Part 4 Spread-Spectrum Modulation



Introduction of Spread-Spectrum Modulation

Definition of spread-spectrum modulation

B Weakly sense

Occupy a bandwidth that 1s much larger than the
minimum bandwidth (1/27) necessary to transmit a
data sequence.

B Strict sense

Spectrum 1s spreading by means of a pseudo-white
or pseudo-noise code.
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Pseudo-Noise Sequences

A (digital) code sequence that mimics the (second-order)
statistical behavior of a white noise.

For example,
B balance property
B run property

B correlation property

From implementation standpoint, the most convenient way
to generate a pseudo-noise sequence 1s to employ several
shift-registers and a feedback through combinational logic.
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Pseudo-Noise Sequences

4[ Feedback Logic J

=D D S D » Output sequence

T

m stage

Exemplified block diagram of PN sequence generators

B Feedback shift register becomes “linear” if the feedback
logic consists entirely of modulo-2 adders.
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Pseudo-Noise Sequences

Example of linear feedback shift register

modulo-2 adder

T: Qf<—-—-: T:
— D W » D W >

D » Output sequence
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Pseudo-Noise Sequences

A PN sequence generated by a (possibly non-linear)
feedback shift register must eventually become periodic
with period at most 2", where m 1s the number of shift
registers.

A PN sequence generated by a linear feedback shift register
must eventually become periodic with period at most 2”7 — 1,
where m 1s the number of shift registers.

A PN sequence whose period reaches its maximum value is
named the maximum-length sequence or ssmply m-sequence.

E Feedback Logic ]
-D—— -- ——[DH— Output sequence
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Pseudo-Noise Sequences

A maximum-length sequence generated from a linear shift
register satisfies all three properties:

B Balance property

The number of 1s 1s one more than that of Os.

B Run property (total number of runs = 2"1)

/2 of the runs 1s of length 1
/4 of the runs 1s of length 2
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Pseudo-Noise Sequences

Example r g(x) =X+ x2+ 1
=D D W D » 001110100111010011101...
¢ |
[ 3 stage \ \
1 0 0
1 1 0
1 1 1
0 1 1
1 0 1
0 1 0
0 0 1
1 0 0
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Pseudo-Noise Sequences

m=3
. 0011101[0011101
B Correlation property .
c(?) s
Autocorrelation of an T 1
. . . NT, —»|
ideal discrete white _2m_1__7'dn(1 v
process = a-0| 7], where
d 7] 1s the Kronecker Ro(7) | &
delta function.
1 Tb / 5 0 i"v 'l'l' '|||,' 1‘[. ;“; ','lll T l"'r 'I 1[1
R.(1) = — c(t)e(t — 7)dt — o | L
Tb Tb/2 -0 9 8 -7 6 5 4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10
_ Nz Tl T ST
— ]{7, the remainder of the period
IDC4-9
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Pseudo-Noise Sequences

. Data signal b(¢) with signal energy 2F —
Power spectrum view e
] [2E,
W
~ S Spreading signal
Suppose ¢(?) is perfectly white with preading signal c(?)
c¢X(t) = 1. Then, 1

m(t) = b()e(t) and b(H) = m(e(t). - LI wn

Question: What will be the power ,
Product signal m(t) -
spectrum of m(z)? [2E,

T.
_'LL NT.
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PSD of Product Signal

Rp(1) = Em(t)m(t+7)]

E
E[b(t)b(t + 7)c(t)e(t + 7)]
E

(]

b(t)b(t + 7)|Elc(t)c(t + 7)]
ndependence assumption between b(t) and c(t))

= Ry(7)Re(7)
= Sm(f) = Sp(f) * 5c(f)

. \ I

(9 25, (f) c(?)

o

N
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Pseudo-Noise Sequences

Please self-study Example 7.2 for m-sequences 1n textbook.

B [ts understanding will be part of the exam.
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PSD of Spread Spectrum

_ Make the transmitted signal to hide
Ry (1) = m(t)m(t + 7)] behind the background noise.

E

= FEb@)b(t + 7)c(t)c(t + 7)]
Eb(t)b(t + 7)|Elc(t)c(t + 7))

(Independence assumption between b(t) and c(t))

= Ry(7)Re(7)
= Sm(f) = Sp(f) * 5c(f)

b)__o mit) Snammel PREC

Su(f) "X -

X
T T
) S0 O

. Y
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Example
B Recall Slides IDC1-33 ~IDC1-36
oo

Y I g(t - kTy)

k=—o0

where [, = +1 with equal probability, and {I;}3>__ i.i.d.

