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1. Continuous-Time Signals

» Finite-duration Signals
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We often choose the initial time at t, =0 for real signals.

If t, <o and f(t)=0 for te[t,, t,],then f(t) iscalled a finite-duration signal.

» Periodic Signals
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Let f(t)eR be afinite-duration signal within 0<t<t,, then
(1-1) fo(t)=> f(t-kT), —wo<t<o, T>t
k=-o0

is called a periodic function with period T, i.e., repeating itself every interval T.

» Fourier Series

Fourier series is an important mathematical tool, usually used to represent periodic

functions satisfying the Dirichlet conditions:

(Cy) f, (t) has finite number of discontinuous points in a period.

(C2) f, (t) has finite number of maximum and minimum in a period.

(C3) f,(t) isabsolutely integrable in a period, i.e., '[T f, (t)dt <oo.

1
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There are two types of Fourier series often used, one in sine-cosine form and the other

in exponential form.

The sine-cosine form of f, (t) is expressed as

2knt 2kt

(1-2) fT(t):A0+i(Akcos:_—+ Bksin?j, —o <t <o

where AozTij: fT(t)dt:%LfT(t)dt

2 2k 't
AK:?L f.(t)cos Tﬂ dt

2 . 2knxt
Bk:?LfT(t)sm Tﬁ dt

The exponential form of f, (t) is expressed as

(1-3) f(t)= i celt, —0 <t <o
k=—0
where @ _2r and ¢ :EJ' f(t)e ' dt=|c | e™.
0 T k T T k

It is noticed that finite-duration signals can be expressed by Fourier series.

Forexample, f(t)=f;(t),intheinterval 0<t<t, not —co<t<oo.

The expression f(t)=f;(t) for 0<t<t is not unique since the period T can be
any number larger than t,. To avoid such drawback, we use Fourier series with

T — oo as a replacement, such that the expression becomes unique and equivalent to

Fourier transform.

Example

Given f;(t)=cos2t+sin’t—sint-cos3t, determine its Fourier series and calculate
A, A and B, k=123.

Solution:
. L 11 1. 1.
Since f; (t)=cos2t+sin t—smt-coth:E+50052t+zsm2t—§sm4t, we can

rewrite it as
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1 1 2zt 1. 27t 1 . 2-2xt
f (t)==+Zcos=—+=sin——=sin
2 2 T 2 T 2 T

=A, + Alcos@+ Blsinsz+ B, sin 2-2omt

Clearly, T=x and A\):%’ Al:%, 51:%, B,=—=.

The remaining coefficients are all 0.

Example

1, -1<t<2 L . .
, determine its Fourier series

Given f (t)=f (t+4) and f (t)= {O 5 -t<3
<t<

and calculate A,, A and B,,for k=1,2,3.

NAG
1
t
-5 -2 -1 o 2 3 6 7 g
Solution:
Since f Z(AkcosM +B,sin Zl_(r tj where T =4, we have
1,2 3 12 krt k7z
==| dt=—==0.75, == —dt —
& 4J~—1 4 A 2-[—1 k7z
:—I i Mdt_—icosk7r+icosk—7z
kz kz 2
1 1
Hence, A =—=03183, A, =0, A =-—=-0.1061
T 3r
=1—O3183 B, = 1=—0.3183, Bg=i:0.1061
T T 3T
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» Fourier Transform

Mathematically, the Fourier transform of f(t)eR is defined as

(1-4)  S{f()}=F(o)=] f(t)edt

Then, the inverse Fourier transform of F (a)) can be determined as

5 IHF(e)=1()=  F(o)ede

which implies f(t) consists of an infinite number of terms F(w)e’*.

Since the Fourier transform F (a)) is a complex number, we can write it as

(1-6)  Flo)=[ fe’*dt=|F(o)e

From F(-w)=[" f(t)e dt=F"(w), we have

(1-7) ||:(_ a))| plt-o) _ |F(a))| g~ i9(@)

Hence, |F(-®)=|F(w) and ¢(-®)=-¢(w). Clearly, F(®) is an even function

and ¢(w) isan odd function.

For example, consider a pulse function

f(t)=2, |t|£1 1 i)
2
whose fourier transform is ;
F(w)=]" f(t)e"dt= [ 2e 1t 11 i
4sinw )
= =4
- sinc(w)

} . sinw .
Since sinc(w)=—— s areal number,
(0]

we have |F(o)|=4|sinc(o)| and ¢(w)=+180°.

F(w)
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Flo)

, @)

180°

T 2z

-180°

» Fourier transform of a periodic function

A periodic function can be represented by Fourier series, shown as
(1-8) f(t)= > ce’
k=—o0

whose Fourier transform can be expressed as

(1-9) S{ f (t)}::;{ i Ckejkwot} _ Z’O: Cks{ejka)ot}

From the truth of

(1-10)  I{S(w—kay)} = % :5(&) —kay)e'dw = %ejk%t
we have
(1-11) S{ejk“’(’t} = _[:ejk%te*j“’tda) = I:efj(”fk”’”)tda) =276 (0w —kay,)

Hence, (1-9) can be rewritten as
112)  3{F ()= 3fe* )= Y 2mc,5(0—kay)
k=—o0 k=—00

which consists of a sequence of impulses &(w—kay,) weighted with 27c, .

Therefore, a periodic function has a discrete frequency spectra.
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» Properties of Fourier transform

Linearity

(1-13)  S{af (t)+bg(t)} =aF (w)+bG(w)

Time-shifting

(1-14)  S{ft-t,)=e"" F(w)

Frequency-shifting
(1-15) S ()= Flo-a,)

Time compression and expansion

(1-16)  S{f(at)}== F(Qj

a a

Convolution in time
(1-17) S{I:f(t—r)g(r)dr}:S{f(t)*g(t)}: F(0)G()

Multiplication in time

@18 3{1(1)g(V)} = [ F(o-2)6(2)d2= F(0)*G(o)

Time bandwidth product

Consider apulse p(t)=1, —a<t<a, whose time durationis TD=2a.

The Fourier transform of p(t) is

1'19 P — a t _thdt — a —jo_)tdt — 2 Slna)a _ 2 .
(1-19) () I—a p(t)e Le a—o asinc(wa)
, P . \ P(w)
1
! —la Tla — a3
e 7 7

Since most of the power of P(a)) IS concentrated in —ZSwsz, the frequency
a a

bandwidth is regarded as BW = 2z/a. Hence, the time-bandwidth product (TBP) is
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(1-20) TD-BW =2a-2Z =4z
a

Obviously, the TBP is a constant, i.e., TD and BW are inversely proportional.

According to TBP, if we want to transmit a pulse train with TD through a channel,
then the bandwidth BW of the channel should be proportional to the inverse of TD.
In other words, the faster the pulse train (with smaller TD), the wider the bandwidth

(larger BW selected).

> Parseval’s theorem

The instantaneous power of a function f(t) is often expressed as f*(t) or

f (t) f(t). Then, the total energy is given as
(1-21)

© « © 2
E-= j_w f(t)f"(t)yt= jw\ f (1) (t)dt
which also can be expressed as
(1-22)

e[ 1 (t)(i [ F*(a))ej”’tda)jdt

1 'e) " °e) iw

-—['F (@)([ F(t)e” ‘dtplo

-1 [ F(0)F(odo=— ["|F(o)fdo
279 27 9
Therefore,

(1-23)

[l Odt= [ F@) do

which is the so-called parseval theorem.
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2. Linear Time-Invariant Systems

» Causal systems

u(l) w(1)

—» H —>

A system operating in time domain must be a causal system, whose output y(t) cannot
be received earlier than the time u(t) is sent to the system. For example, if input u(t)
starts at t=0, then y(t)=0 for t<0.

» Linear time-invariant systems

Let a linear time-invariant (LTI) system be described as

1) yt)=Hu)]
For linearity, the system should satisfy the superposition theorem, i.e.,

if u(t)=cu,(t)+a,u,(t), then
(2-2) y(t)=H[u(t)]=H[au,(t)+a,u,(t)]

=, H[u (1) ]+ o, H[u,(t) =y, (1) + @, ¥, (1)

where v, (t)=H[u,(t)] and v,(t)=HJu,(t)]. It can be further extended to the case

that if u(t)= iai u;(t), then

i=1

@9 yO-H| Zau()|-SaHum]-Sanw)
where y,(t)=H][u,(t)],i=1,2,...,m.

As for the time-invariance, it states that if the the input is shifted in time by z, then
the output is also shifted by z i.e.,

(24)  y(t-7)=Hu(t-7)]

To sum up, an LTI system should satisfy superposition theorem and be independent of

time shift.
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An LTI system can be represented by its impulse response h(t), i.e., y(t)=h(t) if
u(t)=4(t), or expressed as
(25)  h(t)=HIs()]

A1) h(t)
AN L,

It is known that
(2-6) u(t):_[_iu(z')é'(t— r)dr

which can be changed into the following discrete form:

0 o0

(2-7) u(t) = lim > u(kAar)s(t-kAr)Ar = lim > au,(t)

=—00

where o, =u(kA7)Ar and u,(t)=S(t—k Az). Hence,
28 y(t)=H[u(t)]=limH [ 3 akuk(t)}

Since the system is linear, we have H { i a U, (t)}: i a H[u (1)].
k=—o0

k=—o0

Hence,

(29)  y(t)=lim 3 u(kAr)H[5(t—kAr)]az

Ar—-)Ok:_OO

which can be rewritten into the integral form as

(2-10)  y(O)=[ u()H[s(t-7)ld<

According to time-invariant property, we have h(t—z)= H|[5(t—7)]. Therefore,

(211)  y(t)=[ h(t-z)u(r)dr =h(t)*u(t)

In other words, the output y(t) of an LTI system is equal to the convolution of
impulse response h(t) and input u(t)

According to the property of convolution in time of Fourier transform, we have

@12 S{y(v)}=3{n(1)*u()}=S{h()}S{u(b)}

Define 3{y(t)} =Y (@), I{h(t)}=H(w) and I{u(t)j=U(w), then

(2-13)  Y(@w)=H(o)U ()
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which has been widely used in filter design.

