < 0, 2(2) < 1].

e A random vector is a finite collection of random variables. In fact, each dimen-
sion of (¢) = (x(1,(),x(2,(), ..., x(k,()) is itself a random variable.

e Hence, an equivalent definition of random vectors is:

Definition (Random vectors) A random vector is a finite collection of
random variables, each of which is defined on the same probability space.

e Another equivalent definition that can be seen in literatures is:

Definition (Random vectors) A random vector is an indexed family of
random variables {x(i),i € Z}, in which each (i) is defined on the same
probability space, and the index set Z is finite.




Random Vectors and Random Processes 015

e Why requiring each xz(i) to be defined on the same or common
probability space?
Because, through “defined on the same probability space,” the joint distri-
bution of two (or three, four,. .., etc) random variables can be well-defined.

Priz(i) < x; and x(j) < )]
= P({¢ceS:x(i,¢) <z and z(j,¢) < z;})
= P{¢esS:x(,¢) <zin{fe s x(j,¢) <z}).

Then, it can be proved that for any z; and z;,

A2 {Cce S x(i,) <x;} €F because x(i) is defined over (S, F, P)
A;j2{Ce S x(j,¢) <zj} € F because z(j) is defined over (S, F, P)
A; € F F closure under complement action
A € F F closure under complement action
A7 UA; € F F closure under countable union

(AJUA)) = A;NA; € F F closure under complement action

Hence, P(A; N A;) is probabilistically measurable.

It can be proved from closures under complement action and countable union that
F is closure under countable intersection.




Random Vectors and Random Processes 016

Example

S = {A,V.LR O 6}

F = A o-field collection of subsets of S

P = Some assigned probability measure on F

Define a random vector {x(7),i € {1,2}} as:

r(l,A) = 1; «(1,B) = 2. x(2,A) =

x(1,v) = 2. x(1,0) = 1; x(2,V)

z(1,0) = 1; «(1,¢) = 2; z2,0) =

Examine what subsets should be included in F.

For z; < 1, {CeS:x(1,() <z} =
Forl1 <z <2, {(€S5 x(1,() <z} =
For x1 > 2, {¢esS: x(1,¢) <z} =
For x5 < 1, {Ce S x(2,() <xo} =
For 1 <uzy <2, {(€S5: x(2,() <ax} =
For z9 > 2, {CesS x(2,() <m} =

. x(2,H) 2
=1, x(2,0) =2
=1, x(2,¢) =2
0

= {A,0,0}

{A,vORO ¢}=25
0

{a, v [0}
{A,vORO ¢}=25

Hence, F must be a o-field containing the above six sets, and both cdfs of x(1)

and x(2) are well-defined.



Random Vectors and Random Processes 017

Since x(1) and a(2) are defined on the same probability space (S, F, P) (in
particular, F must contain the above six sets),

Priz(1) < z; and x(2) < x9]

is well-defined for any x1 and x. O



Random Vectors and Random Processes 018

We can further extend the random vector to a possibly infinite collection of random
variables, all of which are defined on the same probability space.

Definition (Random process) A random process is an indexed family of ran-
dom variables {x(t),t € Z}, in which each x(t) is defined on the same probability
space.

e Under such a definition, all finite dimensional joint distributions are well-defined
because
[x(t1) < z1 and @(ty) < w9 and --- and x(t;) < xy]
{C €S x(t;,() <xyand x(ty,() < xpand --- and x(ty, () < z1}

k
— ﬂ{g e S x(t, ) <}

is surely an event by properties of o-field, and hence, is probabilistically mea-
surable.



Random Vectors and Random Processes 019

e The 3rd merit of defining random processes based on (S, F, P):

— All finite (or countably infinite) dimensional joint distributions are well-
defined without the tedious process of listing all of them.

e The converse however is not true, i.c., it is not necessarily valid that
the statistical properties of a real random process are completely determined
by providing all finite-dimensional joint distributions for samples.

— See the counterexample in the next slide.



Random Vectors and Random Processes 920

Example Define random processes {x(t),t € [0,1)} and {y(¢),t € [0,1)} as

x(t,() = { (1)’ gi? and  y(t,() =1,

where ( € S =[0,1). Let P(A) = [, da for any A € F. Then,

Pr [min x(t) < 1] = P({C € S : min a:(t,§2< 1}) = P(S) =1,

t€[0,1) 36[0,1)
—((.()=0
but
Pr [min y(t) < 1] = P ({C €S : min y(t, () < 1}) = P(0) = 0.
te[0,1) t€l0,1)

Thus, x(t) and y(t) have different statistical properties.



Random Vectors and Random Processes 0-21

However, (t) and y(t) have exactly the same multi-dimensional joint distri-
bution for any samples at t1, %o, ..., t; and any k:

Prix(t)) < xy and x(ty) < x9 and --- and @(t;) < xy]

k
= P (ﬂ{( €S :x(t;,() < %})

o 1, minlgigk ZT; Z 1,
| 0, otherwise
= Prly(t1) <z and y(t2) < x9 and --- and y(tx) < xy,

where

{¢es xt,¢) <z} = {{ti}, <1,

Notably,

' t d 1 t
Jin @(f) and - wmin y(?)

are random variables defined via “uncountably infinite dimensional distributions of
x(t) and y(t).” O



Random Vectors and Random Processes 9.2

Definition (Complex random process) A complex random process is speci-
fied in terms of two real random processes defined over the same probability space.

e Note that mathematical manipulation of the complex domain, such as sorting,
is undefined!

e Hence, we cannot define by letting C be the set of all complex number that:

Definition (Complex random variable) A complex random variable on
a probability space (S, F, P) is a complex-valued function x(¢) (i.e., x : S —
C) with {C € S5: <zpeFI e C.

) with {C :B(g(;)ﬁ_da:} or every x

e This is the reason why a complex random variable, vector or process should be
treated as two real random variables, vectors or processes that are defined over
the same probability space.




Calculation of Mean under (S, F, P) 023

Question: Define a random variable y on (.5, F, P) as:
yA) = 1 y(l) =2
y(v) = 1 y(0) = 2
yO) =1 y(e) =2

where

S = {a,v.0,00 ¢}
F = {Qa{Aavam}a{.7<>"}’S}
P = {0,1/2,1/2,1}

Please calculate Ely].

Answer:

Ely] = /S y(¢)dP(C)

= y(A)P(A) +y(V)P(V) +y([D)P(0) + y(W)P(W) + y(0)P(O) + y(4)P(4)
(Yet, we do not know the probability of, say, P(A); how can we calculate E[y]!)

= 1 x PHA,v,O})+2x P({W O, 4})

= 1x(1/2)+2x (1/2) = 3/2.



Final note on the definition of real random process o2

e x(1,() is a deterministic function of ¢ for fixed (, and is a real number for

fixed ¢ and (.

e while z(t) is random at any instant ¢.
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Classifications of Random Processes 095

Classification according to Z in {x(t),t € Z}
e 7 = R: Continuous-time random processes.

e 7 = set of integers: Discrete-time random processes.

Classification according to number of states for x(t)

oif x(t,5) = {z € R : z(t,{) = x for some ¢ € S} is a set with countable
number of elements, x(t) is a discrete-state random process.

o if (¢, .5) is not countable, a(t) is a continuous-state random process.



First-order Distribution and Density 0.2

Definition (First-order distribution) The first-order distribution function
of a random process () is defined as F(z;t) £ Prlz(t) < 2].

Theorem 14.1 (in Patrick Billingsley, Probability and Measure, 3rd Edition,
Wiley, 1995) If a function F'(-) is non-decreasing, right-continuous and satisfies

Em F(z) =0 and hTm () = 1, then there exists a random variable and a pro-

bability space such that the cdf of the random variable defined over the probability
space is equal to F'(-).

Theorem 14.1 releases us with the burden of referring to a probability space in
defining a random variable. We can indeed define a random variable x directly by
its distribution, i.e., Prle < x]. Nevertheless, it is better to keep in mind (and
learn) that a formal mathematical notion of random variable is defined over some
probability space.

Notably, Theorem 14.1 only proves the “existence” but not the “uniqueness”.



First-order Distribution and Density 0.27

Remark.

Although random variables and random vectors can be well-defined by ex-
plicitly listing all the joint distributions without mentioning the inherited probabi-
lity space (cf. Theorem 14.1 in the previous slide), random processes cannot be
well-defined by explicitly providing all the joint distributions of finite samples
from rigorous mathematical standpoint. The key reason is that some sta-
tistical property (e.g., minsef 1y @(t)) cannot be uniquely determined simply from
the knowledge of joint distributions of finite samples.

Yet, from the engineering standpoint, as long as those statistical prop-
erties that an engineer is interested in can all be defined (e.g., mean function and
autocorrelatino function), a random process is “well-defined”! An example can be
found in Slide 9-47 where the Poisson process is defined without introducing its
inherited probability space.




First-order Distribution and Density 0.28

Definition (First-order density) The first-order density function of a random

process x(t) is defined as
OF (x;t)
-t é b
ety & =20

provided that F'(z,t) is differentiable with respect to x, and a(t) has density.

e It is possible that F'(x,t) is not differentiable with respect to x, or @(t) has no
density.

Definition (Probability density function) A random variable x and its
distribution (cdf) have density f, if f is a non-negative function that satisfies

Prjx € A] = /Af(x)dx

for every A C R satisfying that A can be obtained by repeating countable set-
theoretic operations (mostly often, union) of open, semi-open and closed intervals.




First-order Distribution and Density 0.29

Remarks on Borel sets
e A (in the previous definition) is called a Borel set.

e Lebesque measure A is only defined on Borel sets.

Definition (Lebesque measure) A Lebesque measure A over the Borel sets
is that for any Borel set A,

and {1;}22, are disjoint intervals satisfying A = UX,I;, and A([) is equal to the

right-margin of interval I minus the left-margin of the same interval.

e Hence, the largest manageable probability space is perhaps
(S =10,1), B, P = Lebesque measure),

where B is the o-field containing all open, semi-open, closed intervals in .S.
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Remarks on pdf
e A random variable & always has cdf F'.
e If a random variable has density f, then f(z) = 0F(z)/0(x).

e 0F(x)/0x is not necessarily a density. In other words, if f(z) = 0F(x)/0x,
it may not be true that

Priz € A] = /Af(x)dx

for every Borel set A C R.
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Definition (Second-order distribution) The second-order distribution func-
tion of a random process x(t) is defined as

F(xl,xg;tl,tg) = Pr[a:(tl) S I and w(tg) S CCQ].

Definition (Second-order density) The second-order density function of a
random process x(t) is defined as

O°F (w1, 2; t1, 1)
8x18x2 7

provided that F'(x1, x9;t1,t2) is differentiable with respect to xy, xo, and &(t) has
second-order density at i, ts.

fz1, 295, t0) =

e Consistency condition: For any ¢y # 14,
o
F(x1;t) = F(x1,00;t1,tp) and  f(x;t) = / [y, wo;ty, to)ds.

This condition is always valid if a random process &(t) is defined over a proba-
bility space. However, this condition may need to be explicitly taken care of,
if a random variable is defined explicitly without inherited probability space.

e The nth-order distribution and density can be defined similarly. Consistency
condition should always be preserved.




First-order and Second-order Properties 0-32

Mean: The mean 7,(t) of @(t) is n,(t) £ Elz(t)] = [~z f(z;t)d.

Autocorrelation: The autocorrelation R, (t1,ts) of x(t) is

Ra:x(tly tg) Z E[m(tl)m*(tg)] = / / 33133; f(ﬂ?l, X9, tl, tg)dﬂ?ldﬂfg.

