Corrections

e Slide IDC6-54:

— /ngX(:E) B 10%2(2702) +1og(2) 202

_ /% fy(z) E log, (270”) +log(2) - ~———

should be

- /§R Fela) B log, (270?) + log, (¢) - )

= [ 5v(o) | omatzno?) +toms(e) A
R

e Slide IDC 6-56: “limag” should be replaced by “lima .

e Slide IDC 7-4: “retransmite” should be replaced by “retransmit”.

e Slide IDC 7-8:

d kxn

Jo,0 go,1 Jo,n—1
g1,0 91,1 J1n-1
= [mo my - mk,l} agoo +bgio agor + bgi agon—1 + 0gin—1
9k—1,0 9k—1,1 Jk—1,n—1 1 ixn
90,0 do,1 gon—1
g1,0 91,1 9Jin—1
= [mo iy -0 Mg | 930 Gsa 9301
| 9k—1,0 Jk-1,1 Jk—1,n—1 | (k—1)xn
is better to be rewritten as
Jo,0 go,1 Jo,n—1
g1,0 g1 J1n—1
= [mo mi mo my - My agoo +bgio agor + bgia agon-1+ bg1n—1
9k—1,0 gk—1,1 Jk—1,n—1
90,0 9o gon—1
g1,0 91,1 9Jin—1
= [mo M1 ms3 my oo M) | 930 931 9301
| 9k—1,0 Jk-1,1 Jk—1,n—1 | (k—1)xn

e Slide IDC 7-21: “rH” should be “rH””. Two places.




Sample Problems for Quiz 10

1. (a) A lossy data compression scheme for source symbols in {0, 1} is performed as follows.

e First, the source sequence is segmented into blocks of 3 bits.

e Then, the mapping below is performed.

000 — 000
001 — 000
010 — 000
100 — 000
011 — 111
101 — 111
110 — 111
111 — 111

Compress the input sequence sps; ...s17 = 001010100101011000 to vgvy .. .wvy7 using
the compression scheme above.

(b) Use the Hamming distortion measure give by

1, s#w
d(s,’u):{o oy

and suppose the distortion is additive, i.e.,

—_

n—
d(808182 .. Sp—1,VU10g . .. Unfl) = d(Si, Uz’)-

i

Il
=)

What is the average distortion of the particular input sequence in (a)?

(c) Suppose the input sequence SpS515; ... is i.i.d. with uniform marginal distribution.
What is the expected value of the average distortion of the scheme in (a)?

(d) Find the rate distortion function R(D) for D = ;. Can we find a lossy data compres-
sion scheme better than the one in (a) in the sense that the same distortion requirement
can be fulfilled but a lower compression rate can be achieved?

Hint: For i.i.d. binary source sequence,
R(D) = Hy(p) — Hy(D) bits/source symbol,
where Pr[S; = 0] = p and

1 1
Hy(p) =plog, — + (1 —p) logy ——.
b() 2p ( ) 2(1_p)

Solution.

(a) sos1...s17 =001,010,100,101,011,000 — vov; . ..v17 = 000, 000,000,111, 111,000



b) There are 18 source SyHlbOlS. Hence, the average distortion of the particular input
g
sequence is

d(8081 ... 817, 0pU1 ... U7

18

17
1 5
) =13 ZEO d(s;,v;) = 18 (distortion per source symbol)

distortion measure
is additive

(c) The expected value of the average distortion is

1

L Eld(505:5:, ViVa)

R(D)

1 1
5 Pr(S05152 = 000]d(000,000) + 5 Pr[S51.5> = 001]d(001, 000)

1 1
1 1
1 1
+3 Pr[S5, S, = 110]d(110, 111) + 3 Pr[S)S1 Sy = 111]d(111,111)
11 1 1 11 1
— =0 — . —.1 — . —.1 — . —.1
3 8 * 3 8 - 3 8 - 3 8
+1 ! 1+ L1 1+ Ll 1+ Ll 0
3 8 3 8 3 8 3 8

The entropy rate (bits per source symbol) of the lossily compressed output sequence

1S

lim
n—oo

H(VoVi ... Vo)

n

-1
. 1
elgglo 37 ; H(V3Vsi41Vsit2)

({VgZ-VgZ-JergiJrg}f;é are independent 3-tuples.
Note that V3; is actually strongly dependent on Vi, ;.

In fact, we have Pr[Vs;, = V3,01 = Vaiy0] = 1.)
-1

li ! log, 2 + L log, 2
it gr 2 \glom 2 ¥ g lose
1
(Because Pr[%i%i—f—l%i—f& = 000] = Pr[‘/};ngiHVgHg = ]_1]_] = 5)

1
3 bits/source symbol.

Since R($) ~ 0.189 < £, according to Shannon’s rate distortion theorem, there should

exist a better lossy data compression scheme in the sense that a lower compression
rate can be achieved subject to the expected value of the average distortion no larger
than 1/4.



2. Finding the source distribution that maximizes entropy or differential entropy (i.e.,
richest in information content) is important in certain applications such as data analytics.
Here are some examples.