» Causal LTI systems

For a causal system, if u(t)=0 for t<O0, then

(2-14)  y(t)=[ u(z)h(t=r)dz=[ u(r)h(t-7)dz

Because the impulse response must satisfiy h(t)=0 for t<0,i.e., h(t—z)=0 for
7 >1, we have

(2-15)  y(t)=[ u(z)h(t-z)dz=[u(c)h(t-7)dz

which is a kind of running integral, the integral result “running” with the upper limit t.

Clearly, the present y(t) only depends on the input u(z) for 0< r <t before the

present time t, which means (2-15) indeed represents a causal system. Most

importantly, y(t) seems to have ‘memory’ that records the past of u(t).

Later, we will learn that the impulse response of a stable LTI system often consists of
decreased exponential function e* where a>0. To demonstrate how to calculate

convolution, let’s use an example with u(t)=1 and h(t)=e™ for t>0, then

(2-16)  y(t)=[u(o)h(t-r)dr=[e* I dr=050-e*)

which is depicted in the following figure.

h(t—1)

Hh(0
I woa 2/ u( 1)

u(0)h(t) W)

v

0 t

10
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3. Laplace Transform

» Definition of Laplace transform

The Fourier transform of a real signal f (t) starting from initial time t=0 is

(3'1) S{ f (t)} =F (a)) = J.; f (t)e—j(utdt
where the lower limit t=0" is used to include the case that an impulse &(t)

happens at t=0. However, the Fourier transform is a tool suitable for signal
processing, not for system analysis. Instead, the so-called Laplace transform is usually

selected as a tool for LTI systems.

Let f(t) initially start from t=0 and define its Laplace transform as

(32  £{f()}=F(s)=["f(t)edt

where s=o+ jw isacomplex variable. If s= jw, then (3-2) is expressed as

(3-3) F(s)

=F(jo)=[_f(t)e"dt

s=jw

From (3-1) and (3-3), we know that Fourier transform F(a)) is the same as Laplace

=F(jo).

s=jo

trasform F(s)

» Region of Convergence

According to the definition of Laplace transform, we have

(34)  |F(s)= ‘ [ (t)e“dt‘ . ‘ [ (t)e“”wtdt‘

<[7|f (R)e

where |e”|=1. Note that the integral I;‘f(t)e’“t‘dt is converged when the real

dt :J‘;‘ f(t)e|-[e”!|dt =j;‘ f(t)e |t

part Re(s)=o0>0 is large enough. For example, if |f(t)| < Ae”, then we will take

the region Re(s)=o >« to ensure the convergence of F(s) and call it the region

of convergence, or ROC in short.

11
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In addition, F(s) is unique for an ROC; which implies f(t) and F(s) form a special

mapping pair, shown as
(35)  L{f()=F(s)=[ f(t)edt, Re(s)=c>a

(3-6) f(t):fl{F(s)}zij ::F(s)es‘ds, Re(s)=o>a

» Properties of Laplace transform

Linearity

(3-7) ﬁ{al f,(t)+a, fz(t)}: a,F,(s)+a,F,(s)
Time shifting

(3-8) L{f(t-a)u(t-a)}=e™F(s), a>0

Frequency shifting

3-9) Ll ft)=F(s+a)

Time differentiation

(3-10)  L{fO(t)}=5s"F(s)-s" (07 )-s"2f(0)—---— £ (0")
Frequency differentiation

311)  L{t"f{t)}=(-1"F"(s)

Initial value theorem

(3-12)  f(0*)=limsF(s)

Final value theorem
(3-13)  f(0)=limsF(s)

s—0

where () exists and must be a constant finite value.

Convolution in time

(3-14) £{f1(t)* fz(t)}: Fl(S)FZ(S)

12
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» Pairs of Laplace transform

(3-15)  £fu(t)} =§

(3-16)  L{eu(t)f =~ ja

@17)  2lru(t)=1

(3-18)  £{cospt-u(t)}= = f 7

(3-19)  efsinpt-u(t)} = fﬂz

@) efeoosput) =2

(3-21) B{ef‘“ Sinﬁt -u (t)} = ﬁ

» Partial fraction expansion

AT

A method called partial fraction expansion has been widely adopted to find f(t)

from the inverse of F(s). First, we partition F(s) into Zn:Fk(s), and then we
k=1

obtain f(t)=> f,(t) from the table of mapping pairs f,(t)- F,(s).

n

k=1

Case-A: Simple real poles

s?+12

For example, F(s)= G269

with simple poles 0, —2 and —3.

Using partial fraction expansion obtains

s?+12 A B C
322) F(s)=——_t AL P [~
(3-22) () s(s+2)s+3) s 512 s+3

Hence,

(3-23)  s’+12=A(s+2)(s+3)+Bs(s+3)+Cs(s+2)

13
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Setting s=0, s=-2 and s=-3 to (3-23) yields

s*+12

s v = F =2
(s+2)s+3), SE).
s?+12

=—" = 2)F =-8
s s+3)‘s_2 (s+2F(s)._,
s?+12

C= =(s+3)F =7
s(s+2)|_, (5+3)F (),
e, F(S)=E+_—8+L . The mapping set of Laplace transform tells that

S S+2 s+3

f(t)=L"{F(s)}=2-8e"+7e™ for t>0.

Case-B: Repeated poles

$*+2s5+6

————— withadouble pole s=-1.
s(s+1)(s+3) P

For example, F(s)=

From partial fraction expansion, we have

3
F(S)_ $°+25+6 A B C D

3-24 = =—
(3-24) s(s+1)°(s+3) s+s+1+(s+1)2+s+3

Hence,
(3-25) s*+25+6=A(s+1)(s+3)+Bs(s+1)s+3)+Cs(s +3)+ Ds(s +1)
Applying the poles s=0, s=—1 and s=—3 obtains

s°+25+6
A=sF(s =—— | =2
QN (s+1)°(s+3)|__,
s°+25+6 3
C :(S+1)2F(815:71 :W _—E
s=-1
s°+25+6 9
D :(S+3)F(st:73 :W :Z
s=-3

AT

To determine B, we can compare the coefficient of s° in (3-25),i.e., A+B+D=1.

Clearly, B=1-A-D= —%. In fact, we also can determine B by (s +1)2 F

14

(s),ie.,



1132- LTI Systems OCW # % RzBP il <8 T 0 mAT %

(3-26) (s+1)2F(s):%:(3+1)2(?+:D3j+B(s+1)+C

Taking derivative results in

d[s’+2s+6 A D :d (A D
(3-27) E(S(S—@J—Z(s+l)(—+—3}+(s+l) E[_+_J+B

S S+ S s+3
3
which implies B=3[$*2s+6) 13
ds{ s(s+3) ., 4

3 f— f—
Hence, F(s) S +25+6 _2 134 -32 94

d th
s(s+1f(s+3) s s+l (s+1f s+3 anchen

f(t)=f1{F(s)}:2—%e‘t —gte‘t +%e‘3t for t>0.

Case-C: Complex poles

10
(s+1)(s +4s+13)

For example, F(s)= with complex poles s=-2+ j3.

From partial fraction expansion, we have

F(s)= 10 _A +B(s+2)+3C
(5+1)(s?+4s+13) s+1 (s+2)f+3°

(3-28)

Hence,
10
A=(s+1)F(s = =1
(s+1) (]52‘1 s®+4s+13|_,
Then, choose s=-2 for (3-28) to obtain

—E=—A+E:—1+E = C=—1
9 3 3 3

Finally, apply s=0 again and obtain

F(-2)=

FO)=2—p+2B¥C 4, 2B 1 5
13 13 13 13
1 S+2 1 3

Therefore, F(s)= , which results in

S+l_(s+2)2+32 _§(5+2)2+32

f(t)=L{F(s)}=e"—e™ coth—%e2t sin3t for t>0.

15
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4. LTI System in Differential Equation

» Linear ordinary differential equation with constant coefficients

In system engineering, the most common system is described an ordinary differential
equation with constant coefficients, shown as below:
@1y (t)ay " () + ey (t) T ay(t)

=b,u™ (1) + b, u " (t)+---+bu(t) +byu(t)

where a, and b, are constant, k=1,2,.,.n-1, 1=12,..m. Note that if n>m

then the system is proper, otherwise the system is improper. In case that n>m, the

system is called strictly proper.
Taking Laplace transform of (4-1) yields
(4-2) SY(S)—S"tyy =S Y, = =Sy, — Yot
+a, (5" (8) 5" Py, 8" Py, = =Y, 5 Yoy
+o-+a,(SY(S) =Yy )+, Y (8)
=b, (s"U (s)—""uy —8""Uy — - —SU,_, — Uy, )
1, (" U (8) = 8™ Uy — 8™, =+ = SUy g — Uy, )
-+ (sU(s)—uy )+ byU ()
where y, = y*(0) and u, =u")(0) are the initial conditions. Hence, we have
(4-3) P(s)Y(s)=Q(s)U(s)+R(s)
where
P(s)=s"+a,,s" " +---+as+a,=(s—p,)(s—p,)-(s—p,)
Q(s)=b,s" +---+bs+b, =b, (s-2)(s-2,)(s-2z,)
R(S)=r 8" +--+rS+T,
Wecall p,, p,,..., p, thepolesand z,, z,,..., z, the zeros of the system. It
is noticed that the coefficients r, of R(s), k=12,...n-1, are functions of the

initial values y, and u,.Rewrite (4-3) into

16
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(4-4)  Y(s)=Y,(s)+H(sM(s)

(s)
P(s)

Laplace transform of Y (s) obtains
@5 y(t)=y,(t)+ . (1)

where y(t)=£{Y(s)}, y,(t)=L"{Y,(s)} and vy, (t)=L*{H(s)U(s)}.