The autocorrelation function R, (t1,t2) of a random process x(t) is a positive
definite (p.d.) (non-negative definite? See the red-color note below.) function,
namely,

Z Z a;ia; Ry (ti, ;) > 0 for any complex a; and aj. (9.1)

¢ J

Proof:
0< E[

2
] => Y aaElm(t)(t;)].
i

0
The converse that any p.d. function can be the autocorrelation function of
some random process is also true (cf. Existence Theorem in Slide 9-42).

Strictly speaking, p.d. = Equality for (9.1) is valid only when @ = 0.
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(p. 122 in Random Processes: A Mathematical Approach for Engineers by
Robert M. Gray and Lee D. Davisson) . .. By positive definite, we mean that

for any dimension k, any collection of sample times ¢y, ¢1,...,tr_1, and any
non-zero real vector (rg, 71, ...,75—1) we have
k-1 k—1 :
1 (where A(t,s) = A(s,t) is

ri - Nt t;)-r; >0 : :
i At tg) - 7 ’ some symmetric function.)

|
o
|
o

i=0 J

Average Power: The average power of x(t) at time ¢ is
Ela(ta’(t) 2 Ella()] = Rult,t) > 0.
Autocovariance: The autocovariance C,,(t1,t2) of x(t) is:
Craltis ta) = El(@(t1) — nu(tr))(®(t2) — 12(t2))"] = Rua(ts, t2) — nu(t)n} (t2).
Variance: The variance of x(t) is E[|x(t) — n.(t)]?] = Cpu(t, t).
Correlation Coefficient:

T'yx (tla t2) é

Ca:x(tla t2)
\/Oxx(tla tl)Oxx(t% t2)

Both autocovariance and correlation coefficient functions are p.d. (i.e., n.n.d.)

e [-1,1].
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Cross Correlation: The cross-correlation of two processes @ (t) and y(t) is
Ryy(t1, t2) = Elz(t)y" (t2)].
Cross Covariance: The cross-covariance of two processes @ (t) and y(t) is

Choy(t1,t2) 2 El(2(t1) — 0. (t1))(y(t2) — ny(t2))] = Ray(ts, ta) — nu(t1)m; (£2).
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Independence: Two processes x(t) and y(t) are independent if any finite di-
mensional samples of @ () is independent of any finite dimensional samples of

y(t).

Comment: Since the multi-dimensional distributions do not completely deter-
mine the statistical properties of a random process, it may be “restricted’ to define
independence only based on multi-dimensional samples. For example, whether or
not mingepo 1) () and minge( 1y Y(¢) are independent is not clear under such defi-

nition!

Orthogonality: Two processes (t) and y(t) are (mutually) orthogonal if
Ryy(ti,t2) =0
for every t1,ty € 7.
Uncorrelation: Two processes x(t) and y(t) are uncorrelated if
Coy(t1,12) =0
for every t1,ty € 7.

a-dependance: A random process (t) is a-dependent if the two processes {x(t),t <
to} and {x(t),t > to + a} are independent for any .
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Correlation a-dependence: A random process is correlation a-dependent if
Ca;x(tl,tg) = () for ‘tl — tg’ > Q.

Strictly White: A process a(t) is strictly white if x(t1) and a(t2) are indepen-
dent for every ty # to.

White: A process x(t) is white if x(t;) and x(ty) are uncorrelated for every
t # to.

Hence, C,.(t,t + 7) = q(t)d(7) for a white process, which indicates that it is in
general time-varying in nature (with Doppler spectrum [~ g(t)e /*dt).
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A few notes on white processes (Comparison with other texts)

e J. Proakis, Digital Communications, McGraw-Hill, fourth edition, 2001.

(p. 77) The autocorrelation function of a stochastic process X (t) is

bral(T) = %Noa(T).

Such a process 1s called white noise. ...

(p. 157) White noise is a stochastic process that is defined to have a flat (con-
stant) power spectral density over the entire frequency range. . ..

(p. 62) The function ¢(t1,ts) is called the autocorrelation function of the stochas-
tic process. ... (p. 66) A stationary stochastic process . ..

O(f) = / N o(1)e > dr (2.2-16)

... Therefore, ®(f) is called the power density spectrum of the stochastic process.
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Comments (for stationary processes)

— It 1s good to define the power density spectrum as the Fourier
transform of the autocorrelation function because its integration
s really equal to the power.

— However, since for WSS processes,
Roo(7) = Coo(T) + pi2.

The power density spectrum (defined based on the autocorrelation)
of a white process will have an impulse p>d(f) at the origin.
— Strictly speaking, a white process “must” be zero-mean, otherwise
(®(0) = oo for any non-zero mean
process.)



General Properties 039

Robert M. Gray and Lee D. Davisson, Random Processes: A Mathemat-
ical Approach for Engineers, Prentice-Hall, 1986.

(p. 197) A random process { X} is said to be white if its power spectral density
1s a constant for all f.

(p. 193) The power spectral density Sx(f) of the process is defined as the Fourier
transform of the (auto-)covariance function; ...

— The integration of its power spectral density is not the power of
@ NON-Zero-mean process.

— However, such a definition allows the existence of a non-zero-
mean white process. Hence, the authors wrote in parentheses that:

(p. 197) A white process is also almost always assumed to have a zero mean,
an assumption that we will make unless explicitly stated otherwise. ...
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In our textbook:

White: A process x(t) is white if &(t1) and x(t2) are uncorrelated for
every t1 # to.
— Hence, tmplicitly, a WSS process is white if its power density

spectrum (defined as the Fourier transform of the autocorrelation
function) is constant except at the origin.

— Why introducing such an indirect definition? Because it paral-
lels the subsequent definition of strictly white.

Strictly White: A process a(t) is strictly white if @(t1) and x(t2) are
independent for every t; # ts.
— Notably, one cannot differentiate the (weakly) white process and
strictly white process from their power density spectra.
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Independent Increment: A process x(t) is a process with independent incre-
ment if x(ty) — x(t1) and x(ty) — x(t3) are independent for any t; < to <
ts < 14.

Example. The Poisson process introduced later (cf. Slide 9-47) is a process with

independent increment.

Uncorrelated Increment: A process x(t) is a process with uncorrelated in-
crement if x(to) — x(t1) and x(t4) — x(t3) are uncorrelated for any t; < to <

tg < 14.
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Normal: A process (t) is called normal if any finite dimensional samples of &(t)

are jointly normal.

Theorem (Existence theorem) Given an arbitrary function n(t) and a
p.d. (i.e., n.n.d.) function C(ty,ty), there exists a normal process x(t) with mean

n(t) and auto-covariance function C'(t1, t2).

e [dea behind the proof: The characteristic function of any finite dimensional

samples can be given as:

_ 1
eXp 4 J Z n(ti)w; — 52 C(ti, t )ity
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Define s = fab x(t)dt of a random process x(t).

“Interpreting the above as a Riemann integral” yields:

b b
Els] = / Elee(t))dt = / nelt)dt

/ / x(t))x(ty)]dt dt, = / / vty to)dt dts.

and
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Riemann integral:

Let s(z) represent a step function on [a, b), which is defined as that there exists a
partition a = xg < 1 < --+ < x, = b such that s(z) is constant during (z;, z; 1)
for 0 <17 < n.

If a function f(x) is Riemann integrable,

b b ,
fl)da = Sup s(x)dr = inf s(x)dz.
/a {8( } /G {s(a:) : s(x)zf(g;)} /a

z) : s(x)<f(x)

Ezxample of a non-Riemann-integrable function:
f(z) =0 if x is irrational; f(x) = 1 if « is rational.

Then ,
sup / s(x)dx = 0,
{s(x) : s(x)gf(x)} “

b
inf / s(z)dx = (b—a).
{s62) : s(@)>f(a) } Ja

but
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Lebesque integral:

Let t(x) represent a simple function, which is defined as the linear combination
of indicator functions for finitely many, mutually disjoint partitions.

For example, let Uy, ..., U, be mutually disjoint partitions of the domain X and
U U; = X. The indicator function of U; satisfies 1(x;U;) = 1 if x € U;, and 0,
otherwise.

Then t(z) = ", a;1(z;U;) is asimple function (and [, t(x)dx = >, a;- AU;),
where A(+) is a Lebesque measure).

If a function f(x) is Lebesque integrable, then

b b b
/f(a:)da:: sup /t(x)dx: inf /t(aj)daj,
a (i) - tw)<fn) } 7 {t@)  t@zs@ } Ja

The previous example is actually Lebesque integrable, and its Lebesque integral is
equal to zero.
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Point Processes: A point process is a set of random points £; on the time axis.

Renewal Processes: A renewal process consists of the renewal intervals of a

point process, namely, z, = ¢, — t,,_1.

An example is that z; is the lifetime of the ¢th renewed lightbulb which was replaced
as soon as the (¢ — 1)th renewed lightbulb failed.

Counting processes: A counting process @ (t) collects the number of random
points that occur during [0, ¢).
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Example 9-5: Poisson process. An example to define a random process
without the inherited probability space. Assume:

1. the number of Poisson point occurrences at {t1, to, t3, - - - } in an interval [t1, to)

t2
is a Poisson random variable with parameter v(t1,t,) = / A(t)dt, i.e.,
t

e—V(tLtQ) [V[tb tz)]k

Pr{n[tl, tg) = k} = k' ,

2. and nlty, to) and nts, ty) are independent if [t1, t5) and [t3, t4) are non-overlapping

intervals.

Please determine the mean and autocorrelation function of z(¢) £ n[0,t).

O ;51 ty t3 ty t5 1 t: "
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Answer:

jus(t) = Bla(t) = B0, 0)] = | Aty
For tl S tg,
Ri.(t,t2) = Elz(ty)x"(t2)]

E[n|0,t1)n[0,t5)]
E{n[0,t1)[n|0,t1) + n[t1,12)]}
Em*0,t1)] + E[n0, t)n[t,, t)]
[0,%1)

0
E[n*0,t)] + Em[0,t,)]E[n[t,,t;)] (by independence of n[0, ;) and n[t, ;)

</Otl A(t)dt + (/1>\(t) )2> (/Otl A(t)dt) (/OtQ A(t)dt — /Ot1 )\(t)dt)
= /O ! A(t)dt + /O ! /O tQA(t)A(s)dtds.

Similarly, for t1 > to,

Rxx(tl tz = / dt—|—/ / dtdS
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Therefore,

min{ty,to} i1 pt2
Ros(ty, t2) = / A#)dt + / / ME)A(s)dtds.
0 0 0

If \(t) is a constant A, then
Rxx(tla tg) =\ min{tl, tg} + )\2t1t2.

[l

Operational meaning of autocorrelation function: The autocorrelation
function quantifies the correlation of a data point with a previous data point (or,
a future data point).

Crx(tla t2) — Rxa:(tla t2) - ,Ua:(tl),ua:(t2)
= [)\ . min{tl, tg} - )\Qtltg} — ()\tl)()\tg) =\ min{tl, tg}

For a present point (e.g., t1), if its autocorrelation with a distant future point (e.g.,
to > t1) does not die away, the delayed point must have a strong correlation with
an earlier version of itself (e.g., n[0, t5) is apparently affected strongly by 1[0, %1)).
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Example 9-6: Semirandom Telegraph Signal

Following Example 9-5 under A(t) = A, we re-define:

[ 1, if nf0,?) is even;
ult) = { —1, if n[0,¢) is odd.

Please determine mean and autocorrelation functions of w(t).

