Sample Problems for Quiz 5

For the preparation of Quiz 5, please pay special attention on Problem 2.

1. (a) From Slide IDC3-49, we obtain that the best estimate of 6 for a given 7 is
Lo—1

0 = arg min Z | — s1(0)]%,
oelo,m

where

fTTJrT x(t) - \/g cos(27rfct)dt-
fTT” 2y (t) - \/gsin(QﬂfCt)dt_ ’

sul0) =[] = [ Y goen N,

(M —1)2}. Can we rewrite 0 as

L =

and oy € {0,327, .

Justify your answer.
Hint: For the receiver, x(t) is a waveform that has been received and known, and so
is @y, provided 7 is given.

(b) From Slide IDC3-55, we obtain that the best estimate of 7 is

Lo—1
T o= argmln Z | (7) — s (o, 0, 7|70) %,
where
fTTJrT xp(t) - \/gcos(waCt)dt
mk(T) - T+t
Jo T a(t) - \/gsin(waCt)dt
(. 6.71m) VE <7T7|§977‘> cos(ay +0)
Sp\Qg, U, T|To) =
—VE (L_';?_Tl) sin(ay + 0)
and oy, € {0, 22, ... (M —1)32}. Can we rewrite 7 as
Lo-1
7 = arg max Z xl (1) sp(ay, 0, 7|70)?

Justify your answer.

(c¢) Continue from (b). Since 6 is unknown, we take the expected value of the probability
quantities with respect to it over [0,27). In other words,

Lo—1
F— argmaXEg [6 NOZ % lzr(r)—si(aw,0,7|70)1?
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Show that
Lp—1 Lg—1 T—|T—710] L
# = argmaxe TR eI~ s S () E@[ Ry wkmsk(ak,er\m)].

Solution.

(a) Yes, we can rewrite 6 as

Lo—1
0 — Ts (0
arg max Z ) s1,(0)
because
Lo—1
i — 5. 0)]
argeg[lom ZHka sk (0)]]
Lo 1
= arg min (lzkll* — 227 51.(0) + [|sk(0)]|°)
0€0,m) =0
Lo—1

= arg HH[lom) (|zx||* — 22 s1(0) + E)  (From the formula of s;(6).)

= arg min
0el0,m)

irrelevant to 6

= arg min
0e[0,m)

= arg max g xl s (0
0el0,m) K

Lo—1
— argmm Z |k (7) — si(ow, 8, 7|70)

I

Lo 1
_ argmmz (lzr(T)|1* = 22} (7) sk (o, 0, 7|70) + || 8k (cuk, 0, 7|70)||?)

Lol

T — I\ 2
= argmm Z <H‘1’3k WP = 2] (7)sk(ow, 0, 7|70) + E <#> >

Hence, even if the received waveform xj(¢) has nothing to do with 7, & (7) does. The
third term is also functionally dependent on 7. Therefore, in principle, we cannot
remove the first and the third terms in the determination of 7.
Note: The receiver actually cannot calculate ( W)z because the receiver does not
know 7y, which is the actual delay. If |7—7| is much smaller than 7" (i.e., 7 is not much
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deviated from 79), then (W)2 ~ 1. In such case, ||zx(7)]|? is almost invariant

with respect to 7. As a consequence, we can omit these two terms in the decision rule.

However, if |7 — 79| is not much smaller than 7', then the third term cannot be
omitted. But still, the inclusion of the third term will cause a problem in its imple-
mentation; thus, we may still need to find a way to compensate for its effect.

Lo—1
— argmang ¢~ N Zklo ‘mk(T)*sk(o‘k’e’T‘TO)”Q]
T L

L 1 L L 1
— argmax B [e % Di% Im@IP 3 i of (sklanbirim) ~ 55 i \smm,rm)n?}
¢

Lo—1 2 2 Lp—1 1 Lo—1 T—|r—rg| 2
= argmax Fy |e NOZ lze (D)l eNo Do T (T)sk(ak,9,7-|7-0)e—N—O 220 E<#>
T

Lo—1 Lo—1 (T—|r—79|\? Lo—1
— argmaxe Noz 05 ekl = Sl () [e%ozk% wk<f>sk<ak,e,ﬂm>]

[a I

VN
C e e
|

Sn+2 Sn+1 Sn Sn—1

For the pseudo-noise sequence generator above, we have
Sn+3 = C2Sn+t2 D C1Sn+1 D CoSp,

where each s,, and ¢; are in {0,1}. Find the periods of the output sequences for the
eight possible designs of (cy, 1, ) € {0,1}3.

Hint: The initial value of s,,5,,115,+2 can be any values but 000. For example, you may
set sps150 = 001 initially. Please ignore the initial transient state of the sequences.
Find the first state s,$,115,42 that has appeared before and then the periods of the
sequences can be identified afterwards.

Check the autocorrelations of the periodic sequences generated from each of the eight
designs.
Hint: The autocorrelation function is defined as

T-1

AQ) 2 ST (=)0 (—1)emer for 0<j < T —1,

=0
where T is the period of the sequence apaias - - -.
Among the eight periodic sequences in (a), which satisfy the balance property, and
which satisfy the run property?
Hint:
1. Balance property = the (absolute value of the) difference between the number of

one’s and the number of zeros is at most one.
N

2. Run property = Ny = [%W or [—J where NNy is the number of runs of length ¢.
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(d) There should be two m-sequences of length 7, which are denoted as apa;asazasasag
and bybybabsbsbsbg. Check the cross-correlation between the two m-sequences, defined

as

Solution.

