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C. ϸΚϸΚϸΚϸΚ(reaction)ǺǺǺǺ 
 
 ঁᓉۓఉёҔԾҗᡏკکᓉΚѳᑽБำԄٰᕇள܌ჹᔈޑЍ০ϸΚǶϸΚ

рࡕǴఉӚᄒय़܌ჹᔈޑΚکંҭёᕇளǶӵკ 4-2(a)܌ҢǴҗ 
 

 0xF =∑  ⇒  1 cos 0AH P α− =  

 ⇒  1 cosAH P= α  
 

 0BM =∑  ⇒  ( )( ) ( ) 2
1 2sin / 2 0AR L P L a P L b qc− + − + − + =α  

⇒  
( )( ) ( ) 2

1 2sin
2A

P L a P L b qcR
L L L

− −
= + +

α
 

 
 0AM =∑  ⇒  ( )( ) ( ) ( )1 2sin / 2 0BR L P a P b qc L c− − − − =α  

    ⇒  
( )( ) ( ) ( )1 2sin / 2

B

P a P b qc L c
R

L L L
−

= + +
α

 

 
 ӕኬޑǴճҔᜪ՟ޑБԄёᕇளკ 4-2(b)کკ 4-2(c)ޑЍ০ϸΚǶ 
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4-3 Shear forces and bending moments 
 
 ఉڙѦၩޑբҔߥࣁࡕѳᑽǴϣԖϣΚౢޑғǴ

ӕਔӢᔈԜϣΚǴᐉᄒय़ΨԖᔈΚౢޑғǶԶᔈΚ

ӝԋޑӝΚکӝΚંѸܭѦࡼޑуၩख़Ƕҭջ೭

٤ᔈΚޑӝԋ(stress resultant)Ѹ٬ԾҗᡏၲԋѳᑽǶ 
 
 ଷᄒय़ޑϣΚԖΚ(V)کં(M)Ǵӵკ 4-8(b)܌ҢǴ
Ԝਔ၀ᄒय़܌ჹᔈޑΚکંёճҔԾҗᡏკکᓉΚ

ѳᑽБำԄᕇளǶ 
 
 
A. Sign convention 
 
 ఉޑΚکં҅ǵॄᄍٯǴӵკ 4-9 ύ҅ځҢǶ܌
Κ٬ϡનਔᙯǴ҅ં٬ъᓸᕭǴΠъ՜Ƕ 
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 Ǻٯ
FindǺǺǺǺV and M 
 

(1) a small distance to the left of the midpoint 
of the beam. 

(2) a small distance to the right of the midpoint 
of the beam. 
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4-4 Relationships between loads, shear forces, and bending moments  
 ӧϩఉਔǴёڗఉঁ༾λϡન dxǴԜਔޑϡનё
ૈډڙϩթၩǵύၩ܈ΚଽޑբҔǴӵკ

4-16(a)ǵკ 4-16(b)کკ 4-16(c)܌ҢǶԜѦǴҗܭϡન dx
ӧკࡺλǴࡐ 4-16(a)ύޑΚکંቚໆΨёຎբคज़
λǴӢԜҔ dV ᆶ dM ҢǹԶკ߄ 4-16(b)کკ 4-16(c)ύ
Ӣࣁύၩख़کΚં܌ЇठޑΚکંቚໆࣁԖज़

ॶǴࡺа V1Ϸ M1߄ҢǶ 

 Ѧуၩख़҅ޑǵॄဦۓကǺځύϩթၩख़ qکύၩख़ P
Ǵӵკ҅ࣁကਔଞۓ߾Ǵં҅ࣁကӛۓ 4-16(a)ǵ
კ 4-16(b)کკ 4-16(c)܌Ң 

 
A. ϩթॄၩϩթॄၩϩթॄၩϩթॄၩ 
 
 ϡનډڙϩթၩޑբҔǴӵკ 4-16(a)܌Ң 
 
җ 0yF =∑  ⇒  ( ) 0V qdx V dV+ − + =  

⇒  
dV q
dx

=  

 
ݮǺΚޕёࡺ xືȐ҅ӛȑޑᡂϯܭϩթၩமࡋ 

 