R(s)

is called the transfer function and Y,(s)= —<. Taking inverse

P(s)

Q

where H(s)=

If u(t)=0, ie, the system is in free motion, then y, (t)=0, which implies

y(t)=y,(t) only depends on its initial conditions y,, k=12,..,n—1.

» Impulse response

If a system is initially ideled, i.e., y, =0 for k=1.2,..,n—1, and encounters an
impulse input u(t)=4(t), then Y,(s)=0 and U(s)=1. Hence, from (4-4) we
have Y(s)=H(s)J(s)+Y,(s)=H(s). Taking the inverse Laplace transform yields
LY (s)}=£{H(s)}=h(t) which is called the impulse response. Note that the
impulse response of a system is obtained by setting u(t)=¢5(t) and y, =0 for

k=12,.,n-1.

» Total response
From B{h(t)*u(t)} =H(s)U(s), we have

(46)  y,(t)=LHH(sV(s)}=h(t)<u(t)= [ hit-r)u(c)dz

which results in the total response

@7 yO)=y,O)+[ hit-ch()dr

Such total response implies that (4-1) is not linear if initial conditions exist. Let’s

explain it by a system with two inputs u.(t) and u(t), but under the same initial

conditions y, fork=0,1,...,n—1. Hence,

17
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(4-8) Y1(t) =H [ul(t)] =Y (t)"' J:o h(t - T)ul(z')dz'
49  y,(t)=H t)+ [ h(t-o)u, (e

Now, if the system is excited by u,(t)=u,(t)+u,(t), then

(4-10) Yo (1) =H[us ()] =yo (1) + [ h(t=7)(u(r)+u,(r))dz
Obviously,

i AT 5

(4-10) Y1) # (1) + v, (1) =2y, (1) + | h(t—7)(uy(z) +u,())dr

Hence, (4-1) is not a linear system since the superposition is not satisfied unless

y,(t) is negligible.

Example

A second-order system with initial conditions y(0)=1 and y(0)=0 is described

as y(t)+3y(t)+a,y(t)=u(t). Consider the following cases:
Case-1: a,=2, u(
Case-2: a,=2, u(t
Case-3: a,=2, u(
Case-4: a,=0, u(t)=
Case-5: a,=—4, u(t)=u,=1

(1) Determine the transfer function in terms of a,.

(2) Determine the poles of Case-k, k=1,2,3,4,5.

(3) Determine the total response y, (t) of Case-k, k=1,2,3,4,5.

(4) According to Case-1, Case-2 and Case-3, show that a system with poles all

located in the left-half z-plane is not linear unless t — .

(5) From Case-4 and Case-5, show that if a system possesses a pole not in

the left-half z-plane, then the total response is unbounded as t — .

Solution:

Taking Laplace transform yields

18
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S (5) - 9(0) - ¥(0)+3(s¥ (5) - ¥(0))+ Y () ~U ()
i, s%Y(s)—sa+3(sY(s)—a)+ayY(s)=U(s)

1 Sa + 3¢
or Y(S)sz (S)‘Fm: H(S)U (S)+Y0(S)
(1) The transfer functionis H(s) =2;.
s°+3s+a,

(2) For Case-1to Cases-3, we have s®+3s+a,=s"+3s+2=(s+1)(s+2),i.e,
the polesare —1 and -2 and both are located in the left-half z-plane.
For Case-4, we have s”+3s+a,=s>+3s=5(s+3), i.e., the poles are 0
and —3. For Case-5, we have s*+3s+a,=s’+3s—4=(s-1)(s+4), e,
the poles are 1 and —4. Note that the pole 0 in Case-4 and the pole 1 in Case-5
are not in the left-half z-plane.

(3) For Case-1,since a,=2 and u(t)=u, =1, we have Ul(s)zl and
S

Y,(s) =Y, (s)+Yy(s), where

1 1 05 -1 0.5
:—.—=_+_+—
$?+3s+2 s s S+1 s+2

. s+3 2 N -1
$2+3s+2 s+1 s+2°

Y, (8)=H(s)U,(s)

Yo (s)
Hence, y,, (t)=05-e"+0.5e™, vy, (t)=2e"—e™ and the total response is

Yi(t) = Vi (t)+ Yo (t)=0.5+e" —0.5e7.

For Case-2, since a, =2, u(t)=u, =2, we have Uz(s):2 and
s

Y,(5)=Y,,(s)+Yy(s), where

1 2 1 2 1

YVou(s)=H(S)U,(8) == ==+ —+——

2 () (8)U2(s) $?+3s+2 s s s+1 s+2
s+3 2 -1
Yo (5)= = :
»(8) 13542 s+l 512

Hence, y,,(t)=1-2e"+e™, y,(t)=2e"—e™® and the total response is

Yo (1) = Yo (1) + Voo (t) = 1.

19



1132- LTI Systems OCW # % RzBP il <8 T 0 mAT %

(4)

For Case-3, since a, =2, u(t)=u1+u2=3,we have U3(5)=§ and
S

Y;(8) =Yy (8)+Ys(s), where

Ya,(8)=H(s)Us(s)

? s+1 s+2

1 3 15 -3 15
T 243542 s s+2
_ s+3 _ 2 N -1
$°+35+2 s+1 s+2°

Yy (S)
Hence, y,, (t)=15-3e"+1.5e, y,(t)=2e"—-e™® and the total response is
Y (t) = Yo (t) + Yoo (t) =1.5—€" + 0.5
For Case-4, since a, =0, u(t)=u, =1, we have U,(s) ~1 and
S

Y,(5)=Y,,(s)+Yu(s), where

1 1 -0.111 0.333 0.111
== - +

s?+3s s s s? s+3

Y.y (5)=H (5)U. (5)

s+3 1
Yy(s)= ==

$2+3s s

Hence, y,,(t)=-0.111+0.333t+0.111e*, vy, (t)=1 and the total response is

Y (t) =Y, (t)+ Y, (t)=0.889+0.333t +0.111e™
For Case-5, since a, =—4, u(t)=u, =1, wehave U,(s)= L and
s

Y5 (S) =Yy, () +Ys (), where

Ye,(8)=H(s)Us(s)

1 1 -025 0.2 0.05
= > — + +
S°+35s—-4 s S s-1 s+4
s+3 0.8 0.2
Y., (S)= = + .
s0(9) s>+3s—-4 s-1 s+4

Hence, ., (t)=-0.25+0.2¢'+0.05e™", y,(t)=0.8e"+0.2e™"

and the total response is

Y5 (t) = Yoo (t) + V5o (1) =—0.25+€" + 0.25e™*
According to Case-1, Case-2 and Case-3, we have y,(t)=15-e"+0.5e™* and
yi(t)+y,(t)=1.5+e™ —0.5e™. We know that y,(t)=y,(t)+Y,(t), ie,the

system with poles all located in the left-half z-plane is not linear.
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However, as t —co we can find that y, (o) =y, ()+y,(*)=1.5,
which implies the system is linear while t — .
(5) From Case-4 and Case-5, it is easy to find y, () > and y,(x)— o,

which implies the total response of a system possessing a pole not in the left-half

z-plane will be unbounded as t — .

» Incrementally LTI system

If a system in (4-1) at least has one pole not in the left-half z-plane, then its total
response will be unbounded, referring to the Case-4 and Case-5 in the previous

example. Fortunately, a system in (4-1) is usually designed to have poles all located in

the left-half z-plane, i.e., the roots of P(s)=0 are all possessed of negative real part.

This kind of system is called a stable system. According to the Final value theorem,

we have

@12) Y, ()] =£{Y(s)}

~lim sYO(s)]=Iim{si}—>0

t—ow s—0 s—0 ao

Obviously, as t — oo we can neglect yo(t) and obtain the total response

(4-13)  y()=y,()=[ hit-ru()dr

which is an LTI system and can be described as

(4-14)  Y(s)=H(s)U(s)|_.

Since a stable system in the form of (4-1) becomes an LTI system as time t increases,

we call it an incrementally LTI system.

Example

Consider the LTI system: y(t)+3y(t)=u(t), where y(0)=-1, u(t)=3.

Determine y(t), for t>0.
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Solution:

Taking Laplace transform yields sY (s)—y(0)+3Y(s)=U(s),

Since U(s):g and y(0)=-1, we have sY(s)+1+3Y(s):§.Hence,
s—3 1 -2

Y(S)z_s(s+3) s+s+3

which results in y(t)=1-2e™.

Example

Consider the LTI system: §(t)+2y(t)+2y(t)=u(t)—2u(t), where y(0)=1,
y(0)=0, u(t)=cos3t. Determine y(t),for t>0.

Solution:

Taking Laplace transform yields

s?Y (s)—sy(0)-y(0)+2sY (s)—2y(0)+2Y(s)=sU(s)-u(0)-2U(s)

Since y(0)=1, y(0)=0, u(0)=1 and U(s)=SZ 9,wehave
+
24254 2)Y(s)—s-2=(s-2)—>— 1
(5 +25+2)(5)-5-2=(s-2) 5

s+2s°+7s+9  As+3B C(s+1)+D
Hence, Y(s)= =— - -
(s°+9)(s*+2s+2) §°+9  (s+1)°+1

and y(t)=Acos3t+Bsin3t+e™ (Ccost+Dsint). It can be obtained that A=%,

B= —i, C =§ and D =§ . Therefore,
85 85 85

y(t)= 32 bos3t— 2 sin3t + et(s—scost +§sintJ
85 85 85 85

22



1132- LTI Systems OCW # % RzBP il <8 T 0 mAT %

5. Signal Filtering

> Filter

Signal filtering is an important function for an LTI system when it is operated around
a noisy environment. If a system is designed to filter out noise or to achieve desired
signals, we call it a filter. In system enegineering, a filter is often designed as a stable
LTI system, described as
-1 y")+a,y )+ a )+ agy(t)

=b,u™(t)+b, u™(t)+---+bu(t)+byult)

Since it is stable, we neglect initial conditions and take Laplace transform to obtain

b,s"+---+bs+h
5-2 Y(s)= T 0 U(s)=H(s)U
62 YO =g e YO =HEUE)

where £{u(t)}=U(s), £{y(t)}=Y(s) and H(s) is the transfer function of the

filter expressed as

b,s"+--+bs+b,  Q(s) _ b.(s—2)(s-z,)

(5-3) H (S): g" +an_ls“—1+...+ais+ao - P(S) (S_ pl)"'(s_ p“)

where P(s)=(s-p,)--«(s—p,) and Q(s)=b,(s—z)--«(s—z,). The n roots of

, are the

i=1,2,..,m

zeros. All the poles and zeros are complex numbers. Most importantly, all the poles

p, should be located in the left-half z-plane to guarantee the stability of the filter.