Elu(t)] = 1-Prn[0,t)=0,2,4,---]+ (—=1) - Pr[n[0,t) =1,3,5, -

(AL)?

= 1.-eM [1+—+---] +(=1)-eM [At+(>\t)3+--

2! 3!

— e Mcosh(M) — e M sinh(\t)

A=A A=At
Y e +e JPRY € e
2 2

_ o2

9-50

]

-]
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For tl S tz,

Elu(t)u’(ty)]

= Pr[n[0,t;) = even A n|0, t5) = even] + Pr[n|0,t) = odd A n[0, t2) = odd]

— Pr[n[0,t;) = even A 1|0, t3) = odd] — Pr[n|0,¢;) = odd A n|0, t5) = even]

r[n|0,t;) = even A nfty, to) = even| + Pr[n|0,¢;) = odd A n[ty, ty) = even]
[
[
n

I
-

— Pr[n|0,t1) = even A nlty, ty) = odd] — Pr[n|0,t;) = odd A nlti, ts) = odd]
= Pr[n[0,t;) = even| Pr[n[t,, t2) = even| + Pr[n[0, ¢;) = odd] Pr[n[t;, t2) = even]
— Pr[n[0, t;) = even] Pr[n[t;, t2) = odd] — Pr[n|0,t;) = odd] Pr[n|t;, t;) = odd]
= (Pr[n[0,t;) = even 4 Pr[n|0,¢;) = odd))(Pr[n[t, t2) = even] — Pr[n|t;, t2) = odd])
= Pr[nlti, ty) = even| — Prnlt;, t3) = odd]
6_)\(752_751) COSh[)\(tQ — tl)] — 6_/\(t2_t1) Siﬂh[)\(tg — tl)]

_ e—)\(tg—tl) (e/\(t2t1> + 6>\(t2t1)> B e_)\(t2_t1> (6/\(152151) . 6/\(252251))
2

2
e 2A(t2—t1)

Similarly, for t1 > to,
Elu(t))u*(ty)] = e~ h=t2),
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Therefore,
Ruu(th, ts) = Elu(t))u*(ts)] = e 2l

Remarks
e u(t)is named semirandom telegraph signal because u(0) = 1 is deterministic.

e A (fully) random telegraph signal can be formed by v(t) = a - u(t), where a
is independent of u(t), and @ = +1 and @ = —1 with equal probability.

e It can be shown that the mean of v(t) is zero, and the autocorrelation function
of v(t) is the same as that of w(t).

e Indeed, in comparison of the statistics of w(t) and v(t),

I 1 1

Priu(t) = 1] = e cosh(\t) = 5t 56_2/\t s Prio(t)=1] = 5
—At 1 L oxt t 1
Priu(t) = —1] = e "sin(At) = 57 5¢ —  Prjv(t) = —1] = 5

Hence, u(t) and v(t) have asymptotically equal statistics.
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Sum and difference of Poisson processes

e [t is easy to show that the sum, z(t) = x1(t)+ a2 (t), of two independent Pois-
son processes, @1(t) ~Poisson(Ait) and xy(t) ~Poisson(Aat), is Poisson((A; +

o)),

e However, the difference, y(t) = x(t) — x2(t), of two independent Poisson
processes is not Poisson! Its statistics is computed as follows.

Pry(t)=n] = > Prl@y(t) = n+ k] Prlms(t) = k]
k=max{0,—n}
3 —Alt()‘lt) —)\Qt()‘Qt)
km;{o,n} m k! _

n/2 oo n+2 max{0,—n}+2k
o~ At (ﬁ) / S (tv M)
(

— k + max{0, —n})!(n + k + max{0, —n})!

A\
= et (A—l) I (2t AlAg) forn =0,+1,42,...,
2

o0 2 n+2k
where I,,( é ]Ef/ B 1s the modified Bessel function of order n.
P n +
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Random selection of Poisson points

Let x(t) ~Poisson(At) be formed from Poisson points {t, ¢, t3,...}.

O 'tl i) t3 ty t5 t6 t7

Suppose each occurrence t; of (t) gets tagged independently with probability p.
Let y(t) represent the total number of tagged events in the interval [0, ¢).

Let z(t) represent the total number of untagged events in the interval [0, ¢).

Claim:

y(t) ~ Poisson(pAt) and  z(t) ~ Poisson((1 — p)At).
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Proof:

Z Pr[a(t) = n| Pr[k out of n are tagged|x(t) = n]

The claim on z(t) can be proved similarly.

This only proves the first property
that defines the Poisson process!
You should add the proof of the

second property in Slide 9-47.

[l

Remark: Given that the customer arrival forms a Poisson process, the male
customer arrival also forms a Poisson process, and so does the female custom arrival.
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Claim: For a Poisson process @(t) and for t; < t, the event [x(t1) = k given

x(ty) = n| forms a binomial distribution B(n,t;/ts).

Proof:
Prlx(t1) = k AN x(ty) = n|
Pr(x(ty) = nj
Pr[n[O, tl) =k A n[tl, tg) =n — k]
}

Prlx(t)) = k|x(ty) =n] =

Pr[n[O, tg) =N
o1 ()‘tl)ke—)\(tg—tl) (Ata —t1)" "
_ k! (n — k)
e—)\tQ (Atz)n
n!

[l
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Remarks

o fFor 0 <t < T,

Pri@(t;) = 1|@(T) = 1] = Pr[0 < t; < t1|z(T) = 1] = G) (;)1 (1 ) %) -1

indicates that a Poisson arrival is equally likely to happen anywhere in an
interval of length T', given that exactly one Poisson occurrence has taken place
in that interval.

e In fact, the joint pdf of £1, ¢y, - - - | ¢, given that (T") = n is the order statistics
of 81, 89, , 8y, in which {s;}"_; arei.i.d., and each s; is uniformly distributed
over [0, 7).

— “Order statistics” means

{t17t27”'7tn}:{817827”'78n} and t1§t2§§tn

— Summary: A Poisson process x(t) distributes Poisson arrival points inde-
pendently and uniformly over any finite interval [0, T").
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Stationarity family

Stationarity: A random process x(t) is called strict-sense stationary (SSS) if
its statistical properties are invariant to a shift of the origin.

Joint Stationarity: Two random processes are jointly stationary if their joint
statistical properties are invariant to a shift of the origin.

A complex process z(t) = x(t) + jy(t) is stationary if the processes x(t) and y(t)
are jointly stationary:.

Wide-Sense Stationarity: A random process x(t) is called wide-sense sta-
tionary (WSS) if its mean and autocorrelation functions are invariant to a
shift of the origin.

As a result, the mean function 7,(t) is a constant p,(t) = u.(0) = ¢, and the au-
tocorrelation function R, (t1, t2) only depends on the time difference R, (t1, ) =
Rxa:(tl — 1o, 0) — Rxa:(tl - t2)-

Joint Wide-Sense Stationarity: Two random processes x(t) and y(t) are
jointly wide-sense stationary if their mean and autocorrelation functions, as
well as their cross-correlation function, are all invariant to a shift of the origin.
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Other Forms of Stationarity

Covariance Stationarity: A process (t) is covariance-stationary if the auto-
covariance function is invariant to a shift of the origin.

nth Order Stationarity: A process x(t) is nth order stationary if any n di-
mensional statistics is invariant to a shift of the origin.

Stationarity in an interval: A process x(t) is stationary in an interval if its
statistical properties within that interval is invariant to a shift of the origin.
Namely, {x(t;)}I; and {x(t; + ¢) }I*; have the same statistics as long as all ¢;
and t; + ¢ belong to that interval.

Asymptotic Stationary: A process x(t) is asymptotic stationary if y(t) =
lim, o x(t + ¢) is stationary, provided the limit exists.
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Theorem The process x(t) = acos(wt) + bsin(wt) is SSS if, and only if, the
joint density f(a,b) of @ and b is circularly symmetric, namely,

fla,b) = g(r) for some g(r),

where r = va? + b2,
Proof:

1. Forward (Only if part): If &(t) is SSS, then &' = [x(0), z(7/2w)]" = |a, b]”
[x(t), 2(t +7/2w)]T must have the same density f. Specifically, the

density of y = g(&) = [—CZ?&}LZ ) (S;I;EZ?)] & is equal to (cf. the next slide):

CUREIEL v o ) R s ot
= fz(y1 cos(wt) — yasin(wt), y1 sin(wt) + y2 cos(wt)).

and g’ =

The forward proof is completed by noting that fz = f; = f, and hence,
fy1,y2) = f(y1 cos(wt) — ya sin(wt), yy sin(wt) + yo cos(wt)) is valid for every

wt, and every vy, yo € R.
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9-61

(P. Billingsley, Probability and Measure, pp. 260-261, 3rd Edition, Wiley, 1995)

Suppose that

e & € R* has density f, and has support V that is an open set in R¥.

e g is a (one-to-one, continuously differentiable) mapping from V' to U, where
U is an open set in R, (Specifically, g : R¥ — R%)

e ' is the inverse function of g, is continuously differentiable in U, and is under-
stood as T(7) = (T1(), To(¥), - -+ , (), where Ty : R — R, and i € R

(Specificially, T : R — R*.)
FIT

Then, § = g(Z) has density {

where J(i; T') = Det

0,

T

0Ty

oy1
8Ty

on

oy

oy1

—

T : U — V continuously differ-

)) - |J(y:T)|, for i € U; |entiable implies that V" is open,

o1y

Y9
oT,

Oy

oT,

o1y

Oy,
Ty

Oy,

oy

Oy

for ¢ U, |and T~ if it exists, is also con-

tinuously differentiable.

() | #0fory e U.
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Example

o (£, ;) € R? has density f(z1,29) = = e_(“"%”%)/z, and has support V =

27
[(—00,0) U (0,00)] x [(—o0,0) U (0,00)] that is an open set in R,
e g with g(z1,x9) = ( 22 + 23, tan"H(x9 /1) mod 27T> is a (one-to-one, continu-
ously differentiable) mapping from V' to U, where U = {(y1,¥2) : y1 > 0 and 0 <
Yo < 2w} is an open set in R,

o T with T(y1,y2) = (y1 cos(ya), y18in(ys)) is the inverse function of g, is continu-
ously differentiable in U, and is understood as T'(%) = (T1(y) = y1 cos(ya), To(y) =
y1 sin(y)), where Ty : B2 — R, and i € R2.

Then, (y;,ys) = g(x1, z2) has density

FT@) - TG, for € U; _ [ ke v, for i e U,
0, for y & U 0, for 4 & U,

o o cos(y2) —y1sin(ys)
where J(y;T) = Det Oy w2\ iy ) = Det [ el 2 ] = 0 for ¥ &
(y ) < ?)_i‘f ?)_53] (Q)) Sll’l<y2) n COS(yQ) Y1 7é Y
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2. Converse (If part) :
e Define a new process for a fixed 7 as:
x1(t) £ a cos(wt) + by sin(wt),
where
a; = acos(wt) + bsin(wr) and by = beos(wT) — asin(wT).
e The statistics of (t) is completely determined by the statistics of @ and b.

The statistics of @1(t) is completely determined by the statistics of a; and by.

e However, the statistics of (@, b) and (aq, b;) are completely identical be-
cause f(a,b) is circular symmetric, which means that a(t) and x(t) =
x(t + 7) have the same statistics for any shift 7.

e This concludes to the desired result that the statistics of @(t) is invariant
to a shift of the origin. O
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Corollary The process x(t) = a cos(wt) + bsin(wt) for uncorrelated zero-mean
a and b with equal variance is WSS.