2E,
andg() { T, 0<t<T,

otherwise
T
G(f) / \/ e e 2Tt dt = \/ 2;_,% Ty sinc(Tpf) e —Im [T
b
1 2F
= Sp(f) = |G'(f)|2 = £ T¢ sinc? (T f)
Tb Tb

2E; sinc? (Ty f)
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B Noting that —
c(t) = Z ck - ge(t — KT,)

k=—oc

where ¢ = =1 with equal probability, and {cx}3>_ .. i.i.d.

<
and g.(t) = L 0= t<_Tc
0, otherwise
we obtain
b(t)e(t) = (Z Ii-g(t—z'Tb)) ( > ck-gc(t—kn))
1=—00 k=—o00

- Z Ck, * gc(t - ch)

k=—oc

© Po-Ning Chen@ece.nctu IDC4-15



where ¢ = ¢ - I|x/(1,/T,)) = £1 with equal probability,
and {¢x}ro . 1i.d.
2y 0<t< T,

and ge(t) = { f

0, otherwise

y
¢« |2Ey _. oF |
= / \/:e_.??ﬂ’ftdt = \/I-Tcsinc(ch)e—gﬁch

~ 1 2F,
. 2 TZ
GNP = o

2E}
T,/T.

sinc?(T.f)

3=

sinc®(T.f)
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T,/T. = 4

2F), |

Ss(f) = 2Esinc? (T3 f)
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A Notion of Spread Spectrum

-~

14

P

/ N

\
b ——( Q)LL)

X 0 0 | v OJ_I -

”~

/

\
rzs
[}
\
~

\\I,/’ 0 0
L Filter
matched

c(?) i(7) c(?) to g(1) [ o(t) = {\/%‘l, 0<t<Ty }

transmitter channel receiver 0, otherwise

\3
N
N
~—
I

m(t) +i(t) = c(t)b(t) + i(¢)
z(t) = c(t)r(t) = A (6)b(t) + c(t)i(t) = b(t) + c(t)i(1)
=

*(t
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Direct-Sequence Spread Spectrum with Coherent

Binary Phase-Shift Keying

[n text, i(¢) is the baseband interference,

while j(¢) is the passband interference.

A typical DSSS system fransmitter o,
bt m(t) x(%) A ~/-|—\ ,{ y(z:)
c(?) cos(2m f.t) J(f)
channel
0N Ideal | 0 g =0 /’-"b a0 o0
lowpass T 0 0
cos(2m f.t) c(?)
receiver
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Product signal mi(z)

¢ NT.

L2

= 11 1= 1= 1

x(t) = m(t) cos(2m fet) = b(t)c(t) cos(2m fl) (Here, £.=1/T..)

© Po-Ning Chen@ece.nctu IDC4-20



Direct-Sequence Spread Spectrum with Coherent
Binary Phase-Shift Keying

DSSS transmitter

For analytical

b(?)

convenience

Let s(t) = b(t) cos(2m f.t).
Then, x(¢)=c(?)s(?). b(1)
=>y(t) = =(t)+j(t)

= c(t)s(t) + j(¢)

c(?) cos(2mf.t)  JO

S channel
/’X\\
e » TN
R Cf 0 4 ? L
cos(2m f.t) c(?) J(®)
channel
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(1) />?\ | Ideal
lowpass

receiver

(1) . //>?\ z(?) ,

Coherent detector
(Filter matched to g(7))

_______________________________________

ct)  cos(2mf.t)
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Signal-Space Dimensionality and Processing Gain

SNR before spreading Assume “coherent detection”.
y(t) = c(t)s(t) + j(t). |In other words, perfect
SNR after spreading synchronization and no phase
. mismatch.
u(t) = s(t) + c(t) ().

Orthonormal basis used at the receiver end

bu(t) = { \/Tzccos(Zﬂfct), KT, <t < (k+1)T,

0, otherwise

where £ =0,1,--- , N — 1.
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SNR before spreading (SNR;)

y(t) = c(t)s(t) +i(t) for0<t<T,
2F
— w/—bc (t) cos(2m f.t) + j(t)
2Eb Cr € {:l:l}
— \/ T, \/ Z Ck¢k and j(t) white
o
Ey,
— -+ : + : T,
J= N . o ]k:/ 7(t)Pr(t)dt
CN_l_ Nx1 _JN_l_ Nx1 ’
Ey/N) - Elc2 4+ -+ 3 E,/N)N E
= SNR; = £/ ).2 % 5 Ol o/ >2 -
E [jo + - +JN_1] N E{75 NE|jq]
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SNR after spreading (SNRo)

u(t) = S(t) + C(t)j(t) for0 <t<T,
B i\/?COS(QWJBJ) + c(t)j(t)
b
= +v/Ep(t) + c(t)j(t)
¢(t) — <r \/szCOS(Qﬂ-fCt)? 0<1t< 1
.0, otherwise