⇒ ᜐᑈϩٿ  
B B

A A
dV qdx=∫ ∫  

    ⇒  
B

B A A
V V qdx− = ∫   

  
аёள܌ AǵBٿᗺ໔ޑΚৡܭ AǵBٿᗺ໔ϩթॄၩკय़ᑈǶॶளݙཀࢂޑǺ
ϩթၩ q රΠਔǴԜਔϩթၩޑय़ᑈॄࣁǴࡺᒿ x ॶቚуǴΚຫλǹ
ϸϐǴϩթၩ q රਔǴԜਔϩթၩޑय़ᑈ҅ࣁǴࡺᒿ x ॶቚуǴΚ
ຫεǶЪԜϦԄѝҔӧคύၩख़ࡼуޑࢤǶऩԖύၩख़բҔӧ AǵBٿᗺ
໔Ǵ߾ॊϦԄ٠όҔǶ 
     

җ 0M =∑  ⇒  ( ) 0
2
dxM qdx V dV dx M dM − + − + + + = 
 

 

ଷऩ۹ౣ༾λ ⇒  
dM V
dx

=    

 
வय़ё࣮рǺંޑᡂϯܭΚޑελǶԜϦԄҔӧคၩख़բҔ܈ڙ

ϩթၩख़բҔǶ 
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ऩஒٿᜐᑈϩ ⇒  
B B

A A
dM Vdx=∫ ∫  

    ⇒  
B

B A A
M M Vdx− = ∫   

  
ёޕǺAǵB ܭΚંৡޑᗺ໔ٿ AǵB Ԗύၩख़ߡय़ᑈǶՠջޑᗺ໔Κკٿ
բҔӧ AǵBٿᗺ໔Ǵ߾ॊϦԄϝёҔǹՠऩԖύΚંբҔӧ AǵBٿᗺ໔Ǵ
 ᇥܴȑࡕॊϦԄόҔǶȐচӢϐ߾
 
 

B. ύॄၩύॄၩύॄၩύॄၩ 
 
 ϡનډڙύၩޑբҔǴӵკ 4-16(b)܌Ң 
 
җ 0yF =∑  ⇒  ( )1 0V P V V+ − + =  

⇒  1V P=  
 
வय़ё࣮рǺӧύၩख़ೀΚँฅᡂϯǴݮ x ືҗѰԿѓ೯ၸύၩ
ख़ࡼуᗺਔǴΚޑᡂϯໆࣁ࡞ύၩख़ޑελǶऩၩख़ӛǴ߾Κቚуǹ

ऩၩख़ӛΠǴ߾Κ෧ϿǶ 

җ 0M =∑  ⇒  ( )1 1 0
2
dxM P V V dx M M − + − + + + = 
 

 

⇒  1 12
dxM P Vdx V dx = − + + 
 

   

җܭ dx→0Ǵ܌аቚໆ 1M →0ǶӢԜӧύၩೀંόׯᡂǶԜѦǴᗨฅં

Mӧύၩख़ೀ٠҂ׯᡂǴՠંׯޑᡂȐdM/dxȑԖ࡚ᗊޑᡂϯǶӧύၩ
ख़ѰѓޑୁٿંׯᡂϩձࣁǺ 

     
dM V
dx

=  

     1
dM V V V P
dx

= + = +  

 
C. ॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽ 
 
 ϡનډڙΚଽޑբҔǴӵკ 4-16(c)܌Ң 
җ 0yF =∑  ⇒  ( )1 0V V V− + =  

⇒  1 0V =  
 
வय़ё࣮рǺӧΚଽբҔೀΚόౢғׯᡂǶ 
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dM Vdx=∫ ∫  

    ⇒  
B

B A A
M M Vdx− = ∫   

  
ёޕǺAǵB ܭΚંৡޑᗺ໔ٿ AǵB Ԗύၩख़ߡय़ᑈǶՠջޑᗺ໔Κკٿ
բҔӧ AǵBٿᗺ໔Ǵ߾ॊϦԄϝёҔǹՠऩԖύΚંբҔӧ AǵBٿᗺ໔Ǵ
 ᇥܴȑࡕॊϦԄόҔǶȐচӢϐ߾
 