Proof: The corollary is true because E[x(t)] = Ela]cos(wt) + E[b]sin(wt) = 0
and

Elx(t))x(t2)] = E{|acos(wty)+ bsin(wty)][a cos(wta) + bsin(wts)]}
— Ela*] cos(wty) cos(wty) + E[b?] sin(wt;) sin(wts) = Ela?] cos(w(t; — ta)).

[l

Corollary The process x(t) = a cos(wt+¢p) is WSS, provided that ¢ is uniformly
distributed over [—, ).

Proof: The corollary is true because E[x(t)] = E[Eacos(wt + ¢)|w = w]] =0
and

Elx(t)x(ty)] = E{a’cos(wt; + @) cos(wty + )}

B {QZCOS[“’W ~ll ol L) 2 } = Bleos(w(ty — 1)

[

Corollary (No proof) The complex process z(t) = ae/ @) is WSS, provided
that ¢ is uniformly distributed over [—m, 7).
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Corollary The SSS process x(t) = a cos(wt) + bsin(wt) for independent @ and

b is normal.

Proof:

e From the Theorem on Slide 9-60, SSS of x(t) implies that f(a,b) is circularly

syminetric.

e By independence of @ and b, g(r) = fq(a)fu(b), where r = v/a? + b2.

e We then derive:

(99(r)/0r)

1
rog(r)

1
I

_ 1(9[fala)fo(b)]/0a) 1
|

(9g(r)/0r) (Or/0a)
g(r) ~ (9r/da)

(9g(r)/0a) 1
g(r)  (9r/da)

[fala) f5(D)]  (a/r)
(0fala)/0a)
fala)
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Hence, it should be true that:
1(9g(r)/0r) _ 1(9fala)/0a)

e G R

because if for some o and S with o # 3,

L0fa(@)/00)] 1
a  fala) a=a @ fala) a=/ |

then as (a,b) = («, 8) and (a,b) = (B, «) yield the same r = /a? + (3%, a

contradiction would result as:

1(9g(r)/0r)
rg(r)

1(0fq(a)/0a)

1(9g(r)/0r)
42 |
@h=p) T 9T an=(sa)

This implies (together with [7 [ fq(a) fp(b)dadb = 1) that

1
9|, _yor = fal@) fo(b) = s—=e @/,

Imo?

This completes the proof that (@, b) is a Gaussian random vector.

Summary: Circular symmetry and independence imply Gaussian.
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Normal: A process x(t) is called normal if any finite dimensional samples
of x(t) are jointly normal.

The desired result that a(t) = a cos(wt) + bsin(wt) is a normal process can
be substantiated by the observation that “linear combination of Gaussians” is
still Gaussian, namely,

cos(wty) cos(wty) -+ cos(wty)
sin(wty) sin(wty) --- sin(wty)

(x(t1) (tz) - x(ty)] = |a b]
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g'(r) 1 r’
/ o) dr = / (—;T) dr +logC < logg(r) = —5-2 +log C
& g(r) = Ce /(")

)

where

B Joe o (Q(T)!T:\/W> dxdy 1 .
o o (€_r2/(2‘72)‘rz\/m> dzdy f o /27%) dxdy " 2102

Notably, it can be shown that if the constant in Eq. (1) is positive or zero,

fooo g(r)dr = 1 cannot be satisfied. Hence, we can assume that the constant
is equal to —1 /0 for some o.
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Definition (Correlation time) The correlation time 7. of a WSS process ()

is defined as: .

=G 0) /O ) Cro(T)dT.

e For an a-dependent WSS process @ (t), C.(7) = 0 for |7| > a. Hence,

1 /OO
Tel = | =—= Cor(T)dT
= | Gt

1 o

< |Coa(T)|dT

= /]C’m )|dr
Fo.
0

The end of Section 9-1 Definitions

IA
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Definition A system with statistic input process ()
({x(t),t € Z} defined over (S, F, P))

is specified through an operator T : .S +— RAAT

(hence, {T'(2%,t), (z,t) € X% x T} is itself a random process defined
over the same (S, F, P))

such that its output process y(t) is defined as y(t,¢) = T({x(s,(),s € Z},t,()
fort € Z and ( € S.

(As a result, {y(t),t € Z} is a random process defined over the same

(S, F,P).)

Ezample. T ={1,2,3}. So, {x(t),t € T} ={x(1),x(2),x(3)}

(y(1) = T({2(1), 2(2), 2(3)}, 1)
o { y(2) = T({x(1), 2(2), 2(3)},2)
2),

\Y(3) = T{=z(1),=(2),z(3)},3)

The above system is of course non-causal. A causal system will have

(y(1) = T({z(1)},1)
Ly(2) = T({a(1),2(2)},2)
y(3) = T({z(1), 2(2), 2(3)},3)
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The above system has memory. A memoryless causal system will have

(y(1) = T({z(1)},1)
y(2) = T({z(2)},2)
y(3) = T({z(3)}.3)

N\

End of the example O

In usual notation, we write
y(t) =T(H{x(s),s € I}, 1) = Ti({=(s),s € I}),
where

e the second (resp. subscript) argument ¢ in T'(-,t) (resp. T4(+)) retains the
possibility of specifying a time-varying system,

e and the first argument {x(s),s € T} retains the possibility of specifying a
with-memory (or non-causal) systemn.
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Classification of systems

o Deterministic System: Ty(z*, () = Ty(2?). Le., T only depends on 2% and
t, and is irrelevant to (.

A random variable z : S — R defined over a probability space (S, F, P) is
degenerately deterministic if z(() = z, a constant, for all ¢ € S. In such
case, Pr[z = z| = 1.

e Stochastic System: Ti(xt, (1) # Ty(2t, () for some ¢ # Co.

Due to the complication of a stochastic system, the deterministic system is
considered mostly in the literature. However, the recent demand on research
of fading channels makes necessary the consideration of a stochastic system.
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Definition (Memoryless system) A system is memoryless if T(x%,() =

T'(z,¢).

Example (S = {®,0,®,0}, F =2° P ={0.1,0.2,0.3,0.4} resp. for S)
At some specific time ¢, we have

m(ta EB) - m(ta @) =1 and m(ta ®) - $(t, ®) - _17
and the memoryless T' satisfies

T(1,®)=1, T(1,6)=-1, T(-1,8)=1 and T(-1,0)=—1.

y(t, ®) T(x(t,®),e)=T(1,8)=1
Then, ¢ y(ta @) - T(m(t7 @)7 @) - T(17 @) =—1
) Yy, Q) = T(xt,®),Q)=T(-1,8) =1
\ y(tv ®) T(w(tv ®)7 ®) - T(_la @) =—1
PH{®}) 0.1 1

= — — ~ and
P{®,0)) 01+02 3
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It is called memoryless because the statistics of y(t) depends only on the
statistics of &(t) and not on any other past or future values of x(t).

A memoryless system is often denoted by y(t) = T'(x(t)), and is equivalently
written as a time-independent transition probability

Note that y(n) = x(n)+z(n) for integer n, satistying that z(¢) is independent
of z(j) for any ¢ # 7, may not be a memoryless system, if the statistics of z(7) is
different from z(j). This is because we still need to maintain the time index n
in order to know the (statistical) mapping from x(n) to y(n). “Memoryless” in
its strict sense means that one only needs to know (the statistics of ) the current
input in order to determine (the statistics of ) the current output (cf. Eq. (9-
74) in textbook). Thus, {z(n)} must be ii.d. in order to obtain a (strictly)
memoryless system defined according to y(n) = x(n) + z(n).

In this additive system,

PrT(z) =y = Py!w(y‘x) = P,(y — ).




Memoryless Systems 0.75

e Independence between input x(¢) and system T

Continue from the example in Slide 9-73.

Prle(t)=1AT1) =1 = P({@,@}ﬂ{?}) = 0.1
Prjz(t) = 1] x Pr[T(1) = 1] = P({®,S}) Xz = 0.1
Prle(t)=1AT(1)=—-1 = P({@,@}ﬂ{l@}) = 0.2
Prie(t) =1] x PiT(1) = -1] = P({®,0}) x5 = 02
Priz(t) = -1 AT(=1) = 1] = P{®,0}n{®}) = 03
Pria(t) = —1] x Pr{T(-1) = 1] = P({®,®}) x% 03
Prlz(t) = -1 AT(-1) = —1] = P({®,®}ﬂ{4®}) = 0.4
Prie(t) = -1 x Pr[T(-1) = -1] = P({®,0}) x= = 04
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Lemma If the input () to a memoryless system is SSS, its output y(t) is also

SSS.
Proof: The statistics of

P{Ce S y(t+c () e A},

can be rewritten as:
P{CES: T(@lt+c,C).C) € A},

which, for a given memoryless T, can be replaced by:

P{Ce S : xz(t+c() € B}, (9.2)
where B 2 {x € % : T'(x,() € A}. By the SSS of x(t), (9.2) is equal to:

P{¢eS:x(t,() € By,
which in turns equal
P{CeS: T@(t,().() e A} = P{Ce S y(t.C) € A}.

Since the above proof is valid for any ¢, the lemma holds. O
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For a non-memoryless system,
P{(e S:x(t,{) e B} and P{C€e S :z(t+c() € B}

are still equal due to SSS of x(t).

But,
Bt:{xE %:Tt(’f,C) EA}

may not be equal to
Bt+c = {SE € §R : Tt+c($,C) c A}

since T(+, () and T, .(+, () may not be the same mapping.

This proof again substantiates that only i.i.d. {z(n)} can make y(n) = &(n)+z(n)
a (strictly) memoryless system! (Note that if {z(n)} is not i.i.d., SSS {x(n)} may
not induce SSS {y(n)}.)
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Corollary For a memoryless system,
e if input «(¢) is nth order stationary, output y(t) is also nth order stationary.

e if input «(¢) is stationary in an interval, output y(t) is also stationary in the
same interval.

e however, if input x(t) is WSS, output y(¢) might not be WSS.

(Countererample: Square-law detector y(t) = x*(t), where (t) = a cos(wt) +

bsin(wt) for independent zero-mean a and b with equal statistics as in Slide
9-64.)

Ely(t)y(t:)] = El[(acos(wt;) + bsin(wt;))*(a cos(wty) + bsin(wts))?]
— et | ) + Ela] — Ela’] cos(2wty) cos(2wts)
2 2

+E?[a?] sin(2wt; ) sin(2wts).

Hence, y(t) is WSS only when Ela?| = 3E*[a?].
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Example 9-16 (Arcsine law) Define the hard limiter process y(t) as

[ #L i x(t) >0
ylt) = { —1, if x(t) <0,

where x(t) is a zero-mean Gaussian stationary process.
Please determine the mean and autocorrelation functions of y(t).
Answer: [t is clear that E[y(t)] = 0. As for R,,(t1,t2), we note that

41, i a(t)x(t) > 0;
y(t)y(ts) = { —1, if x(t1)x(t2) < 0,

Since x(t1) and @ (t2) are jointly normal with zero mean and covariance matrix

X = [iniz% Rxﬁi@;ﬁ] = £l0) E ﬂ ’

where p = R, (t; — t2)/ R, (0), we derive:

Prla(t)z(ts) > 0] — / / 27r!2!1/2 exp{—%[x,y]zl [ﬂ}dasdy

2/ / e z” — 2pry + y2 dxd
_ X —_
0 Jo 21— p2>1/2Rm<o> P\ 20 = )Ry f

I 1 :
= —+ —arcsin (p) .
2 7
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Hence,

Ely(t))y(ty)] = %arcsin(p) = %arcsin (Rxéz(g)h)) :

Now, you shall know why it is named the arcsine law.