(a) (Maximal differential entropy) Prove that among all continuous random variables of
mean 4 and variance o2 (i.e., of the same “dc and ac energy”), Gaussian random
variable has the largest differential entropy.

(b) (Maximal differential entropy) Prove that among all continuous random variables of
support [a, b), the uniform random variable has the largest differential entropy.

(¢) (Maximal discrete entropy) Among all discrete random variables of finite support,
say {0,1,2,..., K — 1}, what distribution gives the largest entropy? Justify your
answer.

(d) (Maximal discrete entropy) Prove that of all probability mass functions for a non-
negative integer-valued random variable with mean y, the geometric distribution given
by

1 wo\"
Px(x)=——(——1| , forz=0,1,2,...,
x(#) 1+u(1+u)

has the largest entropy.
Solution.

(a) See Slide IDC 6-54.
(b) See Slide IDC 6-55.

(¢) From Slide IDC 6-18, we know the uniform distribution over {0,1,..., K — 1} gives
the largest entropy. Proof can be found in Slide IDC 6-18 and hence we omit it.

(d) Let X be geometric distributed with mean p, and let Y represent any other non-
negative integer-valued random variable with the same mean. Then

H(X) = ZPX ) o8 s

1
= ZPX {logz tp) - 10g21+u}

= logy(1 + p) — E[X] - log, T+u

= log,(1+ p) — E[Y] - log, T+p

— ZPY [log21+u)—x logzliu}

1
= ZPY 10g2p (2)



1
H(X)-H(Y) = ZPX 1og2P ZPY ) logy 5 ®
- 1
= ZOPY( r)logy = Py (x ;Py log2P @ (Change Px to Py.)

R Py (x)
— xZZOPY(x) log, Prle

= ZPy(x)logQ(e) (ln
> Pr(aone)
= Y logy(e) (Py(x) — Px(x)) = logy(e (ZPY ZPX@)) =0,

with equality holding iff Py = Px.

(Gather all log terms.)

~—

Py(l‘)
Px(ZE)
Px(l')
Py(l’)

) (Change to natural logarithm.)

v

1 —

1
log, (e ) (Fundamental ineq. y >1— — Yy > 0.)
)

Note: Now you shall sense what the shape of the source distribution that maximizes
entropy or differential entropy looks like.

3. The (7,4) Hamming code can be generated via generator matrix

1101000 g1
G — 0110100 [&
111001 0| g
1 010001 g4
Its corresponding parity-check matrix is given by
1001011
H=(0 101110
0010111

(a) List all 2* codewords of the (7,4) Hamming code. What is the error correcting capa-
bility of this code?

(b) Is the parity-check matrix unique for the given generator matrix G?7 If affirmative,
prove it; if negative, give another parity-check matrix.

Hint: The parity-check matrix can be formed by three linearly independent row vectors
that are orthogonal to the linear subspace spanned by gi, g2, g3 and gy.

(c) Give another generator matrix of the (7,4) Hamming code.

Hint: G can be formed by any k (non-zero) linearly independent (1 x n) codewords.
(d) List all the cosets of the (7,4) Hamming codes. There are eight of them.
(e) Find the coset leaders of the eight cosets.

Solution.



0000 0000000
0001 1010001
0010 1110010
0011 01000711
0100 0110100
0101 1100101
0110 1101000 1000110
0111/ (0110100 (0010111
1000 {1 110010/ {1 101000
1001/ |1 010001 0111001
1010 00110710
1011 1001011
1100 1011100
110 1 0001101
1110 0101110
11 1 1] 1111111
—————

all 16 possible inputs

The smallest Hamming weight (i.e., the number of 1’s in non-zero codewords) is 3.
Hence, the error correcting capability is | 251 ] = 1. So, this code guarantees to correct

1 bit error. ’
Note: I mark four rows by color red for later use.
Writing
h;
H= |hy]|,
h;

we require h; - g; = 0 for all 7 and j. Apparently,

H= h; + h,
h; +hy + h;

can also serve as a parity-check matrix since we can easily prove that

HG” = 0 if, and only if HG” = 0.

Note: You are free to choose your own H via linearly combination as long as the three
rows remain linearly independent.

We can take four linear independent codewords in (a) (e.g., the four in color red) to
form a new generator matrix:

1000110
01 00011
0010111
00011O01



(d) The seven cosets other than the codebook itself can be obtained by adding respectively

the error patterns (listed below) to each of the codewords:

(0,0,0,0,0,0,1),(0,0,0,0,0,1,0), (0,0,0,0,1,0,0),(0,0,0,1,0,0,0),

(0,0,1,0,0,0,0), (0,1,0,0,0,0,0) and (1,0,0,0,0,0,0).