Before filter design, let’s discuss the frequency response of (5-2) with s= jw, i.e.,
64 Y(jo)=H(joM(i)
where U(jo) and Y(jw) are the Fourier transforms of u(t) and y(t). Using

the inverse Fourier transform, we have

(5-5) u(t):%J‘iU(ja))ej“’tda):jie"“" -%U(ja))da)
-
A (jo)
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G-6)  y(t) =i “Y(jo)edo = e .%Y(ja})da}
AY(ja))

which implies u(t) and y(t) can be decomposed into an infinite number of

components AU(ja)):ZiU(ja))dw and AY(ja))zziY(ja))da) at . Then,
T T
further multiplying Zida) into (5-4) will yield
T

(5-7) %Y(ja})da)= H(ja))(%U(ja))da)j

ie., AY(jo)=H(jw) AU (jw).Below shows the block diagram.

AU (jo) AY (jo)=H (jo)-AU (jo)
— » Hjo) — &

Obviously, if |H (ja))| < 1, then output component AY(ja)) will be greatly reduced,

which also means input component AU (ja)) is filtered out and will not appear in

the output.

In fact, we can show the filter (5-4) in two aspects, magnitude and phase, i.e.,
68 [Y(io)=[H (i) (o)

(5-9) ZY(ja)):LH(ja))JrLU(ja))

> Bode-plot

Q(s)

In filter design, we often adopt the Bode-plot of H ( ja)) = m , Which consists
S=jo
of magnitude |H (jo)| (z 20IoglO‘H(ja))‘) and phase ZH (jw). The reason to

use |H (jco)|dB is because the multiplication in (5-8) can be simply implemented by

addition as below:

(5-10)  [Y(jo)|, =[H (i@), [V (jo),
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> Lowpass filter

AW
Uls) R +

& LT o

The simplest lowpass filter is an RC circuit whose transfer function is

Y(s) 1

(5-11)  Hls)= U(s) 1+sRC

where U(s) and Y(s) are the input and output voltage signals. Let :%,

then H(s) =ﬁl/) and its Fourier transform is
+(s/a,

- . 1 _ 1 —jztan™ (ofay)
(5-12)  H(jo) 1+ j(a)m,) \/1+(a)/a)o)ze

with magnitude ‘H(ja))‘:; and phase ZH (jw)=-Ztan™(w/w,).
1+(a)/a)0)2

The Bode-plot of magnitude and phase is shown below:

- H(jw)

From the curve of |H (jo)| . since

1
IH(je, )| = L =272=0.707
0 2
1+(w/w,) o
. 1 1
|H(j100,)| = ———= = ~10™
1+ (w/a,) s tom J101

we have
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|H (ja,)|,, =20l0g, 2e . ~10log,, 2 = —3.01dB ~ -3dB

|H (j10m,)|,, ~ 20log,,10™* = —20dB
It is notice that Y(jw)=H(jo)U(jw)<0.01-U(jw) for »>10w, . The
frequency @ = @, is called the cutoff frequency or the 3dB point. Obviously, all the

output power is concentrated in 0 < < @,, S0 we say that the filter is a lowpass filter

and the bandwidth is BW =, .

Sometimes, it is required to design a filter of higher order, for example a 2" order

filter H(s)= 1 _
T
10 40
Since H(jo)= : , the magnitude and phase are
R
10 40
- 1 1
T
+je| L A
1011 "40 \/( +100)( +1600j
: . a)2 0)2
or |H(jo)|, =20log,,|H ( jw)| =-10l0g,, L4155 | T60g
ZH(jo)= —stant 2 stant 2
10 40

The Bode plot is shown as below:

|H(j @)




1132- LTI Systems OCW # % RzBP il <8 T 0 mAT %

From the Bode-plot, at @ =@, ~200 rad/sec we know that |H(je,)| =-40dB,

dB

ie., |H(je) =0.01. Hence, we have
IH(joy)| = 2 — =001

1+ 4% 14+ A

100 1600

and the resulltis @, =198 rad/s, indeed around 200 rad/sec.

» Highpass filter

The RC circuit is a highpass filter, whose transfer function is

Y
(13 H(s)= 18 __SRC
U(s) 1+sRC
1 s/, . : .
Let w, =——,then H(s)=——— and its Fourier transform is
RC 1+(s/m,)
. Jo ! w, ol w, o Lo
(5-14) H(jow)= - = 4[90 —tan —]
( ) 1+(j0)/a)0) J1to! of Wy

Assume 10> @, >1, then the Bode plot can be obtained as below:

AY

- ) - -
b

=20 |~ -

--——fm -

1

I

1

1

1

I

1
-

1

I

?

1

I

I

1
————d———
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Sometimes, we will use a highpass filter of higher order, such as a 2" order filter

expressed as H(s)= s
1+as+bs?’
2
Let’stake H(s)= s/ as an example.
S S
CI%
2 5
—602 /10 a)z /10 j(180°—étan’1%—4tan*1g]

Hence, H(jow)= s —~ = - —e
(1+ 12](1+ j5j \/1+ a)\/1+a)
4 25

The Bode plot is shown as below:

\H(j )|
207777770 e P - -mmmmmooo T
(] i ,” _ : i
; .72 5 110 1100 @
orr g S !
! 14T N N |
: : : : ‘:“\. ‘\"‘\ :
20 - :————:——— _i__\_"_“'_...‘_\-\_"‘:_ —:— ——————
: : : \“‘\,‘ “"\»L
A pFIRE
0L/ R S e ememmm—mm e R
/ H{jo) Lo
180° f=msgz == =F === === === mmmaae T
~— ! !
90° fr==""--- ':""T """ ': """"""" ': """"
] : H
() NSRS § - 100 o
Y A G TTTEREERsrmeal L
: 1
. 1 bs? . .
Since > and > respectively represent a lowpass filter and a
1+as+bs 1+as+bs
. . as . . .
highpass filter, we know that 1 os? will be a bandpass filter and its Bode plot
+as+bs

is roughly depicted as below:

\H(j )|s
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6. System Realization

After a filter is designed by the use of an LTI system, one question is raised: How to
implement the LTI system? In system engineering, it’s a technique called system

realiztion.

»> System realization

Consider an LTI system
61 yUO)+aLy U+ +ayt)+ay(t)
=b,u™ (t)+b, u™ P (t)+---+bu(t) +bu(t)
which of course is proper (n > m) and stable. By neglecting the initial conditions,

we obtain the frequency response as

b s"+---+bs+b
6-2 Y(s)=H "o ra Tasra,
(6-2) (s)=H(sM(s) S ta S 4+as+a ©

where U (s)=£{u(t)} and Y(s)=£{y(t)}. The transfer function is

H(s)= b,s" +--+bs+b, b (s-2)(s-z,)

6-3 = =
(©3) s"+a _s"t'+---+as+a, (s—p,)-(s-p,)

where p,, k=1,2,..,n, are the poles located in the left-half complex plane, i.e.,

Re(p,)<0,and z;,j=12,...,m, are the zeros.

It is known that there are a lot of methods to realize the LTI system in (6-2).

Here, let’s consider a strictly proper system (n > m) and introduce a method based

on state variables chosen as

Sk—l
(6-4) X, (s)=—
s"+a,,8" +--+as+a,

It is easy to check that

1
6-5 X, (s)= U
(>-9) ¢) s"+a, S 4+ s+ a, )

(6-6) X (s)=sX,,(s)=s"X,;, k=23,...n
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From (6-5) and (6-6), we have

(6-7) s"X,(s)+a, 5" X, (s)+---+asX,(s)+a,X,(s)=U(s)
and thus, sX,(s)+a,_, X, (s)+ --+a,X,(s)+a,X,(s)=U(s), ie.,
(6-8) sX,(s)=—a,X,(s)—a,X,(s)----—a,_, X, (s)+U(s)

The block diagram to realize (6-8) is shown as below:

uts) A EELOINE ECOINBHECN
B T Ll T """" > T Ll T Ll
B Uyl < - .
= a _
(e} [

» State equation

Let x,(t)=£"{X,(s)}, then from (6-6) and (6-8) we have

Xz(t :Xs(t)
(6-9) :
X4 ()=, (t)
X, (t) = —aoX, (t)—a,%, (t) - — &, 4 x, (t) + u(t)
or in matrix form
x,t) 1 [0 1 0 0 1 [x() ]
%,(t) 0 1 0 0 | |x,()
(6-10) X?(t) |0 0 0 c:) X, (t)
X, ,(t) o 0 0 - 0 1| [x.,(t)
_Xn(t)_ |—& —& —a - T8, —a,]| _Xn(t)_
x(t) A x(t)
where x(t)=[x(t) x,(t) --- x,,{) x, ()] iscalled the state vector.