The below derivation is just for your reference.

Let x = rcos(f)y/1 — p?, y = rsin(f)/1 — p? and u = tan(0).

z? — 2pzy + 3
/ / or(l— p WeXp{ 21 — p2) }dxdy
_ (" . _[1—psin(29)]r2 dx/0r dy/or
- 27T(1—p2)1/2 P 0x/00 dy/90
1/2 /2 oo .
— / / rexp{ 1 psm(29)] 2}drdt9
0o Jo
)d@
0
~ or ) 1—psin(2¢9)d0

_ %/@ ( (1_psm(20)) Xp{_[l—psi;(ze)]m}
B l/m L dezl/M 2(0) C a0

1 /2 (1 —p )1/2
T 1 — psin(20) T + cos?(0) — 2psin(6) cos(d)

drdf
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1

1 1 (1 _p2)1/2 1 1 (1 _p2)1/2 1 u—p
= — 5 du = — 5 2czlu:—awc‘cam —_—
T Jo urt+1—2pu T Jo (u—p)>2+(1—p? T V1i-¢02J|,

@ V1—p? @ V1 —p? 7T 2 T .

1 (m 1 , 1 :
= - (Z 3 arcsm(p)) + - arcsin (p) (9.3)

= — 4+ — arcsin
4 27 Pl

where (9.3) follows from

1— 1— 1—
sin |2 - arcsin i = 2sin |arcsin i cos |arcsin i
2 2 2
1+

— < H) ( p) = /1—p2 =sin (g — arcsin(p)) :

2 )




Bussgang’s Theorem 0.82

Theorem (Example 9-17: Bussgang’s theorem) The cross-correlation
R,,(T) of system input x(¢) and system output y(¢) for a stationary zero-mean
Gaussian input and memoryless system is proportional to R, (7).

Proof:
Rey(ty,ta) = E[ (h)'T( (t2))]

— T (x2)| x(t1) = 21, T(t2) = 2]

_/ / (/ 1y dP m(y\xz)) QW’;PﬂeXp{—%[:ﬁ,xz]Zl [Z]}dmld:@,

n = [inif(g)tz) Rxﬁi@)@] =l E ﬂ |

Hence, by letting g(x2) = E[T(x3)],

561 g (x2) 23 — 2pT170 + T3
ny(tl, t2) = / / 27‘(‘R )1/2 exp {— 2Rx$(0)(1 — p2) dﬂ?ldﬂfz
T - 9(332) x%
_ d
{ 2R,..(0) } "

21 R, (0
~ VE[El: g(:vz)\w(t) = 2] = Ruslts — 1)

where
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Following the example in Slide 9-73,

9(1) = BIT(1)] = Bly(Ole() =] =1- 5 + (1) 3 = —
o(~1) = BIT(~D)] = Ely(@)le(t) = 1] =12+ (-1)- > = —

Special Case (a) Hard Limiter. Suppose that T is a deterministic system

with T'(z) = g(z) = { EL i i 8; .
Then,

Bla(t)- g(a()] = Blle(t)] = /20
Hence,
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Special Case (b) Limiter. Suppose that T is a deterministic system with
Tx)=gx) =z -1(z| <c)+c -1z >c)+ (—c) - 1(z < —c).
Then,

Elx(t) - g(x(t))] =

/ \WR% { 2Ri 02>}d$
/ m { o >}dx

= R,.(0) - erf( 2Rm )
Hence, R,y (7) = Ryq(7) - erf ( JR0) ) ( ( ) — 1) :

where G(+) is the standard normal cdf.

Ble(t) - g(@(?)) = "y e v /2 a OOLQ—ZF/Q ety==x and a =c¢
R, (0) - / o dy +2 / T dy (Let y = z/+/Ry(0) and /v/Rz(0).)

2m a 2m
¢ 1 —42/2 Yy 722(1 1 72200 @ 1 —42/2
= (/_a—%ey/dy——%ey/ a>+2a(— _QWey/ ) = _a—%ey/dy.
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The text uses a different constant as K = F[g¢'(x(t))], which can be shown to be
equal to K = E[x(t) - g(x(t))]/R.::(0), and which requires the existence of ¢'(-).

7 7

If limg, o0 g(x) exp {_QRm;(O) } = lim, , o g(x) exp {_QRm(O) } < oo, and
g'(+) exists, then

" /Z f% o {‘2Ri<0> } “
g(x)

T kL) {_2Ri(0> } 'OOOO ' /Z \/%L(O) o {_2Ri(0> } o

Special Case (a) Hard Limiter:

Elg (2(t)) = E28(e(t)] = [ J%exp{—mi@}dx: e}

Special Case (b) Limiter:

2

’ _ [ ! exp 4 ———r = < |-
B~ | o~ )¢ 2G< Rmm)) '
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Definition (Linear systems) If the output due to a linear combination of
the input processes is equal to the linear combination of the individually induced
outputs with the same weights, then the system T is called a linear system.

Note that the weights for the linear combination can be random variables.

Convolutionalization of linear systems

Lemma If a first-order differentiable function f satisfies that for any ¥ and ,

f(@) + f(@) = f(Z+a),
then f must be of the shape:




Linear Systems

Key behind the Proof:
01 (&) = lim

f( 7xi—17xi+5axi+17”')_f(”' s Lj—1y Ljy Lij4-1, " " *

9-87

(9332‘ 010 )

G i, v i, )+ f(-,0,0,0,- -0 )] = (-

=l 5

_ hmf(... 7075707...)
510 )
= constant

= f(Z) is affine from the standpoint of x;
= f must be of the shape:

=3 (47

The proof is completed by

—,

fO)+ f0)=f0+0)=C+C=C=C=0.
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e Discrete-time System:

Now define a deterministic with-memory time-varying linear system

T\({=(s),s € 1}) = Ti({=(s),s € {t,t — 1}}) = Ty(x(t), (t — 1)).

Then
y(t) = (Wf(““) ) 0) 2(t) + (aﬂgﬁz’“)
= ) h(n;t)z(t —n),

x(t—1
(9331 x1$20> ( )

provided that Ty(-, -) is first-order differentiable.

In general, for a linear system,

y(t)= 3 Rl t)(t—n),

n—=——oo

where h(n;t) can be a random variable.
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e Continuous-time System:
[t can be generalized to the continuous-time system as:

y(t) = /OO h(r;t)x(t — 7)dr.

o0

e h(7;t) is usually assumed independent of (). If they are dependent, the
statistics of z(t) (e.g., Pp)) will affect the statistics of the mapping T'; (e.g., Py()|z())
(cf. Slide 9-75).

e Impulse Response:

To obtain h(t — s;t) for any specific s, just input x(t) = (¢ — s), and the
output equals

y(t) = /OO h(T:t)0((t — s) — 7)dT = h(t — s;1).

o0
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Definition (Time-invariant systems) A system is called time-invariant if
Tt(ajza C) — T(QZI, C)

e If the system is time-invariant, we have h(7;t) = h(7), which indicates that if

y(t) = / h(T)x(t — 7)dT is the output due to input x(t),

0.9

then

Yyt —s) = / h(T)x((t — s) — 7)dT is the output due to input x(t — s).

0.9

e Lor a linear time-invariant system,

y(t) = /OO h(T)x(t — 7)dT.

(0.9]

In such case, h(1) = y(7) (or h(t) = y(t)) with x(t) = ().

Lemma If the input &(¢) to a linear time-invariant system is SSS, its output y(¢)

is also SSS.
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e Not all linear systems can be represented in convolutional form or have legit-
imate impulse response.

For example,

y(t) = da(t)/dt = ='(t)

is a linear system because
ay,(t) + by,(t) = ax|(t) + bxy(t) = (ax1(t) + bxa(t))'.

It is also a time-invariant system because y(t — s) is the output due to input
x(t — s) for any s. Hence, we only need to determine h(7) with x(t) = ().
However,
dx(t) di(t) ¥ d(t+e€)— ()
= = lim

— fined.
p P i . undefined
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e [t is a function that exists only in principle.

e Define the Dirac delta function (t) as:

5(t) = 6(—t) = { go i;g and /OO 5(t)dt = /OO 5(—t)dt = 1.

©¢ 09

e Replication Property: Define the operation on §(t) as for every contin-
uous point of g(t),

g(t) = /OO g(T)o(t — 7)dT = /OO g(T)o(T — t)dr.

(0.9] — 00
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The Replication Property induces that

5(t) = 20(t) but 1= / t)dt # / 25 (t

where “g(t) =17 on the left-hand-side and “g(t) = 2” on the right-hand-side!
Note that in usual operations,

= ¢g(t) for t € R except for countably many points

= / Ft)dt = / g(t)dt (if /_ ) f(t)dtisﬁnite).

Hence, the multiplicative constant on §(t) cannot be omitted because

saying 6(0) = oo = oo = 24(0) is tricky!

Comment: |z +a =y + a = z = y|is incorrect if a = oo.
As a result, saying (or|d(t) = 20(¢)|) is not a “rigorously defined”

statement.
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Summary: The Dirac delta function is meaningful only through its replication
property.

For example, the hard limiter in Slide 9-83:

fla) = / " 96(r)dr = / T 210 < o)) 8(r)dr = {

—00 ©¢

2-1{x >0}, = #0;
undefined, xr=20

is guaranteed to equal gpard Limiter(€) + 1 only when o # 0 because 2 - 1{z > 0}
is discontinuous at = = 0.

The introduction of Dirac delta function leads to a non-logical inference that

/ g (T)dT = g(x) + ¢ is not always true for every z.

—00




Example of Time-Varying Systems 0.9

Example of Time-Varying Systems (Analog modulator)
Suppose that h(7;t) = §(7)e’*0!. Then,

y(t) = /OO §(T)e! Ve (t — 7)dT = 2 (t)e!.

0.9

e [t is definitely a linear system.

e [t is time-varying because the output due to &(t — ) is not a shift of the output
due to x(t).

[ use a “proprietary” notation for convolution operation in the time-varying system

as
00

h(T;t) xx(t) = / h(r:t)x(t — 7)dr.

—00
For time-invariant systems, the conventional notation h(t) * x(t) will also be used
in order to be consistent with the text when no ambiguity is introduced:

0.9

h(T)*x(t) = / h(t)x(t — 7)dT = h(t) x x(t).

— 00




Fundamental Theorem and Theorem 9-2
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Fundamental Theorem and Theorem 9-2 For any linear system (that is

defined via convolution operation),

RONIR ny (1) Rl ) [ Ray(t1, 1) - Ryy(t1,to)
= E[h(7;t) * n,(t)] = E[h*(7;t2) * Ryp(t1,t2)] = E[h™(1;t2) % h(7;t1) * Ryp(t1, to)]
Proof:
/OO Elh x(t — 7)]dr = /OO Elh(7;t)|Elx(t — 7)]dT
/OO Elh(7;t)n.(t — 7)dT.
Ra:y(tlp tg) = E[m(tl)y*(tg)] =F [w(tl) / h*(T; t2)$*(t2 — T)dT]

g

E / h*(7;t2) Ryp(t1, to — T)dT

(0.9]

(0. 9]

Elh*(r; 1) Ela(ty)x* (t — 7)]dr = /

|

0

(0. 9]

E[h*(7;t9)| Ry (t1,to — T)dT
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©.¢]

Ryy(tl,tg) = [ (tl)y (tg)] E [/OO h( ;tl)m(tl — T)dT/ h*(S;tg)m*(tQ — S)dS

—00

_ / / E[h* (s ta)h(r: 11| Ela(ty — 7)a* (ty — o)) drds

D UOO /OO W (s;t)h(T

tl)]%xx

(tl_T,tQ_S)deS] . L]

Corollary For any linear system (that is defined via convolution operation),

(jxm(tlatZ)

h'(7; t2)

(jxy(tlatQ)

h(r;t1)

= FE[h*(7;ts) * Cyp(t1, t2)]

ny(tth)
— E[h*(T; tg) * h(T; t1) * Cfry(th t2)]

Final note on Fundamental Theorem and Theorem 9-2:

e The above Fundamental Theorem, Theorem 9-2 and Corollary also apply to

linear systems without legitimate convolutional forms, e.g., differentiators.