 

B. ύॄၩύॄၩύॄၩύॄၩ 
 
 ϡનډڙύၩޑբҔǴӵკ 4-16(b)܌Ң 
 
җ 0yF =∑  ⇒  ( )1 0V P V V+ − + =  

⇒  1V P=  
 
வय़ё࣮рǺӧύၩख़ೀΚँฅᡂϯǴݮ x ືҗѰԿѓ೯ၸύၩ
ख़ࡼуᗺਔǴΚޑᡂϯໆࣁ࡞ύၩख़ޑελǶऩၩख़ӛǴ߾Κቚуǹ

ऩၩख़ӛΠǴ߾Κ෧ϿǶ 

җ 0M =∑  ⇒  ( )1 1 0
2
dxM P V V dx M M − + − + + + = 
 

 

⇒  1 12
dxM P Vdx V dx = − + + 
 

   

җܭ dx→0Ǵ܌аቚໆ 1M →0ǶӢԜӧύၩೀંόׯᡂǶԜѦǴᗨฅં

Mӧύၩख़ೀ٠҂ׯᡂǴՠંׯޑᡂȐdM/dxȑԖ࡚ᗊޑᡂϯǶӧύၩ
ख़ѰѓޑୁٿંׯᡂϩձࣁǺ 

     
dM V
dx

=  

     1
dM V V V P
dx

= + = +  

 
C. ॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽ 
 
 ϡનډڙΚଽޑբҔǴӵკ 4-16(c)܌Ң 
җ 0yF =∑  ⇒  ( )1 0V V V− + =  

⇒  1 0V =  
 
வय़ё࣮рǺӧΚଽբҔೀΚόౢғׯᡂǶ 
 

•  

•  

q

V
M

V+dV

M+dM



•  

 

Mechanics of materials: Chapter 4 Shear forces and bending moments 

 4-6

ऩஒٿᜐᑈϩ ⇒  
B B

A A
dM Vdx=∫ ∫  

    ⇒  
B

B A A
M M Vdx− = ∫   

  
ёޕǺAǵB ܭΚંৡޑᗺ໔ٿ AǵB Ԗύၩख़ߡय़ᑈǶՠջޑᗺ໔Κკٿ
բҔӧ AǵBٿᗺ໔Ǵ߾ॊϦԄϝёҔǹՠऩԖύΚંբҔӧ AǵBٿᗺ໔Ǵ
 ᇥܴȑࡕॊϦԄόҔǶȐচӢϐ߾
 
 

B. ύॄၩύॄၩύॄၩύॄၩ 
 
 ϡનډڙύၩޑբҔǴӵკ 4-16(b)܌Ң 
 
җ 0yF =∑  ⇒  ( )1 0V P V V+ − + =  

⇒  1V P=  
 
வय़ё࣮рǺӧύၩख़ೀΚँฅᡂϯǴݮ x ືҗѰԿѓ೯ၸύၩ
ख़ࡼуᗺਔǴΚޑᡂϯໆࣁ࡞ύၩख़ޑελǶऩၩख़ӛǴ߾Κቚуǹ

ऩၩख़ӛΠǴ߾Κ෧ϿǶ 

җ 0M =∑  ⇒  ( )1 1 0
2
dxM P V V dx M M − + − + + + = 
 

 

⇒  1 12
dxM P Vdx V dx = − + + 
 

   