C(j) £ (=) (=1t for 0<j <6

=0

(a) The periodic sequences are colored in red in the below table.

CoC1C2 ‘ 50515253545556 * * ‘ check when s, 1 7Spi147Sn1247 = SnSni1Sni2 ‘ period T
000 | 0010000 - - - state sys55¢ = state s3sys5 = 000 1
100 | 001001 - -- state s3s455 = state sps159 = 001 3
010 | 001010--- state s3s455 = state sys953 = 010 2
110 | 0010111001 - - - state sysgsg = state sps159 = 001 7
001 | o01111--- state s3s455 = state s9s354 = 111 1
101 | 0011101001 - - - state sysgsg = state sps159 = 001 7
011 | 0011011--- state sys55¢ = state sys953 = 011 3
111 | 00110011 state s4555¢ = state sps159 = 001 4

Note: Among the eight possible designs, two have period 7 (maximum-length), one
has period 4, two have period 3, one has period 2, and two have period 1. Thus, the
periods vary among different designs.

(b)

CpC1Co | Ssequelnce ]

of one period | 0 | 1 2 ‘ 3 ‘ 4 ‘ 5 ‘ 6
000 |0 1
100 | 001 3| —1|-1]
010 | 01 2| —2
110 | 0010111 T|-1]-1|-1]|-1]|-1|-1
001 |1 1
101 | 0011101 T|-1]-1|-1]|-1]|-1|-1
011 | 011 3| -1 -
111 | 0011 410 | —4] 0 |

Note: Except for the sequences of odd periods, the autocorrelation may be equal to a

value other than 7" and —1.

(c) All eight sequences satisfy the balance property. Below is a tabularized summary of
whether they satisfy the run property.

CoC1Co ‘ sequence ‘ run property

000
100
010
110
001
101
011
111

0

001

01
0010111
1
0011101
011
0011

Not applicable since only a single run
Satisfy as Ny = Ny =1

Not satisfy because N; = 2 but N, =0
Satisfy because Ny =2, No =1 and N3 =1
Not applicable since only a single run
Satisfy because Ny =2, Ny =1 and N3 =1
Satisfy because Ny =1 and Ny =1

Not satisfy because Ny = 2 but Ny =0
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Note: Take sequence 011 as an example, which results in Ny =1, N, =1, and N, =0
for £ > 3. Then, Ny, = {%W or L%J is always satisfied; hence, sequence 011 satisfies
the run property.

By this rule, we may regard sequence 0 as N; = 1 and N, = 0 for £ > 2, and
claim that it satisfies the run property, although this is kind of tricky. I would per-
sonally favor the answer of non-applicability because there is only one single bit in

the sequence.

(d) With apa1020a3040506 — 0010111 and boblb263b4b5b6 = 0011101, we have

j | CU)

ol 3

1| -1

21 3 | -1
31 3 | -5
4] =5 | 3
50 =1 | 3
6| —1

Note: Unlike the autocorrelation that always equals —1 for non-zero delay (i.e., j # 0),
the absolute value of the cross-correlation may be as large as 5.

=32 ¢-g(t—1T.), where ¢; € {£1} is a deterministic given value, and assume

= 0 for t outside [0, T,)

Give a g(t) that guarantees ¢?(t) = 1.
Based on the g(t) in (a), if {¢;}5°_ satisfies

n—1

A _

= CiCi—p = —
i=0

for 1 < /¢ <n —1, show that for every integer ¢,

nTe 1 — 0
R.(IT,) = — /ﬂ c@ﬁit—ﬂﬂﬁh::{’l £=0
0

nT, ~l1<i<n-1

Solution.

At) = <§:cfﬁt—ﬂw>

i=—00
oS

= > Y e gt —iT)g(t — kT.)

t=—00 k=—00

= Z ¢ g*(t —iT.) (Because g(t —iT,)g(t — kT.) = 0 for i # k)

o0

= Y t—iT.) (Because ¢ = 1)

1=—00



Thus, ¢%(t) = 1 for 0 <t < T.. A setting that satisfies g?(t) =1 for 0 <t < T, is

(1) = 1, 0<t< T,
o= 0, otherwise.

Alternatively, we can set

1, 0<t<iT,

g(t) =4 -1, 3T.<t<T,;
0, otherwise.
1 nT.
R.({T.) = T /0 c(t)e(t — (T,)dt
1 nT.
= / c(t)e(t — (T,)dt
nl. Jo
1 (o] o0
= T /0 (Z_ZOO ¢ gt —iT,) ) (kz_oo cg gt — 0T, — ch)> dt
= cicrg(t —iT.)g(t — 0T, — kT, )dt
7’LT 1=—00 k=—00
= nT CiCieg*(t — iT.)dt

1=—00

(Becauseg(t—'T)( —lT. — kT,) =0 for i A0+ k.)

cici_pg*(t — iT,)dt

nT,
(Because given 0<t<nT,, g°(t—iT.) =0 fori <0 ori>n.)

t—zT

CiCi—y

=0

—_

n—1
= = Z cici—¢  (See the note below.)

)L (= 0;
B —%, 1<l <n-1.

Note: This indicates that the value of 327" ¢;¢; 4 decides the value of R.(¢T,) for
every integer (.
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