— By treating the system as y(t) = lim

with h.(7) =

o1 +e€)—

S(r)

el0

/Z h (r)x(t —7)dr
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Definition A differentiator is a linear time-invariant (deterministic) system whose
output is the derivative of the input.

By Fundamental Theorem,

77y(t) = (9775;]5(15).

By Theorem 9-2 (regard that |h.(7) = [0(T + €) — §(7)] /e with € | 0 is real

N—

)

8Rxm (tl ’ t2)
Oty

By the corollary on Slide 9-97,

aCxaj (tl ) tZ)
Ot

any(tla t2) . aQRxx(tla t2)
oty  Ototy

ny(tlv t2) — and Ryy<t17 t2) —

8Oa:y(t17 t2) o 82Cxaj(t17 tZ)

ny(tla t?) — 8t1 81&18152

and Oyy(tl,tg) =

Exercise (cf. page 403 on text) Let the input x(¢) to a differentiator is a
Poisson process. The resultant output y(¢) is a train of Poisson impulses

y(t) = Z ot —t;).

Find the mean and autocorrelation functions of the Poisson impulse process.
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Definition A deterministic differential equation with random excitation is an
equation of the form:

any " (t) + - - + agy(t) = ().

With the assumption that the initial condition is zero, y(t) is unique, and is the

output due to input (¢) onto a linear time-invariant deterministic system.

Again, by Fundamental Theorem,

anném (t)+---+ aony(t) = 1,(t) with Uy(o) - 77?571—1)(0) = 0.
By Theorem 9-2,

0" Ryy(t1, 1) _ "R, (1,0)

gy T TRt te) = Realty o) with Ryy(t,0) = - S =
L TIGR; O 1R, (0.t

7% yayt(nla 2)—|— . .—|—a0Ryy(t1, t2) — ny(tl, tz) with Ryy(07 t2) — .. = at?j}’y_(l ) 2) 0

1 1
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Generalization of Theorem 9-2

For a real system, define

Ra:xa:(tla t27 t3) — E[w(tl)w(tQ)w(t3)]7

Rajyy(tla to, t3) - E[$(t1)’y(t2)y(t3)],

For any linear system,

h(7;t3)

}%xxx(t17t27t3)

Rovy(t1, ta, t3) = Elz(t1)x(t2)y(ts)],

Ryyy(t1, 12, t3) = Ely(t1)y(t2)y(t3)].

= E[h(7;t3) * h(7;t2) * Rype(t1, to, t3)]

]%xxy(tl7t27t3)

h(r;t2)

]%xyy(tlat27t3)

= E[h(T;t3) * Ryge(t1, t2,13)]

h(r;t1)

Ryyy(tlv t2, t3)
= Elh(7;t3) * h(7;t2) * h(1;t1) * R

The end of Section 9-2 Systems with Stochastic Inputs

w2 (t1, 2, t3)]
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Definition (Power spectrum) The power spectrum (or spectral density) of a
WSS process @(t) is the Fourier transform S, (w) of its autocorrelation R,,(7) =
Elx(t 4+ 7)x*(t)]. Specifically,

Sm(w):/ Roo(T)e™*7dr.

(0.9]

o R,.(7T) 1/ Sr(w)e? T dw.

e Since R,,(—7) = R (7), Syz(w) is real. (It is also non-negative, which will
be proved in Wiener-Khinchin Theorem in Slide 9-115.)

o If x(t) is real, R,,(7) is real and even, and so is S, (w).
In such case,

Spa(w) =2 /OOO R, (T) cos(wT)dT

Ry (1) = — /000 Spz(w) cos(wT)dw
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Definition (Cross-power spectrum) The cross-power spectrum of two
jointly WSS processes x(t) and y(¢) is the Fourier transform S, (w) of their cross-

correlation R,,(7) = Elz(t + 7)y*(t)]. Specifically,

Sxy(w)—/ Ry (T)e™*dr.

0

Example 9-22 (Continue from Example 9-6 on Slide 9-50): Semi-
random Telegraph Signal

Following Example 9-5 under A(t) = A, we re-define

[ 1, ifn0,1)is even;
o(t) = { —1, if n[0,¢) is odd.

Determine the power spectrum of x(t).

x(t)

0t 1o L3 £, 5 s t, -




9-3 The Power Spectrum 0-103

Answer: We already derive that R, (7) = e 2", Hence,

00 00 0
Sxx (w) _ / 6—2)\\7]6—]w7d7_ _ / 6—2)\76—]w¢d7_ + / 62)\76—]w7d7_
_ 0 _

o0 o0

_ /OO 6(2)\+jw)7d7__,_/oo o~ (2A—ju)r g
0 0

1 1
2\ + Jw i 2\ — Jw
79
4N2 + w?
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Definition (Covariance spectrum) The covariance spectrum of a WSS
process @ (t) is the Fourier transform S¢ (w) of its autocovariance C,,(7) =

El(@(t+7) =n:(t+7))(@(t) =1:(¢))"] = El(2(t+7) —n)(x(t) —n)"]. Specifically,

S;$(w):/ Coro(T)e™¥7drT.

9]

e It can be easily shown that S, (w) = S& (w) + 27?0 (w).

Exercise (Example 9-23) Let the input () to a differentiator is a Poisson
process. The resultant output y(¢) is a train of Poisson impulses

y(t) = Z ot — ).

Find the covariance spectrum of the Poisson impulse process.




Existence of Processes with Specified Power Spectrumo-is

Lemma Given an arbitrary non-negative integrable function S(w), there exists a
complex WSS process x(t) whose power spectrum is equal to S(w).

Proof: The desired complex process can be defined as a(t) = ae/ @) for |a|? =
= [0 S(w)dw, where w is a random variable with density f,,(w) = ;ﬁ‘;é if |a| > 0,
and with arbitrary density if |a| = 0, and ¢ is uniformly distributed over [—7, )
and independent of w. The validation of WSS of a(t) is left to you as an exercise

(cf. Slide 9-64). O

Lemma Given an arbitrary non-negative integrable even function S(w), there
exists a real WSS process &(t) whose power spectrum is equal to S(w).

Proof: The desired real process can be defined as x(t) = acos(wt + ¢p) for
a* = L [T S(w)dw, where w is a random variable with density f,(w) = i(a“;) if
la| > 0, and with arbitrary density if |a| = 0, and ¢ is uniformly distributed over
|—m, ) and independent of w. The validation of WSS of x(t) is already done in

Slide 9-64. O
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Example 9-24 (Doppler effect)

velocity v

receivere ~—— | © 7Y + projected velocity v,

aj(t) = aejWO(t_r/C)
r=r)+ v,

Jwot to g fixed-in-

A moving transmitter transmits a harmonic oscillator signal e
location receiver as shown above.

Assume that v is a random variable with density f,(v), and 6 € (—7/2,7/2).
Hence, the received signal equals x(t) = ae/“=%) where

W = Wy (1—2) = Wy (1—UCOS(8)) and gpzM.

C C C

Determine the power spectrum of x(t).

Answer:

The uniformity of ¢ is nothing to do with the power spectrum of «(¢) in the first
lemma in Slide 9-105. It is required only to fulfill the WSS requirement of a(t).

Use the lemma in the previous slide,

Sialo) = 2ol ful) = 2rlal s (COSC(Q) (1 - wﬁ)) -
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Tl) = a%Fw(w) = a%Pr[w < w]

(o) 2ot 2

(e 02} s (e 2)

e Further assume that v is uniformly distributed over [vy, vo]. Then,

Sewlw) = 2W’a’2w0 Css(e)f” (Kc(e) (1 - wio))

C

— 9 2
(Lo eragy o ]
for wy (1 2 cos(Q)) <w < w (1 . cos(@)) :
c c

Thus, the random motion causes broadening of the spectrum.
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o If Prlv = v] =1, then

Pr [w = Wy (1 — gcos(@)ﬂ =1,
which implies

Spo(w) = 27lal*- 6 (w — Wy (1 — 2COS(Q))) :

c
Thus, the deterministic motion causes a shift in spectrum frequency.
o If cos(f) | 0, w = wy with probability one. Hence, S,,(w) = 27|al?d(w — wy).

Thus, no spectrum broadening or frequency-shift is caused by perpendicular
motion, either random or deterministic.
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Fundamental Theorem and Theorem 9-2 Revisited For any linear sys-
tem with WSS input and h(7;t) = hi(7)hs(t),

Ry (T) Ry (t +7,t) Ry, (t +7,1)
= E{h;(t)[P1(—T) * Rew(7)]} = E{ha(t + 7)hy(t)[R1(—T) * ha(7) * Rew(7)]}

Proof: This is a consequence of

ny(tl =1+ T, tg = t) = F / h*(u, tQ)Rm;(tl — t2 + u)du]

(0.9]

= FE /OO hi ()R () Ryo(T + u)du]

(0.9]

= F h;(t) /OO hi(—u)Ry (T — u)du] .

Ryy(tl =1+ T, t2 = t) =" / / h*(u’; tg)h(u; tl)Rm;(tl — t2 — U+ u/)dudu']
— F / / hi(to)hi (v Yho(t )Ry (u) Ry (T — u + u’)dudu’]

= B | halt + 130 / Z / Z B (—u'Vhy (1) Ry (T — 1 — u’)dudu’]
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O

Theorem 9-4 For any linear system with WSS input and h(7;t) = h(7)e/“0!,

S (W) Szy(w; t)

| Syy(w)
= e B H} (w)Sex(w)] = B[l Hi(w — wo)[?Sea(w — wo)]
Proof:
Spy(wit) = / Ry (t + s, t)e_jwsds
_ ejwot/ E [/ hT(—T)Rm(S — T)dT] eI (ds

_ piwlp [/ hi(—7)e T (/ Rxx(v)ejw”dv) dT] , V=8—T

— ¢ T E[H Y (w)S,0(w)).
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Syy(w; t) —/ R, (t +s,t)e 7%ds

= / e Wt giwo(tts) [/ / hi(—7"hi(T)R.([s — 7] — T)dT/dT] e 19 ds
= K / / / hi(7"Vhi(T)R.e(s — 7 + T'/)ej(WWO)SdsdeT”] T = —7

= F / / / h* " hl a:x( ) —j(w—wo)(v+7—1' >dvd7'd7' ] , U= s — 147"

= Spp(w —wo)E|H(w — wp)|?]
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Transfer-function form of linear systems

e In addition to convolutionalization of linear system, a linear time-invariant
system can be represented in a spectrum form through a (random) transfer
function H (w) as

where

Y (w) = /OO y(t)e ¥dt and X(w)= /OO x(t)e 7 dL.

o0 —00

aY 1(w) +bY 9o(w) = [aX(w) + bX o(w)]|H (w).

Example 9-26 The differentiator in Slide 9-98 can be represented as Y (w) =
X (w)H (w) with H(w) = jw.

e Remark: If transfer function H (w) has inverse Fourier transform h(7), then
Y (w) = X (w)H (w) can be equivalently represented as y(t) = h(7) * x(t).
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e The Fourier transform of a function g(t) exists if [~ |g(t)|dt < oo, and g(t)
only has finite number of local maxima, minima and discontinuities in every
finite interval.