җܭ dx→0Ǵ܌аቚໆ 1M →0ǶӢԜӧύၩೀંόׯᡂǶԜѦǴᗨฅં

Mӧύၩख़ೀ٠҂ׯᡂǴՠંׯޑᡂȐdM/dxȑԖ࡚ᗊޑᡂϯǶӧύၩ
ख़ѰѓޑୁٿંׯᡂϩձࣁǺ 

     
dM V
dx

=  

     1
dM V V V P
dx

= + = +  

 
C. ॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽ 
 
 ϡનډڙΚଽޑբҔǴӵკ 4-16(c)܌Ң 
җ 0yF =∑  ⇒  ( )1 0V V V− + =  

⇒  1 0V =  
 
வय़ё࣮рǺӧΚଽբҔೀΚόౢғׯᡂǶ 
 

Mechanics of materials: Chapter 4 Shear forces and bending moments 

 4-6

ऩஒٿᜐᑈϩ ⇒  
B B

A A
dM Vdx=∫ ∫  

    ⇒  
B

B A A
M M Vdx− = ∫   

  
ёޕǺAǵB ܭΚંৡޑᗺ໔ٿ AǵB Ԗύၩख़ߡय़ᑈǶՠջޑᗺ໔Κკٿ
բҔӧ AǵBٿᗺ໔Ǵ߾ॊϦԄϝёҔǹՠऩԖύΚંբҔӧ AǵBٿᗺ໔Ǵ
 ᇥܴȑࡕॊϦԄόҔǶȐচӢϐ߾
 
 

B. ύॄၩύॄၩύॄၩύॄၩ 
 
 ϡનډڙύၩޑբҔǴӵკ 4-16(b)܌Ң 
 
җ 0yF =∑  ⇒  ( )1 0V P V V+ − + =  

⇒  1V P=  
 
வय़ё࣮рǺӧύၩख़ೀΚँฅᡂϯǴݮ x ືҗѰԿѓ೯ၸύၩ
ख़ࡼуᗺਔǴΚޑᡂϯໆࣁ࡞ύၩख़ޑελǶऩၩख़ӛǴ߾Κቚуǹ

ऩၩख़ӛΠǴ߾Κ෧ϿǶ 

җ 0M =∑  ⇒  ( )1 1 0
2
dxM P V V dx M M − + − + + + = 
 

 

⇒  1 12
dxM P Vdx V dx = − + + 
 

   

җܭ dx→0Ǵ܌аቚໆ 1M →0ǶӢԜӧύၩೀંόׯᡂǶԜѦǴᗨฅં

Mӧύၩख़ೀ٠҂ׯᡂǴՠંׯޑᡂȐdM/dxȑԖ࡚ᗊޑᡂϯǶӧύၩ
ख़ѰѓޑୁٿંׯᡂϩձࣁǺ 

     
dM V
dx

=  

     1
dM V V V P
dx

= + = +  

 
C. ॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽ 
 
 ϡનډڙΚଽޑբҔǴӵკ 4-16(c)܌Ң 
җ 0yF =∑  ⇒  ( )1 0V V V− + =  

⇒  1 0V =  
 
வय़ё࣮рǺӧΚଽբҔೀΚόౢғׯᡂǶ 
 

•  

•  

Mechanics of materials: Chapter 4 Shear forces and bending moments 

 4-6

ऩஒٿᜐᑈϩ ⇒  
B B

A A
dM Vdx=∫ ∫  

    ⇒  
B

B A A
M M Vdx− = ∫   

  
ёޕǺAǵB ܭΚંৡޑᗺ໔ٿ AǵB Ԗύၩख़ߡय़ᑈǶՠջޑᗺ໔Κკٿ
բҔӧ AǵBٿᗺ໔Ǵ߾ॊϦԄϝёҔǹՠऩԖύΚંբҔӧ AǵBٿᗺ໔Ǵ
 ᇥܴȑࡕॊϦԄόҔǶȐচӢϐ߾
 
 

B. ύॄၩύॄၩύॄၩύॄၩ 
 
 ϡનډڙύၩޑբҔǴӵკ 4-16(b)܌Ң 
 
җ 0yF =∑  ⇒  ( )1 0V P V V+ − + =  

⇒  1V P=  
 
வय़ё࣮рǺӧύၩख़ೀΚँฅᡂϯǴݮ x ືҗѰԿѓ೯ၸύၩ
ख़ࡼуᗺਔǴΚޑᡂϯໆࣁ࡞ύၩख़ޑελǶऩၩख़ӛǴ߾Κቚуǹ

ऩၩख़ӛΠǴ߾Κ෧ϿǶ 

җ 0M =∑  ⇒  ( )1 1 0
2
dxM P V V dx M M − + − + + + = 
 

 