As a result, the eight cosets are:

O 1 O 14 O 40O A0 40O -0 O O O O O "1 OO OO —
—“ /OO0 4400 4 400 - OO0 OO A 40O A 40O A O O A A
OO O 44 4 40 OO0 O ~ —~ —~ — OO OO OO A A 44O OO O A ~H —~H A
DO OO OO OO OO ~H ~H —~H — —~ —~ —~ — OO OO oo o000 A A A ~H —~H ~H —~H A
O 4T O 400 40O 0O O O — — OO0 4O 4 40 400 0O — O
OO A A A4 OO dA 4 OO OO —H SO A A A A OO0 4 OO0 OO0~ -
_0110011010011001_ _0110011010011001_
o010 1T 01T OO 1O 0O OO0 A0 A0 A0 4O A O
O o4 400 4 40O OO ~ — OO 4 400 "4 400 OO~ —
SO0 O 44 4 40 OO0 O ~H —~ —~ — OO0 O "dF 44+ OO0 OO~ — — —
DO OO OO OO0 ~H ~H =~~~ —~ — A A A H O O 0O 000000
O 4T OO0 4100 40 40O 0O O — O 4T O 1 00 10— 40— 0O O —
OO A A A4 OO A4 OO0 OO~ OO A ™—H 4 4 OO0 A4 OO O —
_0110011010011001_ _0110011010011001_
oc—o0o 0101010 O A0+ OHOAO0O A0 A0 A0 A0 A O
OO 4400 4 40O OO ~H — OO 4400 "4 14100 OO~ —
oo OO 44 4 4O OO0 O ~H —~ —~ — — e A4 4 O 0000 - 440000
oo oo oo o000 ~H ~H —~H o —~ —~ —~ — DO OO OO OO0 ~H =~~~ — — —
O 4T O 400 4O 40O O O — O 4 4 O 400 40 0O OO
OO A A 44 OO 44 OO0 OO OO A H 4 4 OO0 A4 OO OO —
O 4 41 OO A 4 O 4 OO~ OO A O A 141 OO0 A 4O 4O 4O O -




0100000 [t0O0O0OOOO
1110001 (0010001
1010010 (01100710
0000011 (11000711
0010100/ (1110100
1000101 (01007101
1100110 (00007110
0110111 |[1010111
1001000/ (0101000
0011001 1111001
0111010 |1011010
1101011 (0001011
1111100 (0011100
0101101 [1001101
0001110 1101110
101 1 111 [011 111 1]

(e) The coset leader is on top of each coset in (d), which are (0, 0,0, 0,0, 0,0), (0,0,0,0,0,0,
(0,0,0,0,0,1,0), (0,0,0,0,1,0,0), (0,0,0,1,0,0,0), (0,0, 1,0,0,0,0), (0, 1,0,0,0,0,0)
and (1,0,0,0,0,0,0).

4. Let the generator polynomial of a polynomial code of length n = 5 be g(X) = X®+ X + 1.

(a) List all the code polynomials of this polynomial code via

(b) List all the code polynomials of this polynomial code via
¢(X) = X?a(X) — X?a(X) mod g(X).

(c) For the division circuit below for the calculation of X3a(X)mod g(X), indicate how
many clock cycles are needed to complete the division and where the remainder is.

o 715 1y -
Tl ol
Flip-flop  Modulo-2
adder

(d) Find the syndrome polynomial for received word polynomial r(X) = 1+ X + X2+ X4,
In addition, determine the coset leader polynomial for this syndrome polynomial.

Solution.

(a) ¢(X) = (ap+ a; X)(1 + X + X?) implies



c(X) | (a0 + a1 X)(1+ X + X?)
0+0-X+0-X24+0-X34+0-X*[ (0+0-X)(1+ X +X?)
04+1-X4+1-X240-X34+1-X*| 0+1-X)1+ X+ X?3)

( ) )
( ) )

1+1-X40-X2+1-X3+0-X* | 140-X)1+ X + X3
1+0-X4+1-X24+1-X341-X*| A+1-X)1+ X+ X3

(b) ¢(X) = X?a(X) — X3a(X)mod g(X) implies

é(X) | X3a(X) | X3a(X)modg(X)
0+0-X+0-X24+0-X3+0-X1 S X340-X*] 04+0-X+0-X2
0+1-X+1-X24+0-X3+1-X* X2 41-X4 | 04+1-X+1-X2
141-X4+0-X2+1-X340-X* X340 X4 14+1-X40-X2
140-X+1-X24+1-X34+1-X* X3 41X 140-X+1-X2

=0 O

(c) The input to this division circuit is X3a(X), i.e., 000aga; (a; should be entered first).
We need n = 5 clocks to complete the division. The remainder is the content of the
shift registers after n = 5 clocks.

(d) We derive
$(X)=r(X)modg(X)=(1+X+X*+ X" mod (1+ X + X°) = 1.

The coset contains {e(X) = ¢(X) + s(X) = ¢(X) + 1} for all ¢(X). Thus from the
table in (a), we obtain

e(X)
140-X+0-X2+0-X3+0-X1
141-X+1-X240-X3+1-X4
0+1-X+0-X24+1-X340-X*
0+0-X+1-X24+1-X34+1-X*

The coset leader polynomial is 1 +0-X +0-X2+0-X3+0-X*=1.



