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Chapter 13 Finite Element Formulation 

• 13.1 FE Formulation of One Element 
• 13.2 Axially Loaded Elastic Bar  



Chapter 13 Finite Element Formulation 

• Basic steps in the FE formulation 
1. Establish the strong formulation of the problem 
2. Obtain the weak form of the problem 
3. The Galerkin method  
4. Make an elementwise approximation over the 
entire body of the unknown function 
 

 



13.1 FE Formulation of One Element 
• Consider the one-dimensional heat flow in the fin 

– The differential equation of heat conduction 
 
 
 
 

– 𝑘: thermal conductivity  
– 𝑄: heat supply per unit time and per unit length 
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13.1 FE Formulation of One Element 
• Weighted integral 

 
• Integration by parts 

 
 

 
– which implies that the order of differentiation for 𝑇 has 

decreased at the expense of the weight function 𝑣 being 
differentiated 

• Fourier’s law: flux 𝑞 = −𝑘 𝑑𝑑
𝑑𝑑
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13.1 FE Formulation of One Element 
• Approximation over an element 

– 𝑇 = 𝑵𝑒𝒂𝑒 
• 𝑵𝑒: element shape function matrix 
   𝑵𝑒 = 𝑁1𝑒(𝑥) 𝑁2𝑒(𝑥) … 𝑁𝑁𝑁𝑒(𝑥)  
• 𝒂𝑒: nodal temperature in an element 
    𝒂𝑒 = 𝑇1𝑒 𝑇2𝑒 … 𝑇𝑁𝑁𝑒 𝑇 

– 𝑁𝑁: number of nodes in an element   

– 𝑑𝑑
𝑑𝑑

= 𝑑𝑵𝑒

𝑑𝑑
𝒂𝑒 = 𝑩𝑒𝒂𝑒, 𝑩𝑒 = 𝑑𝑁1𝑒

𝑑𝑑
𝑑𝑁2𝑒

𝑑𝑑
… 𝑑𝑁𝑁𝑁𝑒

𝑑𝑑
 

– Thus, 

 
• where 𝐿𝛼 is the region of the element 𝛼 
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13.1 FE Formulation of One Element 
• The Galerkin method 

– weight function 𝑣 = 𝑵𝑒𝒄𝑒 
• Since 𝑣 is arbitrary, 𝒄𝑒is arbitrary 
• The numbers of terms in 𝑣 and 𝑇 are the same 

– 𝑣 = 𝑵𝑒𝒄𝑒 = 𝑵𝑒𝒄𝑒 𝑇 = 𝒄𝑒𝑇𝑵𝑒𝑇 

– 𝑑𝑣
𝑑𝑑

= 𝒄𝑒𝑇 𝑑𝑵
𝑒𝑇

𝑑𝑑
= 𝒄𝑒𝑇𝑩𝑒𝑇 

– Thus, 

 
• which holds for arbitrary 𝒄𝑒𝑇 
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13.1 FE Formulation of One Element 
• Element stiffness equation 

 
 

– 𝒌𝒂𝑒 = 𝒇𝑒 
• The equation contains only those degrees of freedom which belong to 

the element considered 
 
 
 
 

– 𝒌: element stiffness matrix for element 𝛼 
– 𝒇𝑞

𝑒: element boundary vector for element 𝛼 
– 𝒇𝑄

𝑒: element load vector for element 𝛼 
– 𝒇𝑒 = 𝒇𝑞

𝑒 + 𝒇𝑄
𝑒: element force vector for element 𝛼 
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13.1 FE Formulation of One Element 
• Property of 𝒌 

 
 

– 𝒌 is symmetric as a consequence of the use of the Galerkin 
method 

– A component 𝑘𝑖𝑖  of 𝒌: 
• For an element with 2 nodes, 
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13.1 FE Formulation of One Element 
• Assembly 

– Consider a problem discretized by eight 2-node elements  

 
 