⇒  1 12
dxM P Vdx V dx = − + + 
 

   

җܭ dx→0Ǵ܌аቚໆ 1M →0ǶӢԜӧύၩೀંόׯᡂǶԜѦǴᗨฅં

Mӧύၩख़ೀ٠҂ׯᡂǴՠંׯޑᡂȐdM/dxȑԖ࡚ᗊޑᡂϯǶӧύၩ
ख़ѰѓޑୁٿંׯᡂϩձࣁǺ 

     
dM V
dx

=  

     1
dM V V V P
dx

= + = +  

 
C. ॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽ 
 
 ϡનډڙΚଽޑբҔǴӵკ 4-16(c)܌Ң 
җ 0yF =∑  ⇒  ( )1 0V V V− + =  

⇒  1 0V =  
 
வय़ё࣮рǺӧΚଽբҔೀΚόౢғׯᡂǶ 
 

Mechanics of materials: Chapter 4 Shear forces and bending moments 

 4-6

ऩஒٿᜐᑈϩ ⇒  
B B

A A
dM Vdx=∫ ∫  

    ⇒  
B

B A A
M M Vdx− = ∫   

  
ёޕǺAǵB ܭΚંৡޑᗺ໔ٿ AǵB Ԗύၩख़ߡय़ᑈǶՠջޑᗺ໔Κკٿ
բҔӧ AǵBٿᗺ໔Ǵ߾ॊϦԄϝёҔǹՠऩԖύΚંբҔӧ AǵBٿᗺ໔Ǵ
 ᇥܴȑࡕॊϦԄόҔǶȐচӢϐ߾
 
 

B. ύॄၩύॄၩύॄၩύॄၩ 
 
 ϡનډڙύၩޑբҔǴӵკ 4-16(b)܌Ң 
 
җ 0yF =∑  ⇒  ( )1 0V P V V+ − + =  

⇒  1V P=  
 
வय़ё࣮рǺӧύၩख़ೀΚँฅᡂϯǴݮ x ືҗѰԿѓ೯ၸύၩ
ख़ࡼуᗺਔǴΚޑᡂϯໆࣁ࡞ύၩख़ޑελǶऩၩख़ӛǴ߾Κቚуǹ

ऩၩख़ӛΠǴ߾Κ෧ϿǶ 

җ 0M =∑  ⇒  ( )1 1 0
2
dxM P V V dx M M − + − + + + = 
 

 

⇒  1 12
dxM P Vdx V dx = − + + 
 

   

җܭ dx→0Ǵ܌аቚໆ 1M →0ǶӢԜӧύၩೀંόׯᡂǶԜѦǴᗨฅં

Mӧύၩख़ೀ٠҂ׯᡂǴՠંׯޑᡂȐdM/dxȑԖ࡚ᗊޑᡂϯǶӧύၩ
ख़ѰѓޑୁٿંׯᡂϩձࣁǺ 

     
dM V
dx

=  

     1
dM V V V P
dx

= + = +  

 
C. ॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽ 
 
 ϡનډڙΚଽޑբҔǴӵკ 4-16(c)܌Ң 
җ 0yF =∑  ⇒  ( )1 0V V V− + =  

⇒  1 0V =  
 
வय़ё࣮рǺӧΚଽբҔೀΚόౢғׯᡂǶ 
 

P

V
M

V+V1

M+M1

dx



Mechanics of materials: Chapter 4 Shear forces and bending moments 

 4-6

ऩஒٿᜐᑈϩ ⇒  
B B

A A
dM Vdx=∫ ∫  

    ⇒  
B

B A A
M M Vdx− = ∫   

  
ёޕǺAǵB ܭΚંৡޑᗺ໔ٿ AǵB Ԗύၩख़ߡय़ᑈǶՠջޑᗺ໔Κკٿ
բҔӧ AǵBٿᗺ໔Ǵ߾ॊϦԄϝёҔǹՠऩԖύΚંբҔӧ AǵBٿᗺ໔Ǵ
 ᇥܴȑࡕॊϦԄόҔǶȐচӢϐ߾
 