Correspondingly, the block diagram is shown as below:
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SO0 ] e JELUN

P

u(1)
—

Y

Ay

A
n

S
A

do

» Output equation

From (6-2) and (6-4), the output equation can be derived as

(6-11)  Y(s)=Db, X, 4(s)+--+b,X;(s)+b,X,(s)+by X, (s)

ie.,

(6-12)  y(t)=b, X, (t)+-+b,x,(t)+b,x, (t)+byx, (t)

As a result, the total system (6-1) can be implemented in time domain or in frequency

domain, both shown as below:

A 4

.. )
\ o
U [ - o [ 0], [ x(o) | bo W

h 4

b

Xol(s) o L ______ » l_ Xi(s) 1 Xl(S]= bo\ Y(s)
J s 5 5

|Gl

h 4

o

In the case of n=m, such as a highpass filter, the transfer function is given as

(613)  H(s)=— b,s +n_-1-~+bls+b0
$"+a,,8" +-+aS+a,

i.e.,
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©14)  H(s)=b, + LS Tt B+
s"+a, 8"+ +a,s+a,

n

where g, =b, —b.a,, k=0,1,2,...,n—1. Therefore,

(6-15) Y(s):H(S}J(s):(bn+ P8 ot s+ Py ]U(s)

s"+a, "+ +a,s+a,
le.,
(6-16) Y(5)= b,U (S)+ :anlxn(s)"‘"'+ﬂzxs(3)+ﬁlxz(5)+ﬂoxl(s)
or

(6-17) y(t) = bnu(t)"‘ BaaX, (t)+ ot By Xg (t)+ Pix, (t)+ ﬂoxl(t)

bn

\ 4
;gb
l

Y

u(?)

A 4

f \
. f
%, (1) N EZCIN - J [ ol e, Y0

Ay-1 J L]

g

In addition to the above realization, the system can be changed into series, parallel, or
a lot of different forms. Most importantly, all of them are often realized by the use of

operational amplifiers (OpAmps).

» ldeal Operational Amplifiers

In practice, we can use a transistor to implement a voltage amplifier shown as below:

VC c

Small signal R Re % c payload
voltage source é € ¢ mmmmmmmmmen
[ e
i BT N -V e Lt
- RGT pa 2w
i L Av 2 ! i -
i : _ RE é CE : 1
i O | T o—t i
! ' b = d i

...........................

Transistor amplifier
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which is equivalent to

_________________

B=HpLid+8 285 AT %

! \a R, ¢! i
i Vv, R 1t AAv i » + o
i i Av | Ri i ’ ’ v é
S b dbo |
Small voltage signal amplifier payload

It can be obtained that

RL

RL

v (1) AAv(t):[

R,+R,

0

R,+R,

[

jAvS (1)

If R, > and R, ~0, then v, (t)=Av,(t), not affected by R, and R.. This is the

reason that we have to use a chip of OpAmps, shown as below:

inverting input

>

2
offset null C—11 8 C—J notused non-inverting
inverting . positive Input
input —12 Tl voltage V_+
non-inverting —33 g £ output C_) 3
input v+
negative ~[—14 offset null
voltage

V7774

\2

Above shows the equivalent circuit of an OpAmp. For an ideal OpAmp, we have

R >, R0, A>x®

which implies v, (t)= AAv(t), and thus, Av(t)~0 and i, —0. In general, we can

assume node (O is a virtual ground. Below shows a circuit with an ideal OpAmp.
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AN
Vs RS
®
iAQO
1#02 +
+
Av=0
v = |

R
It is easy to check that i(t):VSR(t) 4 (t) ie., v, (t):—?fvS (t). Clearly, the

S

R
circuit is an amplifier with a —?f independent to the payload R, as expected.

S

Below introduce three basic circuits with an ideal OpAmp for system realization.

» Inverter

M\
“Sé -::: —0 +
+ g - v |+
!
- LA v

Using Kirchhoff’s current law (KCL) on the virtual ground, we have

(6-18) Vl(tz{/‘:(’s(t)Jer(t);aVo(t) _ O—R\//sk(t)+0—\F/;(t) o
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which results in
(6-19) v, (t)=—kv,(t)=AV,(t)

Clearly, the gain A, =—k is negative, so the circuit is an inverter.

> Inverting Adder

R/ky
AW
Rk, .
M
e | W
ly
l,\ -
Vs1 Vs2 Vs3 -d- o +
i- Vi )\’ + &
O

Using KCL yields

G20 O=Val) 0-Ve(t) 0-vs() 0-w(t)_,
R/k, R/, R/, R

(6-21) v, (1) =—(K, Vey (1) + K, Vi (1) + Ky Vs (1))

which is circuit to perform inverting adder.

» Inverting Integrator
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It is known that

622) i(t)=C dvét(t) :C%(vl(t)—vo (1) =-C-2 (1)

Based on KCL, we have

(6-23) \ (t) —Vs (t)

: v.(t) ~d
t) = clyt)=0
R +ie (Y R dtv°( )
which results in SVe() __¥(t) o z——j )+, (
dt RC

If we choose RC =1 and neglect the initial conditon v, (0), then

(6-24) v, (t)=—[ v,(r)dr

It is indeed an inverting integrator.

Example:

Consider a linear time-invariant (LTI) system described as
(6-25)  y(t)+3y(t)+4y(t)=-u(t)+2u(t)

where u(t) istheinputand y(t) is the output. Since it is a stable system, we can

neglect all the initial conditions in system realization.

Taking Laplace transform of the LTI system yields
(6-26)  s*Y(s)+3sY(s)+4Y(s)=-sU(s)+2U(s)

ie. (32 +3s+ 4)Y (s)=(-s+2)U(s). Hence, we have

—S+2
6-27 Y =— U =H U
where H(s):2—3—+2 is the transfer function.
S°+3s+4
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To implement the LTI system, we choose two state variables x,(t) and x,(t).

Define
(628)  £{x(t) = xl(s):@u (s)
(6-29)  L£{x,(t)}= xz(s)=$u (s)=5X,(s)

From (6-29), we have sX,(s)=X,(s), which is equivalent to

(6-30) % (t)=x(t)

From (6-28), we have (s”+3s+4)X,(s)=5X,(s)+3X,(s)+4X,(s)=U (s), ie.,
(6-31)  sX,(s)=—4X,(5)—3X,(s)+U(s)

which is equivalent to

(6-32) %, (t)=—4x(t)—-3x,(t)+u(t)

1

S
m“ ()= 55U (s)=2X,(s) = X,(s), we have

Since Y(s)=2 "4
(6-33)  y(t)=2x(t)—x,(t)

Next, let’s construct a circuit with inverters, inverting adders and inverting integrators
to impement the LTI system, represented by the state equatios (6-30) and (6-32), and
the output equation (6-33).

(1)

R

—AMWW _AAAM R
’ _‘ | 8 R
AMN— - | > R
—1  RA _|+ - *g;fJ A L
—4x1—3x+u
— x2 -1
- Ax14+3xr—u
4x1+3x—u

~2

R
R c R C VN
—1 | X
i J+ W R )
RC=1 = re1 2112
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7. System in State-Space Description

It has been introduced that an LTI system can be expressed by an ordinary differential
equation to describe the relation between input and output. Usually, we say that the
system is in input-output description. However, the input-output description is
unavailable to express the whole features of a system. If a system is known all in
detail, not just the relation between input and output, we often write it in state-space

description.

» State-Space Descrition

For simplicity, we present an example of a 2" order system in state-space description

here, and all the properties discussed below are also available for higher order systems.

dn |«
o by X [ BN LAY
u(t) Az y(t)
> d —»
an
> Db *() I il C2
ax

In general, an LTI system in state space description is expressed by two 1% order

differential equations, called the state equations, given as below:
(-1 x(t)=ax(t)+apx(t)+bu(t), % (0)=x,
(7-2) X, (t) = a, X, (t)+ a, X, (t)+b,u(t), X, (0) = Xy

and its output eqgation is

(7-3) y(t)=cx (£)+ ¢, (t)+duf(t)
The block diagram is shown in the figure.
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For convenience, rearrange the 2" order LTI system into a vector form, where the
b X (0 X
b2 XZ( XZO
—— — ——

X(t) A xt) b x(0) X,

state equation is

and the output equation is

9 -l | L et

C

Both are rewritten as below:

(7-6) X(t)= A x(t)+bu(t), x(0)=x,

(7-7) y(t)=c- x(t)+du(t)

Below shows the block diagram correspondingly.

u(t) (t) j X(t) 1 y(t)

—)—>

\4
o

A 4
(o

A 4
o

It is known that the system state x(t) and output y(t) can be obtained as

(7-8) X(t)=e x,+ Jz e pu(z)dr

(7-9) y(t)=cx(t)+du(t)=ce*x, + .[;ceA(“f)bu(r)d 7 +du(t)

However, it is not an easy work to determine x(t) by directly calculating (8) and (9).
Instead, we often apply numerical tools to find the numerical results, such as the

software MATLAB.

Let’s take the following LTI system as an example

(7-10) % (t)=x(t)

(7-11) X, (t) = —=3x,(t)—4x,(t)+u(t)

(7-12) y(t) = 2X1(t)_ X, (t)

with initial conditions x:;(0)=1 and x,(0)=0. If u(t)=sin(cos(5t)), then the system
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response y(t) can be obained by the instruction ode45 in MATLAB, or by Simulink.

Create m-file: second.m
function dx=second(t,x)
dx=zeros(2,1);
dx(1)=x(2);
dx(2)=-3*x(1)-4*x(2)+sin(cos(5*t));

>> % key in the following instructions
>> [t,x]=0de45(@second,[0:0.01:6],[1 0])
>> y=2*x(:,1)-x(:,2);

>> plot(t,y); xlabel(‘t”); ylabel(‘y(t)*)

25

0]

—)

y=2x1-x2
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If an LTI system is given in state space description (SSD), then we can change it into

input-output description (10D).