Ty
= u = ++/E} + j, where j = / c(t)j(t)o(t)dt
0
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:3

c(t)j(t)p(t)dt

Ty _ 1, 0<t<T,
Z Ct Ge (t (T ) J(t)qb(t)dt 9e(t) = 0, otherwise
-1

= Cy el — 1(t)o(t)dt
[ g ( ) ( )¢ ) (b(t):{ \/szcos(Zcht), 0<t<T,

0, otherwise
(€+1)T
Cy / t)y / — cos(27 f.t)dt
£T. C

|
2 S~ o

)
|
o

=

g}

)
)
o,
o

|
%|~ ﬁﬁ
2
L
o~
=
tq
:%“f

~
I
=
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5
N—

L \m=0 k=0
1 N—1 N-—-1
= =33 Blened Bljni
m=0 k=0
1 N—1
= WZEU%]
k=0
= Bljj]
Ey,
= SNRp = —— = N - SNR
C B[ '

1
N = Tb 1s hence named the processing

gain ofcspread spectrum technique.
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Phase Mismatch in SNR,

9

SNR before spreading Assume “coherent detection”.

y(t) = c(t)s(t) + j(t) In other words, perfect time
synchronization but with
phase mismatch.

SNR after spreading

u(t) = s(t) + c(t)j(2)
Orthonormal basis used at the receiver end
4
2 cos(2rf.t), kT.<t<(k+1)T,
dr(t) = ;

otherwise

dr(t) =

. {1 / T"" sin(2wf.t), k1. <t< (k+ 1)1,

\ 0, otherwise

where £k =0,1,...,N — 1. 1DC428
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SNR before spreading (SNRy)

y(t) = c(t)s(t)+j(t) for 0 <t < T

— -

cg cos(6)

Ey | en—1cos(f)
N | —cgsin(8)

|—cn-18in(6) 9N x1

+1 / @c(t) cos(2m f.t + 6) + j(t)

\/ 2Eb\/ Zk 8e(8) os(6) = $x(B)sin(6) ) +5(1)

Jo

Jo

ja;\r— 1

| IN—1

Cr € {:l':l}
and j(t) white

4

T4
i = /0 §(6) b (t)dt
A T, ~
i = /0 (OFe(t)dt

.

2N x1
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(Ev/N) - Elcg + -+ cx_4]
E[jZ+ - +53_ +38+- +3%5_1]
(Es/N)N _
2NE[j5)  2NEJ[j3]

= SNR; =
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SNR after spreading (SNRo )

u(t) = s(t)+c(t)j(t) for0<t< Ty

= =4/ Q?Eb cos(2m f.t + 0) + c(t)j(t)
b

= /By [¢(t) cos(6) — ¢(t) sin(0)] + c(t)5(t)
r¢(t) . {\/szcos(%rfct), 0<t<T,

< 0, otherwise

qﬁ(t) B i sin(2wf.t), 0<t<T,

\ B 0, otherwise
_ cos(0) |, [4 i) _ o e®it)p(t)at
u=svh [— Sin(é’)] ! [3] where H = 1P o)t d(e)at
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Same as the derivation in Slide IDC4-26, we derive

N-1

1 )
i=—"= ) cmjm
\/N m=0
1N,
J \/N Zs Jm
E[j?] = E[j?] and E[j?] = E[?] = E[32]
Ey
= 5SNRo = opi
= N -SNR;
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Final Notes

B In the previous two derivations, we compute the SNRs
before and after processing under the same system
setting, and obtain consistently for both situations:

SNRp = N - SNR;

B We thus refer N as the processing gain.

B (7.36) 1n textbook, however, computes the SNR , under

perfect synchronization, and defines the input SNR as

_ E/T, _ E
SNR; = =7 = sxE57

where J 1s the noise power given in the next slide.

B As aresult, the textbook obtains SNRp = 2N - SNR; (cf.
(7.37)).
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Jamming Margin

Since the signal we transmit must be a linear combination
of

{Pr(t A 0 " and {qf) ()} b ()

The noise energy that can affect the performance 1s only
from the projection of j(¢) onto these basis.

N=1 pr.; N-1 4 .
Ej =37 —0 Elkl + 2 2k—0 Eli] = 2N EJj5]
The noise power J 1s thus given by

i NE[j3] _ 2E[j; 21 _ JT.
J = bzsz[J]—2T—[f] (Thus, E[j3] = 3=.)
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Jamming Margin

Without phase mismatch, Slide IDC4-27 obtains

SNRo = g

In Slide IDC1-30, the BER for coherent BPSK transmission
(without spread spectrum) 1s derived under the assumption
that the energies of the signal and the noise sample are
respectively £, and Ny/2.