1 if |x| < 1 and x is not a rational:
Define a function g(z) = { a .

0 otherwise

Then, f_ll lg(x)|dz < f_ll dr = 2 < oo, but for such a function, the conven-
tional Fourier transform is not defined!

e Extended Fourier Transform: Define the extended Fourier transform of
a function ¢g(¢) (that does not have Fourier transform) as lim,,_,~, G),(w), where
G (w) is the Fourier transform of g,,(t) and lim,, o g, (t) = g(2).

Ezample: g(t) = 1 does not have Fourier transform, but has extended Fourier
transform through g, (t) = e~ /" as
: 2n
lim / e~ Wne=ivtds — lim ——— = 2m(w).
n—oo | _ o n—oo | + ncw
. e . * 2n
Adding the multiplicative constant 27 is because / ————dw = 2m.
—oo 1+ NPw?
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Definition (Hilbert transform) The system response of a quadrature filter

—7, w>0;
7, w<0

Hiw) = —jsente) = {

due to system input x(t) is called the Hilbert transform of x(t).

e H(w) is named the quadrature filter because it is an all-pass filter with +90°
phase shift.

e The extended inverse Fourier transform of H(w) is given by

1 [~ : 1 [~ :
o= - H,(w)e’* dw = o N (—jsgn(w)e_‘”’/”) o9 do
1 ! - w/n jWT 1 OO . —w/n jWT
= — (]e ) e’ dw + — (—]e ) e’ dw
2T J_ o 21 J,
n n

_'_
2m(nT —j)  2m(nT + )

n2r n—soc % T # 0
S0 =0

m(n?m? +1)
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Definition (Analytical signal) The complex process of z(t) = x(t) + jx(t)
is called the analytical signal of a real process x(t), where x(t) is the Hilbert
transform of ax(t).

Zw) = X

= X(w) + X (w)[-jsgn(w)]

[0+ sen(w)] X (w)
— 2X(w) 1w > 0]+ X(w) - 1w = 0]

Theorem (Wiener-Khinchin Theorem) The power spectrum for any WSS
process x(t) is non-negative everywhere.

Proof: First note that S, (w) that is defined as the (non-extended) Fourier trans-
form of R,,(7) is continuous everywhere. Suppose S,,(w) is negative for some
interval (wy,ws). Define a filter H(w) = 1 for w € (w1, ws), and zero, otherwise.

Then the output power spectrum due to @(t) is equal to S, (w) = Sy, (w)|H (w)|*.
By

mwm—if%mwmw%ﬁi-%%wmza

27 J o, 27 J o,

we obtain the desired contradiction. ]
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Definition (Integrated spectrum) Define the integrated spectrum of a pro-
cess x(t) as:

Fulw) 2 [ Suls)ds.

— 00

e The role of the integrated spectrum versus the power spectrum is similar to
that of the cdf versus pdf of a random variable.

e Note that the cdf alone is sufficient to well-define a random variable (cf. Slide
9-8). Also note that the pdf of a random variable may not exist (without
introducing the Dirac delta functions)!

e Hence, the introduction of integrated spectrums avoids the use of singularity
functions such as Dirac delta functions, and the autocorrelation function can
be obtained through a Riemann-Stieltjes integral:

L [~ .
R, (T) —/ e AE, (W),

T o7 Lo
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Definition (Integrated covariance spectrum) Define the integrated co-
variance spectrum of a process () as:

Fa@) 2 [ Culs)ds

—00




Non-negative Spectrum and P.D. 0.118

Summary

e A function R(7) is the autocorrelation function of some WSS process x(t), if
its Fourier transform S(w) is non-negative (cf. Slide 9-105).

e If a function R(7) has non-negative Fourier transform, we can find a process
x(t) with autocorrelation function R(7) (cf. Slide 9-105).

e There exists a process with autocorrelation R(tq,ts) if, and only if, R(¢y, %)
is p.d. (cf. Slides 9-32 and 9-42).

e A function R(7) has non-negative Fourier transform if, and only if, it is p.d.,

le.,

i

Z Z aia;’fR(ti —t;) >0 for any complex a; and a;.
J
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How to examine whether a function R(7) is p.d.?
Answer: Polya’s criterion.

Lemma (Polya’s sufficient criterion) A function R(7) is p.d., if it is concave
for 7 > 0 and it tends to a finite limit as |7| — oo.

Theorem 9-5 If the autocorrelation function R,.(7) of a WSS process a(t)
satisfies that R,,(71) = Ry (0) for some 7 # 0, then R,,(7) is periodic with
period 7.

Proof: By Cauchy-Schwartz’s inequality,
| Bl(a(t + 7+ 1) —a(t + 7)) ()] < Elle(t +7+7) — 2t +7) | E[la)],
which is equivalent to:

|Ryn(T +71) — Rua(T)]? < (2R42(0) — Ryu(11) — Razx()—ﬁ)( ))Rm(()) = 0.
=R*%,(11)=Raz(0

Therefore, R,,(7 + 7)) = R,,(7) for every 7. O
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Similar proof to Theorem 9-5 can be used to prove the following corollary.

Corollary If the autocorrelation function R,,(7) of a WSS process &(t) is con-

tinuous at the origin, it is continuous everywhere.

Proof: By Cauchy-Schwartz’s inequality,
El@(t+7+m) -2t + 7))z @) < Ellzt+7+mn) -2 +7))1E[z@)]],
which is equivalent to:

‘Rm(T + Tl) - Ra:x(T)’2 < (2Rm(0) - Rxa:(Tl) - Ra:x(_Tl))Rm(O)-

Therefore,
’lilrﬁlo R,:(11) = Ry (0)  implies ‘lilr‘lfo R, (T + 711) = Ry (7) for every 7.
l
Remark

e Necessary exclusion: Theorem 9-5 and the followup corollary can be used
to exclude those R(7) that cannot be the autocorrelation function of some WSS
process.
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a’ — 7% |7 < a;

Is not an autocorrelation
0, 17| > a

Example 9-30 Function w(7) = {

function of any process.

This is because if w(7) is the autocorrelation function of x(t), then the autocor-
relation function of the differentiator output y(t) due to input x(t) should be:

O*w(T) 2, |7] < a;
Ba(7) =~ = { 0, |7| > a

However, R,,(7) is continuous at the origin, but is not continuous at || = a, which
indicates that R,,(7) cannot be the autocorrelation of any process.
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Lemma For any a and b,

/a S| < ( / b smw)dw) ( / b Syy«u)dw) .

Proof: Let z(t) and w(t) be respectively the system outputs due to WSS inputs
x(t) and y(t) through filter H(w) = 1-1{a < w < b}. Then, by Cauchy-Schwartz’s
inequality,

Elz(w (t)]] < E*[lz(t)w (t)]] < Ellz(t)]"]Ellw (1)

- = ; Sullltds) oo ([ SwwllPas )

0.9

7
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The proof is completed by noting that:

©.¢]

Elz(t)w* ()] = [ / " nr)z(t — F)dr / Ooh*(s)y*(t—s)ds]

_ / / (s — 7)d7ds
_ / / ( / Z sxy(w)efw@ﬂdw) drds

= [ SyEe)P
= % bey(w)dw.

a
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Definition (Equality in the mean-square (MS) sense) Two processes
{x(t),t € T} and {y(t),t € I} are equal in the MS sense if, and only if,

El|lz(t) —yt)|*] =0 foreveryt € Z.

(Page 375 on text) Denote by

A2{CeS x(t,) =yt ()} and Ax2()A.

teT
Then, the above definition requires P(A;) = 1 for every specific ¢, and does not
require P(Ay) = 1.
Note that P([)A;) = 1 if P(A;) = 1 that is very true for countable intersection
but may not be true for uncountably infinite intersection.
Example S =Z =%, A, =S5 — {t} and P(4) = [, \/%—WG_O‘Q/QCZO&.
Then, P(Ax) = P((eq A1) = P(0) = 0, and still, P(A;) = 1 for every ¢.

Exercise Is A, guaranteed to be a probabilistically measurable event?
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Definition A process x(t) is called MS periodic if
Ellz(t+T) — =)' = 0

for every t.

Similar to Slide 9-124, the above definition requires P(A;) = 1 for every t, where
Ar={CeS:x(t+T,¢) ==(t,()}, but does not require P(NiezAs) = 1.

Theorem 9-1 A process x(t) is MS periodic if, and only if, its autocorrelation
function is doubly periodic, namely,

R, (t1 + mT, ts + nT') = R, (t1, to) for every integer m and n.

Proof:

1. Forward: Since x(t) is MS periodic, by Cauchy-Schwartz inequality,
[E{x(ty) - (2(t2+T) — x(ts))"}| < Effx(ty) - (@t +T) — x(ts))"]}
< EYV¥a(t)[P) B P lla(ts + T) — a(ts)
— 0,

which implies R, (t1,to+T) = R..(t1,t2). The forward proof is completed by
repeating using the Cauchy-Schwartz inequality.
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2. Converse:
o That R,,(t,+mT, to+nT) = R,.(t1,ts) for every integer m and n implies
Row(t+T,t+T) =Ryt +T,t) = Ruu(t,t + T) = Ry.(t, ).
e Hence,

Ellz(t+T) — a(t)]’]
= R, (t+T,t+T)— Ry (t+7T,t) — Ryp(t,t +T) 4+ Ryu(t, 1)
= 0.
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Definition (MS continuity) A process x(t) is called MS continuous if

hﬂf)l Ellz(t + €) — x(t)[*] = 0 for every t.

e Since
Ellz(t+e)—x(t)]?] = Ryp(t+e,t4€)— Ryp(t+e,t) — Ryp(t, t+€)+ Ryt 1),

it turns out that a process is MS continuous if, and only if, its autocorrelation
function is continuous.

That a process x(t) is MS continuous does not imply that its sample x(t, () is
continuous in t. B.g., for Poisson processes, E[|x(t+¢)—x(t)|’] = E[|n[t,t+
€)|*] = Ae(1+ Ae) <5 0, but «(t, ¢) is apparently discontinuous at ¢;(¢).

e As far as MS periodicity is concerned (cf. Slide 9-125), since
Ellz(t+T) — x(t)]"] =2 - Re{R,.(0) — R,.(T)}

for a WSS x(t), a WSS process is MS periodic if, and only if, the real part of
its autocorrelation function is periodic.
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We can likewise define MS differentiability and MS integrability as follows. (Details
can be found in Appendix 9A.)