» Input-Output Descrition

Now, let’s present the procedure to derive the input-output description (10D) from
the state space description (SSD). First, find the characteristic equation of system
matrix A, which is defined as

A- an —a,
—ay A= ay

(7-13)  p(A)=|]a1-A= ‘ -0

ie, p(4)=4"—(ay +ay)1+aya, —aya, =0, where p(4) is the characteristic
polynomial. Let a, =—(a, +a,) and a, =a,a,, —a,a,, , then

(7-14)  p(A)=A +ai+a,

According to the Cayley-Hamilton theoreom, we have

(7-15)  p(A)=A’+a, A+a,1 =0

Then, calculate the following equation

(7-16)  y(t)+ay(t)+a,y(t)
c(%(t)+ax(t)+a,x(t))+du(t)+adu(t)+adu(t)

= C(Azx(t)+ Abu (t)+bu(t)+a, (Ax(t)+bu(t))+ aox(t)j

+di(t)+a,du(t)+a,du(t)
=c(A*+a,A+a,l )x(t)+dui(t)+(cb+ad)u(t)
=0
+(cAb+ach+a,d)u(t)

which results in the following 10D:
(7-17)  9(t)+a,y(t)+a,y(t)=byu(t)+ bu(t)+byu(t)

where b,=d, b, =cb and b, =cAb+acb+a,d.

Clearly, the SSD (7-4) and (7-5) can be changed into the IOD (7-17). However, in the
previous topic we have learned the way to change the 10D (7-17) into the SSD. First,
taking Laplace transform of (7-17) yields
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(7-18) Y(s):wu (s)=£b2+M}U (5)

s’ +as+a, s’ +as+a,
which results in the transfer function as

2
(7-19) H(S):Y(S):sz +bls+b°:b2+ Zﬁls+ﬁo
U(s) s°+as+a, s’+as+a,

Then, choose two state variables as

\ 1
(7-20) X (s) =mu (s)
(7-21) x;(s):ﬁu (s)=sX;(s)

and write the output (7-18) as
(7-22)  Y(s)=bU(s)+ AX(s)+AX;(s)
From (7-20), we obtain s*X; (s)+a,sX; (s)+a,X; (s)=U(s), i.e.
(7-23) sX;(s)=-a,X; (s)—a,X,(s)+U(s)
Hence, from (7-21) and (7-23) the state equation can be obtained as
(7-24) % (t)=x(t)
(7-25) () =-ax () -ax;(t)+u(t)
and from (7-22) the output equation is expressed as
(7-26) y(t)=5% (t)+ B (t)+bu(t)
Rewrite (7-24) to (7-26) into matrix form as below:
e (L2 s
()] [ —a ] [ x(t)| [1
Xy A )y b

Xl(t) +D0,U
wﬂ ")

Comparing them with (7-4) and (7-5), we can conclude that a different SSD is

—
C

(7-28) y(t)=[5 A] [

achieved. That means it is not unique to transform an IOD to SSD, or more precisely,
an 10D can have an infinite number of SSDs. In other words, different SSDs may

have the same I0OD.
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» System in Different SSDs

Consider an LTI system of nth-order in state-space description, expressed as
x(t)= Ax(t)+bu(t), x(t,)=x,

y(t)=cx(t)

where u(t) is the input, y(t) is the output and x(t)=[x(t) %,(t) -+ x,(t)] is

(7-29) {

the system state with initial condition x(t,)= X, at the initial timet =t, .

Define a new state z(t)=Px(t), where P eR™" is invertible, or P™ exists. Then,

x(t)=P~z(t) and substituting it into (7-29) yields

P~z(t)= AP7'z(t)+bu(t), P7z(t,)=X,
(7-30) {y(t):cP‘lz(t)

()= A() +b,u(0), 2(t)=2
. {y<t>=ch<t>

where A, =PAP™, b, =Pb, ¢, =cP™ and z,=Px,. Since |PHP‘1‘ =1, it can
be obtained that
(7-32)  |Al - A =|APIP™ —PAP| =|P||A1 - A||P7|= |2l - A
=A"+a A"+ +ald+a
i.e., both (7-29) and (7-31) have the same characteristic equation. Besides,
(7-33) y(t)=cyz(t)=cx(t)
(7-34) y(t)=cyz(t) =cyAz(t)+cyby u(t)=cAx(t)+cbuf(t)
(7-35) y(t)=cyAuz(t)+cyby u(t) =cy Ajz(t)+cyAby u(t) +cyby u(t)
=CcA’X(t)+cAbu(t) +cbu(t)
which implies that both (7-29) and (7-31) represent the same 10D, expressed as
(7-36) yO () +a, ,y" T (1) -+ ay(t) +agy(t)
=b, u" ™ (1) +b,_,u"? (1) -+ bu(t) +byu(t)

In control engineering, one of the most commonly used SSD of (7-36) is called the

controllable form and expressed as
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(7-37) {X(t)ZAX(t)Jfb“(t)’ X(t) =%,
y(t)=cx(t)
where
0 1 0 | 0]
0 1 0 0
A=l 0 : : R , b=|:], C:[bo b1 bz "'bn—l]
o 0 o0 --- 1
__ao —a —a, - _an—l_ L+
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8. State-feedback Control of LTI Systems

>» State-feedback Control

From this topic, we will focus on the state-feedback control applied to an LTI system

in state-space description, which is expressed as

(8-1) X(t)=Ax(t)+bu(t),  x(t)=X,

(8-2) y(t)=cx(t)

where u(t) is the input, y(t) is the outputand x(t)=[x(t) x,(t) - X, (t)]T is

the system state with initial condition x(t,)= X, at the initial timet =t, .

First, let’s consider the stability problem. It is well-known that if the system satisfies
the following condition

(8-3) rank[b Ab A’b -+ A" |=n
then the system is controllable by the use of state feedback
(8-4) u(t)=—kx(t)

such that the system state x(t) will approach the origin 0 from any initial state
X(ty) = Xo-

It is noticed that the use of x(t) in the state-feedback control (8-4) implies all the

state variables must be exactly obtainable or measurable, otherwise the state-feedback
control (8-4) is not available. Next, let’s show how to determine the control gain k.

» Pole-placement Method

Commonly, the so-called pole- placement method is adopted. With the use of (8-4),
the state equation is changed into
(8-5) x(t) =(A-bk)x(t)
which implies that the system can be stabilized when the eigenvalues of A—bk are

located in the left-half complex plane, i.e., each eigenvalue possesses a negative real
part. To apply the pole-placement method, first we have to choose n desired
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eigenvalues, such as A, i=1,2,...,n. Then, determine k from the following

characteristic polynomial
(86)  [Al-(A-bK)|=(2-A4)(2=2) (2~ 4)

Note that the gain k is unique for single-input system, but not for multiple inputs

system. As a result, x,(t)=> ae*, k=1,2,...,n. Clearly, the system is stabilized

i=1
since all the state variables are driven to approach O, i.e., X, (t)|Hw — 0, under

state-feedback control.

» Regulation problem

Next, let’s consider the so-called regulation problem: Drive the output y(t) to the

fixed destination vy,, i.e., y(t) =Yy, . To deal with such problem, define the error
vector as

(8-7) e(t)=y(t)—y, =cx(t) -y,

and genetate a new state by the use of integrator as below:

(8-8) z(t):J't:e(r)drzJ';(cx(t)—yd)dr

which implies

(8-9) 2(t)=e(t)=cx(t)— vy, z(t,)=0

Combined with (8-1), it leads to the following augmented system

oo [ole o) lokol 3 ]S
It has been proved that

(8-11) rank| By Augbug Algbag - Algbug |=n+1

i.e., the augmented system (8-10) is also controllable. Hence, with the use of state

feedback
(8-12) U = —Keyg Xoug (1)

aug “Naug

the system state x,,(t) will approach the origin 0 from the initial state
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X (to){’ﬂ.

Based on the pole- placement method, the augmented state equation is changed into
(8_13) Xaug (t) = (Aaug - baug kaug ) Xaug (t)
where the eigenvalues of A, —b, k., areassignedas 7,i=12,...,n+1, all located

in the left-half complex plane. Then, determine k_, by the pole-placement method

from the following characteristic polynomial

(8-14) |21 —(Ayy —bugke )| =(A=m)(2=1,)- (A=) (17)

As a result, X, (t)‘t% :[X(t)} — 0. Clearly, z'(t)‘m = y(t)\t% -y,, ie, the
t—>o0

2(t)

control goal y(t)|t% =Yy, Iisachieved under state-feedback control.

> Observer

If only the output y(t) is measurable, not the system state x(t), then it is not
available to use the state feedback u(t)=—kx(t). To deal with such problem, the

so-called linear Luenberger observer is often employed to estimate x(t).

Based on A, b and c in the original system (8-1) and (8-2), the linear Luenberger

observer is constructed as below:

(8-15)  x(t)=Ax(t)+bu(t)+L(y(t)-y(t)), %(0)=0

(8-16) y(t)=cx(t)

where X(t) is the estimated state, y(t) is the estimated output, and the gain L is
purposely introduced as a key design element. Define the estimation error as

(8-17) X(t)=x(t)—x(t)

then from (8-1) and (8-15) we have

(8-18)  X(t)=AX(t)-Lex(t)=(A-Lc)k(t), &(0)=Xx,

Clearly, if the eigenvalues of A—Lc are all located in the left-half complex plane,

then the estimation error will approach zero as t—, i.e.,
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8-19)  X(t)|_ =x(t)-x(t)|_ —0

or

8-200  X(t)|__ —x(t)_.

In other words, the estimated state is gradually approximated to the actual state x(t)

as time increases and thus, the state feedback in (8-4) can be replaced by the

following control
(8-21) u(t)=—kx(t)
which will drive the system state x(t) from x, to 0. The whole system block

diagram is shown in the figure.

—» —k u(r) > b —»i j x(t)= . W) R
A J

J?(t)= (1)

I
I

Now, let’s focus on the design of the observer gain L. It is known that the eigenvalues

of A—Lc can be obtained by solving the following polynomial:

8-22)  |Al-(A-Lc)=0

Since the determinant of a matrix H is the same as the determinant of its transpose,
e, [H|=|HT|, the polynomial (8-22) can be rewritten as

(8-23)  |Al—(A-Le)=[a1-(A"-cTLT)|=0

Based on the pole-placement method, the existence of L requires that the system must

satisfies the following condition
(8-24) rank[AcT A'c’ (AT )ZcT (AT )nlcT} =n

Due to the fact that rank (H ) =rank(H"), (8-24) can be rewritten as
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c
CA
(8-25) rank| cA* [=n

_C An_l_
which is the condition for a system to be observable.