 

B. ύॄၩύॄၩύॄၩύॄၩ 
 
 ϡનډڙύၩޑբҔǴӵკ 4-16(b)܌Ң 
 
җ 0yF =∑  ⇒  ( )1 0V P V V+ − + =  

⇒  1V P=  
 
வय़ё࣮рǺӧύၩख़ೀΚँฅᡂϯǴݮ x ືҗѰԿѓ೯ၸύၩ
ख़ࡼуᗺਔǴΚޑᡂϯໆࣁ࡞ύၩख़ޑελǶऩၩख़ӛǴ߾Κቚуǹ

ऩၩख़ӛΠǴ߾Κ෧ϿǶ 

җ 0M =∑  ⇒  ( )1 1 0
2
dxM P V V dx M M − + − + + + = 
 

 

⇒  1 12
dxM P Vdx V dx = − + + 
 

   

җܭ dx→0Ǵ܌аቚໆ 1M →0ǶӢԜӧύၩೀંόׯᡂǶԜѦǴᗨฅં

Mӧύၩख़ೀ٠҂ׯᡂǴՠંׯޑᡂȐdM/dxȑԖ࡚ᗊޑᡂϯǶӧύၩ
ख़ѰѓޑୁٿંׯᡂϩձࣁǺ 

     
dM V
dx

=  

     1
dM V V V P
dx

= + = +  

 
C. ॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽॄၩࣁΚଽ 
 
 ϡનډڙΚଽޑբҔǴӵკ 4-16(c)܌Ң 
җ 0yF =∑  ⇒  ( )1 0V V V− + =  

⇒  1 0V =  
 
வय़ё࣮рǺӧΚଽբҔೀΚόౢғׯᡂǶ 
 

•  

Mechanics of materials: Chapter 4 Shear forces and bending moments 

 4-7

җ 0M =∑  ⇒  ( )0 1 1 0M M V V dx M M− − − + + + =  

ଷऩ۹ౣ༾λ ⇒  1 0M M=  
ݮελǶऩޑΚଽࣁᡂໆׯύځᡂǴׯޑаΚଽԋં܌ x ືҗѰԿѓ೯
ၸύંࡼуᗺਔǴંޑᡂϯໆࣁ࡞ύંޑελǶऩύંࣁਔଞǴ

 ં෧ϿǶ߾ਔଞǴࣁંቚуǹऩύં߾
 
 
4-5 Shear-force and bending-moment diagrams 
 
 Ǻٯ
Given : as shown in fig. 4-17(a) 
 
Find : draw 
 

(1) shear-force diagram (V-D). 
(2) bending-moment diagram (M-D). 

 
Sol: 
 

•  

V
M

V+V1

M+M1

dx

M0
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4-5 Shear-force and bending-moment diagrams 
 
 Ǻٯ
Given : as shown in fig. 4-17(a) 
 
Find : draw 
 

(1) shear-force diagram (V-D). 
(2) bending-moment diagram (M-D). 

 
Sol: 
 

P

BA

x
L

a b



P

BA

x
L

a b
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 Ǻٯ
 
Given : as shown in fig. 4-18(a) 
 
Find : draw 
 

(1) shear-force diagram (V-D). 
(2) bending-moment diagram (M-D). 

 
Sol: 
 
s

q

BA

x
L
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 Ǻٯ
 
Given : as shown in fig. 4-20(a) 
 
Find : draw 
 

(1) shear-force diagram(V-D). 
(2) bending-moment diagram(M-D). 

 
Sol: 

q

BA

x

L
a b c



q

BA

x

L
a b c



P1

B
A

x

L
a b

P2



M0 =12.0 kN·m
B

A

  = 8mL
2

C

q =1.0 kN/m

b =  
4m

  = 8mL
2