Definition (MS differentiability) A process x(t) is called MS differentiable
if

lim F
€l0

z(t+¢) — x(t) _(

€

4 — )
iy 2 ==0)

2
] = ( for every t.

e Since

x(t+¢e)—x(t) ’

> Ry (t+et+e€) — Ryp(t+e€,t) — Ryp(t, t+€) + Ryu(t, t)

—x'(t)

€ €2

Ro(t+et)— Ro(t,t) Ryt — R, (t,t
o $l’( +€7 ) $l’(7 )_ ( _|_6) gjx( )+R$/$/(t,t),

€ €

and (cf. Slide 9-98)

aRacx (tla t2) 8R$x’(t17 tQ) o 82Rx’x’(t17 t2)
(“%2 (%1 N E%l(%g ’

a process x(t) is MS differentiable if, and only if, 0*R,..(t1, t2)/0t10t;

Rxx’(tla t2) —

and Rx/x/(tla tg) =

‘ H=ts exists.
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Definition (MS integrability) A process x(t) is called MS

(Riemann-)integrable if

b [(b—a)/A]
lAii%E /a x(t)dt Z_; x(a+1A) x Al | =0 for every a and b.
e Since, by letting y(t) = ftt_(b_a> x(s)ds = [°_h(r)x(t — 7)dT with h(7) =
for0§7'< (b—a),
[(b—a)/A] [(b—a)/A] [(b—a)/A]
E — A z(a+iA)| | = Ry (b,0)+A> Y~ Z Rop(a+il, a+kA)
1=0 1=0 =0
| (b—a)/A] L(b—a)/A]
~A ) Ryla+iAb)—A ) Ry(ba+id)
1= 1=0

aprocess x(t) is MS

0
(Riemann-)

is (Riemann-)integrable.

integrable if, and only if, fab fab R (t1, to)dt dts

The end of Section 9-3 The Power Spectrum
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e A discrete-time process can be viewed as a sampled counterpart of a continuous-
time process as
x|m] = x(m) for integer m,

where in text, the index of a discrete process is specially denoted by “bracket”.
For convenience, we simply take the sampling period to be 1.

e For this reason, most results involving continuous-time processes can be readily
extended to discrete-time processes.

e As an example, the autocorrelation function of a discrete-time process a[m]
can be defined as that for integers my and mso,

R, [m1, mo] = E{x|mi]x”[ms|}.
If it is WSS, then R, [m1, ms] reduces to:
R..[7] = E{x|m + 7]x*[m]} = E{x(m + 7)x"(m)} = R,.(7),

where R,.(7) is the autocorrelation function of the parent continuous-time
process x(t).
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e Based on the previous observation, the power spectrum of the random process
{x|m],m € N = set of integers} is given by:

Sealw] = i Ry [n)e 7" (— i Ry.[n] (™) " = fj Rm[n}z”)

n—=——oo n—=——oo n—=——oo

Note that S,.[w] (which is sometimes written as S,.[z] with z = €/¥) is a
function of e/*, and hence, is periodic with period 27.

Szz|w] is named the discrete(-time) Fourier transform of R,.[t].

e We can derive { R;;[n]}y integer from the inverse discrete(-time) Fourier trans-
form (by integrating over one period):

1 [7 :
R,.[n] / Sezlwle’"dw  for integer n.
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e By noting from Slide 9-130 that for integer 7,

1 o0 .
Rm[ﬂ = R:I:x<7-> = % Sm:(w)e‘]wwa

1 o0 (2k+1)7 ‘

= — Sep(w)e!Tdw
2 kzz_:oo /(2’?1)7? w)

_ 1 . " / (W H2km)T 3, I

= o k_z_: /W Sea(W' + 2km)e’ dw' (W =w — 2km)
I -,

= o g <kzoo Sz + 2/€7r)> e Tdw,

and the uniqueness of the discrete(-time) Fourier transform, we obtain:

Sealw] = zoo: Spa(w + 2k).

k=—o00

An aliasing in spectrums is resulted from sampling.



Convolution in Discrete-Time System

9-133

If [n] is an input to a discrete-time system, the resulting output is the digital

convolution of &[n] with h[n]:

yln] = ) hlklz[n — k] = hln] = z[n].

k=—o00

Fundamental Theorem and Theorem 9-2 For any linear time-invariant
discrete-time system (that is defined via convolution operation),

e [t]

hlt]

mylt]

= Elh{t] «n[t]]

Rxm [tla tZ]

h*[t,]

Rmy [tla tZ]

ht]

= E[R*[ts] * Ryu[t1, to]]

Ryy [t17 tQ]
— E[h*[ts] + H

[tl] * Ra:x [tl, tQH
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e A function R(7) has non-negative Fourier transform if, and only if, it is p.d.,
le.,

Z Z a;a; “R(t ) >0 for any complex a; and a;.

Lemma (Schur) A (summable) discrete function R|7], satisfying R*[—7] =
R|7], has non-negative discrete(-time) Fourier transform

0

Slw] = Z Rim]e™/™ = R +22Re{R e MY

m=—0o0

if, and only if, the Hermitian Toeplitz matrix T,, is non-negative definite for every

n, where i i
RI0] RI[1] R[2] R[n]

R*[1] R|0] RI[1] Rn — 1]

T, = | R*[2] R*[1] R[0 R[n — 2]
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Proof:

1. Forward: Suppose S[w] > 0. Let @ = [ag, a1, -+, an)’.

Then,

a'T,d = z”: z": apam, Rm — k]

k=0 m=0

- Zzakam—/ w]e! "R

k=0 m=0

= Z Z (ape”™)* (ap,e’™ ) dw

k=0 m=0
1 (7 - 2
= o _WS[w] E:Oamejmw dw > 0,
m=

where “1” represents the conjugate-transpose matrix operation.
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2. Conwverse: Suppose T, is non-negative definite for every n.
V1 — p2p"el™0 for some 0 < p < 1

Let @ = |ag, a1, -+ ,a,)", where a,, =
and —m < wy < m. Then,

1 m

0<aT,g = — [ (1-p%
21 ).
1 m

- 1 — p?

o _W( p’)

n
3 preimisn
m=0

l—p

2

nt1 g (w—wo) (n+1)

Slwldw

2

Slw]dw

1 — pej(w_WO)

9-136

Lebesque (Dominated) Convergence Theorem Suppose |f,(z)] <
g(x) on z € E for some F-integrable g, and lim,, ., f,(x) = f(x) for z € E.

Hence,
1 [7 1
0 < lim — [ (1—p%
n—,oo L7 —7
1 [7 1 —
= — lim (1 — p?)
T - 00




P.D. in Discrete Processes 0-137

For the validity of the dominated convergence theorem, one only needs to
examine the boundedness of the integrand in finite integral domain [—7, 7).

S| < <z|pmefm<wo>> (Z mw)

—< ;) (2 )

2

m_jm(w—wp)

where |Slw]| = |37 Rlrle 7| < 32 |R[7]| < oo (by “summable”
assumption).

1 1 — pntl J(w—wp) (n+1) |2
=0 < — hm A S|w]dw

T n—>oo 1 — p@J(W_WO>
1 1 —
= (1-7) Slwldw
o | 1 —2pcos(w — wy) + p2
1 " (1 - p2) w

= o T pcos(w — ) £ 72 gp(e]w)dw where ¢( eﬂw Z Rt eJ

T=——00
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Poisson’s Integral Formula

( jwo) 1 /27T (T2 - 102) ( jw)d for 0 < p <
el0) = — re’)dw for r.
A 21 Jo  r? —2rpcos(w — wy) + p? v P

= (pe!V) = Z R[T)(pe?) ™ > 0 forany 0 < p < 1

= Interior radial limit S[wy] = lim ¢(pe’) > 0.

ptl
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Corollary (Paley-Wiener criterion) Following Schur’s Lemma, if, in addi-
tion,

1 s

— | log(S|w])dw > —o0,

2 J_.

then T, is positive definite for every n.

Proof: Suppose there exists some non-zero a such that
2

dw.

n

E ( amejmw

m=0

1 ™
0=adT,d = — [ S
2 ).

Since Slw] > 0, the integrand inside the above equation must be equal to zero

almost everywhere. With additionally f:r ‘ZZ@:() amejm‘*”2 dw > 0 (See the green
box on next slide), we obtain

| tostslulde = —x,

—T

a contradiction to Paley-Wiener criterion is obtained. O
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- - L[ sin((n — m)m) I, n=m
Jnw  jmw\ A Jj(n—m)w — — ’
(e, &™) / ¢ d (n —m)m 0, n#m

—T

2
1 ! mw - mw - W - 2
Thus, — - z:ame7 dw = <Z €’ z:ame7 > — Z @, |* > 0.
m=0 m=0 m=0 m=0
Let f é ‘ amejm‘*” and [" f(w)dw = p > 0. Define S, £ {w €
[—7 (w) > e} Then,

/f Jdw = —/ f(w)dwz,u—%m:ﬁ ife = 2
—rm\Se : AT

Accordingly, Slw] = 0 for w € S,/ux), which together with |S[w]| < oo for
w € [—m,m) (by the “summable” assumption) implies

/W log(S|w])dw = /S log(S[w])dw +/ log(S[w])dw = —o0,
T pu/ (4)

(=7 m\S ) (am)

where the last step holds because S, /4r) cannot be a set of Lebesgue measure zero.
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Corollary The process x[t] = Y7 | ¢;e?*" is WSS if, and only if, {¢;} are
uncorrelated with zero mean (provided that {w;} are all distinct and does not

include zero.)

Proof: It is straightforward that x[t] is WSS when {¢;} are uncorrelated with

Zero mean.
Conversely, if z[t] = Y7, ¢;e/*i" is WSS, then

E{x[t]} = E {Z Cz'ejwit} = ZE{C@} et

implies that {¢;} must be zero-mean (See the first green box in Slide 9-142), and

n n

E{x[t + T|x*[t]} = Z Z E {c;c;} pIWiT pJt(wi—wy)

1=1 k=1

implies that E{c;c;}!; must be zero for every i # k (See the second green box in
Slide 9-142). 0



General Properties

9-142

and with wy = 0,

Det

| eimwa ] ...

e — 1
6j2w1 _
ejnwl —
el =1 @2 =1

el2w1 | pl2w2 _ 1 ...

ejnwl _1 ejnw2 _1 50 0

ev2 — 1
1 el2w2 1 ...

e%n _ 1

enen — 1

@ =]

el%n — 1

g — |
gl =1l

E{ei}
E{§2}

Ele.)

1=0 k=1+1

Note that if w; = 0, then E{x[t]} may be non-zero mean.

ﬁ ﬁ (ejwz _ ejwk)

# 0

We can define w;;, = w; — wy and use a similar proof to the above derivation to

prove that E{c;c;} must be zero for every ¢ # k if {w;;} are all distinct.

If, however, w;, = wyy for some i, ', k and &/, then we have F {c;c}} e/¥i" +

E {ci/cz,}ejwi” = 0 for every integer 7, which still implies E{cic;} =
E {ci/cz,} = 0.
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Theorem 9.4 (Discrete) For any linear time-invariant system with WSS input,

H* H
Saaw] “ Saylw] ¢ Syylw]
= B{H [w|Suw[w]} = E{|H[w]]*S.[w]}
4
Theorem 9.4 (Discrete) For any linear time-invariant system with WSS input,
—— H*[e/” H e
Srl€] a Suyle?] = Syyle?]
= E{H"[e*]Sp[e’’]} = B{|H[e’]|*Saale’]}
4

Theorem 9.4 (Discrete with z = ¢/*) For any linear time-invariant system

with WSS input,

sq T s LT s
_ B{HASE} = BUHE Sl
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Theorem 9.4 (Discrete) For any real linear time-invariant system with WSS
input,

H[1/7] H 7]
Ses2] Sayl?] Syyl?]
= E{H[1/z]S:[2]} = E{H[1/z]H|[z]S:[2]}

Example 9-34 Define the real system through the recursion equation
yln] —a-yln—1] = zn],
where a is a real random variable with density f(a). Then,

Y[z —az'Y[z] = (1 —az Y[z = X[2],

f(a)

and hence, ]
Y[z 1
Hiz| = X 7] T 1-az!
Consequently,
Sy [z]:Sxx[Z]E{H[Z]H[Z_l]}:Sxa:[z]E { (1 — a,zll)(l — az) } :Sxa:[z] /oo

The end of Section 9-4 Discrete-Time Processes

w (1 —az1)(1—az)