Hence, we can assign n poles {pl,pz,---,pn} and then solve L from the following
equation:

(8-26)  |a1—(AT-cTLT)[=(2-p)(A-p,)-(A-p,)

which is similar to the way in determining the control gain k.
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9. Velocity and Position Control of a DC Motor

» Modeling of DC motor

The system structure of a DC motor is depicted in the figure, including the armature

resistance R, and winding leakage inductance L,. According to the Kirchhoff’s

voltage law, the electrical equation of the DC maotor is described as

o0 RiO+L Y 0)=v,0

a

where i, (t) is the armature current, v, (t) is the back emf voltage and v, (t) is the
voltage source. The back emf voltage v, (t) is proportional to the angular velocity

w(t) of the rotor in the motor, expressed as

9-2) v, (t)=k,0t)

where k, is the back emf constant. In addition, the motor generates a torque T,,
proportional to the armature current, given as

(9-3)  Tu(t)=ki, (1)

where k; is the torque constant.

If the input voltage v, (t) =V, is a constant, the resulted armature current i, (t)=1,,

angular velocity (t)=.2 and torque T, (t)=T are also constant in the steady
state. From (9-1) to (9-3), we have

(9-4) R, 1, +k, 2=V,

(9-5) T=k;l,

Under the conservation of power, we know that the input power 1.V, is equal to the
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sum of external power T2 and the power R 12 consumed in the resistance, i.e.,
(9-6) VI, =TQ+R,I?

From (9-4), we have R 12 +k 21, =V.I

s'a’

then comparing it with (9-6) yields
9-7) T=Kk,1,
From (9-5) and (9-7), we know that both k; andk, are the same. Hence, we can

rewrite (9-1) and (9-3) as

©98)  Ri()+L %(thkw(t):vs(t)

a

(99)  Tyu(t)=kKi(t)
where k =k; =k, . Besides, if the DC motor is used to drive an external torque T.(t)

of payload then its mechanical behavior can be described as
dolt
©10) 3, V) 8,00)-T,0-7.0
where J,, is the rotor moment of inertia, B,, is the frictional coefficient and the

torque T, (t) reacted from the payload.

For simplicity, we assume an external payload is directly connected to the motor, i.e.,
the torque is T (t)=J a@(t). Hence, based on (9-8), (9-9) and (9-10), the dynamic

equation of the DC motor can be expressed as

a

©1) L %t(t)+Raia(t)+kco(t):vs(t)

(0-12) Jdc;—t(t)(t)jLBMa)(t)—kia(t):O

where J =J,, +J,. Now, let’s discuss the model of a DC motor in state-space
description (SSD) and input-output description (I0D).

First, consider the case which requires the DC motor to move in a constant speed.

Then, the angular velocity is selected as the output, expressed as
(9-13) vy, (t)=w(t)
From (9-11) and (9-12) and choosing the state variables as x (t)=i,(t) and

X, (t)=o(t), we have
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(9-14)  Ryxy(t)+ L (t)+ ke, (t) = v, (t)

(9-15)  J%,(t)+ By X, (t)—kx (t)=0

which can be rewritten as the state equation

©18)  %(O)=—x0)- %0+ v 0)

a a a

(0-17) Xz(t):gxl(t)—BJ—sz(t)

and the output equation
(9-18)  y,(t)=x,(t)
Hence, the SSD is shown as below:

(9-21)  x,(t)=A,x,(t)+b,u(t)

[ONN0)

(9-22) vy, (t)=c,x,(t)

where the state vector is xw(t):{xl(t)] the input vector is u(t)=v,(t), and the

% (t)
2
system matricesare A =| * * |, b, =|L, | and c,=[01].
k B,
£ _Bu 0
J J

If the control goal is to drive the DC motor to a desired position, not velocity, then the
output is chosen as the angular position vy, (t):e(t):J';co(r)dr. To include the
angular position as a system state variable, we often change the integral form
0(t)= I; o(r)dz into the differential form as below:

(9-23)  4(t) = wlt)

and choose x,(t)=0(t) as a new state variable. Therefore, the resulted state

equations are

©28)  R0O)=—2x0- w0+ v.0)
©25) % (1)=x(0)- (1)

(8-26)  x,(t)=x,(t)
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and the output equation is

(9-27)  y,(t)=x(t)

In matrix form, we have

(9-28)  X,(t)=A,X,(t)+byu(t)

(9-29) vy, (t)=c,x,(t)

Xl(t) _Ra/La _k/La 0 ]/La
where x,(t)=|x,(t)| ., A,=| k/J -B,/3 0| b,=| 0 |, ¢c,=[001].
X, (t) 0 1 O 0

» \elocity Control

For the velosity control, we employ the modeling in (9-21) and (9-22), shown as

(9-30)  x,(t)=A,x,(t)+b,u(t)

[ORN0)

(9-31) vy, (t)=c,x,(t)

_R_k 1
where X”(t){zgﬂz[;gﬂ A = Jg _%_; b, = E and ¢, =[0 1].

It is easy to check that

L' -R,L
9-32 rank|b A b |=rank| ® ama =2
( ) [ ® 2} a)] |: O kJ _lL;1:|

c 0 1
(9-33) rank| “ |=rank| _ L |=2
Cc,A, kJ™ -B,,J

Therefore, the DC motor is controllable and observable.

Besides, its IOD can be obtained starting from the characteristic equation is

R, k
/1+L_ L, R, B R B,, +k?*
(0-34) |aI-Al= T~ E:z%[—uTM]m—aJML =0
-— A+2 N a
J J a, a,

According to Cayley-Hamilton theorem, we have A?>+aA +a,1 =0. Then,
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calculate ¥, (t)+ay, (t)+a,y,(t) asbelow:
(9-35) ¥, (1)+ay, (t)+ay,(t)

=c, (A, (t)+b,u(t))+ac, (A,x,(t)+bu(t))+ac,x,(t)
=c,A’X, (t)+c,Abu(t)+c b, u(t)

o 0w W W0

=0
+ac,A,X,(t)+ac,b,u(t)+ac,x,(t)
=0
=c, (A’ +aA I)x(t A b u(t)=kI'L u(t
c,(AD+aA, +al)x(t)+c,ADb,u(t) 2 u(t)
0 b,
which results in the 10D as
(9-36) ¥, (t)+ay,(t)+ay, (t)=bu(t)
Most importantly, a different SSD to (9-21) and (9-22) can be directly obtained from
(9-36) and expressed as

(9-37)  z(t)=Az(t)+bu(t)

(9-38)  y(t)=cz(t)

where z(t):{zgﬂ, A{—Zo _ﬂ , b=m and ¢ =[b, 0].

The velocity control is a regulation problem, which is required to drive
Y, (t)=(t)=x,(t) to a desired velocity y,, = w,. Hence, we have to define the
error function
(9-39) e, (t)=Y,(t) = Yoa =C.%, (t)— Voq
and genetate a new state variable
(9-40) Zw(t)=I;ew(T)dT:J.t:(cwxw(t)—ywd)df
which is equivalent to a new state equation shown as
(9-41)  z,(t)=e,(t)=c,X,(t)—Y,q4
Now, an augmented system can be formed by (9-30) and (9-41), given as
o [1o][2 a5 o3
Kl Au Kl b

It can be proved that
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(9-43)  rank[b,, Ab,, Alb,, |=3
i.e., the augmented system is also controllable. Next, two cases are discussed,
depending on all the state variables are measurable or not.

Case-1: x (t)=i,(t) and x,(t)=e(t) measurable

In this case, we generate a new state zw(t) shown in (9-40) and employ the

augmented system in (9-42). From (9-43), we know that it is a controllable system
and thus, we can use the state feedback control

X, ()
9-44 u=-Kk_ X, (t)=—K “
( ) aug aug( ) aug |:Zw (t):|
and change the augmented system into

(9-45) Xaug (t) = (Aaug - baug kaug ) Xaug (t)

Based on the pole- placement method, the eigenvalues of A, —b, k., are assigned

aug " taug
as n;,1=1,2,3, all located in the left-half complex plane, i.e., Re(ni)<0, to stabilize

the system. Besides, k. . can be uniquely determined from the following

aug

characteristic polynomial

(9-46) ‘ﬂ“l _(Aaug _baugkaug) :(2_771)(}“—772)(&_773)

X, (t
Asaresult, X, (t)‘t% = [X“’( )} — 0, which guarantees that
t—oo

2,(t)
9-47)  2,(t)] =Y, (t) . ~Yee =0

Clearly, the control goal yw(t)\ =y, isachieved.

t—ow
Case-Il:only y, (t)=w(t)=x,(t) measurable

In this case, state variables are not all measurable, so we have to create an observer
for (9-30) and (9-31), shown as below:

(9-48) X, (t)=A%,(t)+bu(t)+L(y,(t)-Y,(t)

(9-49) ¥, (t)=c,X,(t)

where X, (t) is the estimated state of x,(t) and y,(t) is the estimated output.

Further, define the estimation error as
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(9_50) )~(w (t) = Xa) (t) o )zw (t)
then from (9-30) and (9-48) we have
(9-51) X, (t)=A%,(t)-Lc, X, (t)=(A,-Lc,)%,(t)

Again, based on pole-placement method the gain L is determined by choosing the

eigenvalues of A —Lc, all located in the left-half complex plane. As a result, the
estimation error will approach zero as t—o, i.e.,

9-52)  %,(t)]_. =x,()=-%,(t)_, -0

In other words, the estimated state X (t) is gradually approximated to the actual
state xw(t) as time increases. Therefore, the augmented system in (9-42) should be
replaced by

o [ LS el oS-

- V7 —\—

aug (t) Aa“g )A(aug (t) baug

X

and the state feedback control (9-44) is changed into
: X, (t)
9-54 u=-k X, (t)=-k “
( ) aug “taug ( ) aug |:Zw :|
which indubitably achieve the control goal ym(t)‘t% =Y.