• The local numbering relates to the FE equation 
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13.1 FE Formulation of One Element 
• To construct an efficient FE computer program, use the 

aforementioned “Element Formulation” 
– 𝒌 
– 𝒇𝑄

𝑒 
– 𝒇𝑞 
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Example 
• Consider the following global nodal points and element 

numbering 
 
 

– In element 1 
 
 
 

– In elements 2 and 3 
 

 



Example 
– In an arbitrary element with nodal coordinates 𝑥1 and 𝑥2 

• 𝑵𝑒 = 1
𝐿𝑒

−𝑥 + 𝑥2 𝑥 − 𝑥1  
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Example  
– Stiffness matrix and force vector 
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13.1 FE Formulation of One Element 
• To standardize the determination of the element 

stiffness matrix  𝒌 and the element load vector 𝒇𝑄
𝑒 

– Local (Natural) Coordinate Systems 
– Consider a linear transformation 

• 𝑥 = 𝑐𝜉 + 𝑑 
– 𝑐, 𝑑: parameters 
– 𝜉: new variable 

• �
𝑥𝑖 = −𝑐 + 𝑑
𝑥𝑗 =     𝑐 + 𝑑 

• 𝑐 = 1
2
𝑥𝑗 − 𝑥𝑖 , 𝑑 = 1

2
𝑥𝑖 + 𝑥𝑗  

– element length 𝐿𝑒 = 𝑥𝑗 − 𝑥𝑖  

• 𝑥 = 𝐿𝑒

2
𝜉 + 1

2
𝑥𝑖 + 𝑥𝑗  

• 𝑑𝑥 = 𝐿𝑒

2
𝑑𝜉 



13.1 FE Formulation of One Element 
• Consider a simple linear element 

– 𝑵𝑒 = 𝑁𝑖𝑒 𝑁𝑗𝑒  

– 𝑁𝑖𝑒 𝑥 = − 1
𝐿𝑒

𝑥 − 𝑥𝑗 = − 1
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13.1 FE Formulation of One Element 
• For a simple linear element 

 
 
 
 
– Similar closed-form solutions may be established for a 

sequence of typical forms of 𝐴𝐴 and 𝑄 for higher-order 
elements 
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13.2 Axially Loaded Elastic Bar 
• Consider an axially loaded elastic bar 

 
 

 
 

– 𝐸(𝑥): Young’s modulus 
– 𝑏(𝑥): 𝑁 𝑚⁄ , body force per unit axial length 
– 𝐴(𝑥): the cross-sectional area of the bar 
– Let 𝑢 be the displacement of the bar measured positive in the 
𝑥 direction  

 

 
 



13.2 Axially Loaded Elastic Bar 
• Recall the strong form of an axially loaded elastic bar 

 
 

• Weak form 
– Weighted integral 

 
 

– Integration by parts 
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13.2 Axially Loaded Elastic Bar 
• FE approximation 

– 𝑢𝑒 = 𝑵𝑒𝒂𝑒 
– 𝑣𝑒 = 𝑵𝑒𝒄𝑒  

 
 
 

• Define 
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13.2 Axially Loaded Elastic Bar 
• FE approximation 

 
 
 
 
 

 
• Stress 

– 𝜀𝑒 = 𝑑𝑢𝑒

𝑑𝑑
= 𝑩𝑒𝒂𝑒  
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Example 
• Consider an axially loaded bar analyzed by using two 

simple linear elements 
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Example 

 
– Consider element 1 at local node 1, i.e. 𝑥 = 𝑥1 = 𝑎 

• 𝑁1𝑒=1 𝑥 = 𝑥1 = 1 

 
– Consider element 2 at local node 2, i.e. 𝑥 = 𝑥2 = 𝑏 

• 𝑁2𝑒=2 𝑥 = 𝑥2 = 1 

 
– BCs 
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Example  
 
 
 

• BCs 
 
 

• Thus, 
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