In fact, we also can create an observer for (9-37) and (9-38), which is derived from

(9-36), shown as below:

(9-55)  Z(t)= AZ(t)+bu(t)+ L(y(t)-y(t))

(9-56)  y(t)=ci(t)

where Z(t) is the estimated state of z(t) and y(t) is the estimated output.

Obviously, the state feedback control (9-44) is changed into

o )

which still can achieve the control goal y, ()| =Y,
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For the position control, we employ the modeling in (9-28) and (9-29), shown as
(9-58)  X,(t)=AX,(t)+byu(t)

(9-59)  y,(t)=c,x,(t)

Xl(t) _Ra/La _k/La 0 ]/La
where x,(t)=|x,(t)| ., A,=| k/J -B,/J 0|, b,=| 0 |, ¢c,=[001].
X3 (1) 0 1 0 0

It is easy to check that
L' -RL* RAL-KJ'W?

(9-60)  rank[b, Ab, Alb,|=rank| 0 kI'L' —kR,JL7-B,kI’L}|=3
0 0 kJ Lt

i.e., (9-58) is controllable.

The goal of position control is to drive y,(t)=6(t) to a desired velocity y,, =6,.
Clearly, this is also a regulation problem and we have to define the error function as
(9-61) € (t) =Y (t) ~ Yoo =Cp%Xy (t) ~ You
and genetate a new state as below:
t t

(9-62) Ze(t)=J.toee(f)dfZItO(CHXH(t)_de)dT
which implies
(9-63)  z,(t)=¢e,(t)=C,X,(t)— Yy
Combining with (9-58) yields the following augmented system

X, (t 0 t b 0
@y | WA 0L ) 1Oy

2,(t)| [c, 0] |z,(t)] O -1

%f—/ — —— b

Xaug (t) Aaug Xaug (t) aug
It can be proved that
(9_65) rank [baug Aaug baug Aazug baug A:ug baug} = 4

i.e., the augmented system is still controllable. Here, we only consider all the state

variables are measurable and thus, we can use the state feedback

(0-66) U=k, (t):_kau{xe(t)}

aug “aug Zg (t)
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and change the augmented system into
(9'67) Xaug (t) = (Aaug - baug kaug ) Xaug (t)

Based on the pole- placement method, the eigenvalues of A, —b, k., are assigned

aug -’ taug
as 1,,i=1,2,3,4, all located in the left-half complex plane, i.e., Re(7;)<0, such that
the system is stabilized. Besides, k.. can be uniquely determined from the

aug

following characteristic polynomial

(9-68) |41 —(Auy —bugkay )| =(A=m)(2=m,)(A=15)(A=1,)

% (1)
2,(t)

(9-69) 2, (t)\t% =y, (t)\t% — Y,y =0

As aresult, X, (t)L :[ } — 0, which guarantees that
t—o0

Clearly, the control goal 'y, (t)\t% =vy,, isachieved.
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10. Position Control of an Inverted Pendulum

» Modeling of Invereted pendulum

In control engineering, the inverted pendulum depicted in the figure is the most
common system used to demonstrate control theories. Here, let’s introduce the

mathematical modeling of the inverted pendulum by the so-called Lagrange’s method.

Let x(t) be the position of the cart moving on the horizontal surface, &(t) be the

angular position of the pendulum deviated from the vertical angle, and f(t) be the

input force. Assume m and | are the mass and the length of the uniform pendulum and
M is the mass of the cart. The use of Lagrange’s first defines the lagrangian as

(10-1) L=T-U

where T is the kinetic energy and U is the potential energy of the system. To find the

kinetic energy and potential energy, let’s define the inertial coordinate (x,y) with

origin O and the coordinate (x’,@) with origin O’ at the end of the pendulum

connected to the cart. The total kinetic energy T is

(10-2) T=T,+T, =%sz(t)+%jmv§(t)jm

whete T,, :%sz(t) Is the kinetic energy of the cart and T is the Kinetic energy

of the pendulum. The position P is (x(t)+x’sin6?(t),x’cose(t)) and then the

velocity of dm atPis v,(t)= J(x)+ x'coso(t)ot))’ +(x'sinat)o)y . ie.,
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(10-3)  v2(t)=x(t)+2x(t)x'cosA(t)(t) + x 6 (t)
Since dm = Imdx’, we have

(10-4) T, :% [} (2 (t) + 2x(t)x'cosat)o(t)+ x' 267 (£ )

-2 2()+—X(t)cose(t)<9()+—9 (t)

T2

Hence, the total kinetic energy is

105) T =2+ mp(0)+ D cosax(10le)+ m: 67 (1)

Let the reference level of the potential energy be the horizontal axis of inertial

coordinate, then the total potential energy is

(10-6) U=U, +U,_ :O+mg|§cose(t)

where the potential energy of the cart is U,, =0 and the potential energy of the
pendulumis U = mg%cose(t). It is obvious that the Lagrangian in (10-1) is

ml?
§]

(10-7) L= %(M . m)Xz(t)+%Icose(t)x(t)é(t)+ 6°(t)-mg Izcos&(t)

The Lagrange’s formula is shown as

d
109 a(ai?ﬂ‘ai?)*i“)

where q;(t) is the generalized coordinate and Q(t) is the generalized force or

torque applied to the coordinate qi(t). From the Lagrangian L in (10-7), it is clear
that the generalized force applied to x(t) IS f(t) and no generalized torque

applied to the coordinate e(t) . Therefore, the Lagrange’s equations in (10-8) are

(10-9) i( oL j—ﬁ)— f(t)

() o
(10-10) i(%) - a—lzt) =0
where
(10-11) ai_kt) =0

60



1132- LTI Systems OCW # % RzBP il <8 T 0 mAT %

(10-12) £%=W+MMF%mwMW
(10-13) %&%ﬂqm+mmp%mw@my%aw@ﬂo

(10-14) %Izt) = —%I sind(t)x(t)o(t) + mg IEsine(t)

0-15) -5 ™ cosn(ox)+ M ()

am&ﬁﬁiqrgmmmmp%mmmpwao

Hence, we have
(10-17) w+mmp%mw@mygmw@ﬂ¢q®

2
mSI) 4(t)-mg Izsine(t) =0

which is a nonlinear system. The poisition control of inverted pendulum is to keep the

(10-18) %mmmﬁ

angular position vertically, i.e., G(t) =0, and simultaneously drive the cart from any
initial position back to x(t)=0.

In order to use the state-feedback control, it is required to linearize the nonlinear

model of inverted pendulum.

> Linearization

For the control purpose &(t)=0, we often put the pendulum in vertical initially and
assume @(t)~0 in the whole control process, which implies we can use the
approximation of cos@(t)~1, sind(t)~@(t) and &*(t)~0. Hence, (10-17) and

(10-18) can be linearized as below:
(10-19) (M + m)i((t)+m?lé(t) ~t(t)

ml .. ml® I ~
(10-20) ?x(t)+T¢9(t)—ng€(t)_O

or in the following matrix form
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MmO ol [ F0
(10-21) =l
ml mi® ([ 6(t) mgze(t)
2 3
12 1V M+m ml
Since A:mT(M +m)—(m7j >0, we know that | 2 is invertible and
ml m
2 3
(10-21) can be written as
-1 2
) Mam ™ (1) m=o_mr e
w22 |FW1 2 L=t 82 |
67| m | mgZe()| A mi o mga()
2 3 2
Hence, we obtain
. m?l%g ml?
10-23 t)=— o(t)+—f(t
1029 #(1)=-"La)+ Tt (1)
. (M +m)mig ml
10-24 O(t)=———=@(t)——f (t
020y 5(1)=" () - oty

The truth of (10-24) implies that H(t) can be directly controlled to vertical position
by the so-called PD control f(t)=k@(t)+k,0(t) without considering x(t).
Unfortunately, from (10-23) the use of PD control leads to %(t)=0, which means the

cart will move in the way of x(t)=at+b, notbackto x(t)=0.

To fulfill the poisition control of #(t)=0 and x(t)=0, we will derive the state
equation for (10-23) and (10-24) and design the state-feedback control. Now, let’s
choose the input u(t)= f(t) and state variables x,(t)=x(t), x,(t)=6(t),

X, (t)=%(t) and x,(t)

é(t) . Hence, the state equation can be obtained as

) . 0 0 10__ . 0

(1) |0 0 01| x(t) 0

% (t) m?l%g % ()] | mi?
10-25 = _ a0 t
W02 ol ez x| ws MY

_>'<4(t)_ 0 (M +m)mlg 00 _x4(t)_ ml

ANl 2 1> L 24]

A1) 1 Ll
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> State-feedback Control

It can be obtained that

(10-26) rank[b Ab A’b A ]

B=HpLid+8 285 AT %

ml? m°l®g
R 0 >
34 84
ml 0 (M +m)m?1%g
T 4 - 2
= rank 24 44 =4

ml? m’l®g

- > 0

34 84

ml (M +m)m®I*g 0
L 24 4A? ]

i.e., (10-25) is controllable. Here, we assume all the state variables are measurable and

thus, we can use the state feedback control

(10-27)  u=-kx(t)

and change the system into

(10-28)  x(t)=(A-bk)x(t)

Based on the pole- placement method, the eigenvalues of A—bk are assigned as 7,
i=1,2,3,4, all located in the left-half complex plane, i.e., Re(ni)<0, such that the

system is stabilized. Besides, k can be uniquely determined from the following

characteristic polynomial

(10-29) |21 =(A=bK)|=(A-m)(A~1,)(A=m5)(A~11.)

Hence, x(t)\t%—m, which guarantees x(t)=x(t)—>0 and x,(t)=6(t)—>0,

i.e., the control goal is achieved.
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