Consequently, the two results in the same BER 1f

- JT, N
Eljg] = 5= = 3
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Coherent Phase-Shift Keying (PSK) —

Error Probability
Error probability of Binary PSK JEr
B Based on the decisionrule z s 0
vVE,

P(Error) = P (—\/}_'Tb transmitted) P (a: > 0|—E, tra,nsmitted)
P

+\/E, transmitted) P (:1: >0 +\/E, transmitted)

1 > 1 o 1 /° 1
_ ! / o~ VE)?/20% g L L /
2 Jo +2mwo2 2 J_ o V2mo2
OO0

|
_ ®(—z) = —eric
© Po-Ning Chen@ece.nctu 2
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)

e—(m—\/E_b)z/QO'de

Le—(:v-l-\/E_b)z/?dzdx — (O_ v Eb) — & | — /2&
0 V2mo? o No
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Jamming Margin

With Ny=1T.Jand P = E,/T}, 1.e., P 1s the average signal
power, we establish

Fy 1y P o lont] J PG
— = — — Or egulvalernl — =
No \T.)\7J ! PP T BN,

B J/Pis termed the jamming margin (required for a
specific error rate).

B PG denotes the processing gain.

The above analysis gives an intuitive way to obtain the
jamming margin for a given processing and for a demanded
error rate.
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(Jamming margin)qg =(Processing gain)qp
—(required (Fy/Ny)gp for a given P,)

Example

B Without spreading, (E;/N,) required for P, = 10~ for
coherent BPSK transmission 1s 9.6 dB.

B Choose PG =4095.

B Then, Jamming margin for P,= 107 is

(Jamming margin)yg = 10 log((4095) — 9.6 =36.1 — 9.6
=26.5 dB =10 log((446.68)

B Information bits can be detected subject to the required
error rate, even 1f the interference power level 1s 446.68
times larger than the signal power (in the price of the
transmission speed 1s 4095 times slower).
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Frequency-Hopping Spread Spectrum

Basic characterization of frequency hopping

B Slow-frequency hopping
Symbol rate R, > hop rate Ry,
(Usually, an interger multiple of)
B Fast-frequency hopping

Symbol rate R, < hop rate Ry,
(Usually, an interger multiple of)

B Chip rate (The smallest unit = Chip)
R. = max{ Ry, R}

© Po-Ning Chen@ece.nctu IDC4-39



Frequency-Hopping Spread Spectrum

A common modulation scheme for FH systems 1s the M-ary
frequency-shift keying

7 . Mixer — :
: -ary () ,| Bandpass |
Binary data——> FSK | T filter l l
PN code Freq CHAREES
synthesizer
| N Mixer '
Estimated data | AM-ary FSK s Bandpass | o
D — - ]
detector : filter i

- e

e

Freq
synthesizer
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Pseudo-Noise Sequences of Length 15

] I gx)=x*+x+1
— D \=D 1=D 7\ > D > 00011110101100100111101011001
4 stage \ \ \
1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1
0 1 1 1
1 0 1 1
0 1 0 1
1 0 1 0
1 1 0 1
0 1 1 0
0 0 1 1
1 0 0 1
0 1 0 0
0 0 1 0
© Po-Ning Chen@ece.nctu 0 0 0 ! IDC4-41
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(Chip = The smallest wnit) R, = max{Rp, Rs} = R, = & for 4-ary FSK
Slide IDC4-35 indicates NV, = TCJ JI W,

0 o and also P.=E,/ T,= R E.

7 —T N E, P,/R, [W. i
6 i Ny J/W, R, J
- W, 1 T Y

5 — where PG = —° / = 8.
we | — R, 1 /T, T T.
4
3 | |:||:I (R, = 7
2 0 —T— Ry = ;1
n 4-ary FSK . _ 1
1 R — h — I_h
v ’ > \R-‘i — .IL-.
Pl 1, - t
T.=T, —> |
Ui Period of PN sequence=15
data |0 1 1 1‘1 11 o‘o 01 o‘o 11 1‘1 01 o‘ Length of PN segment per hop=3
PN code | 000 111 101 011 001 So there are 2° hop frequencies.

Slow frequency hopping
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0 0 - - [ (Chip = The smallest unit)
—1
; C - = - R, = max{Ry,R,} = R, = Ry
-
6
5 - - - -
w. L
4
L ( — 1
3 = - - R. = Te
- - Ry = =
2 4-ary FSK ¢ E
Rh, - 1—)1
| r = = - (R, = %
] 1 R
- |<— ' .
—| = I=T,=T, ¢ Period of PN sequence=15

Length of PN segment per hop=3

data 01 1 1 1 110001 001111010 Sqthereare 2% hop frequencies.

PN code 000111101011001000111101011004000111101011004000111101011001

Fast-frequency hopping
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Frequency-Hopping Spread Spectrum

Fast-frequency hopping 1s popular in military use because

the transmitted signal hops to a new frequency before the
jammer 1s able to sense and jam it.

Two detection rules are generally used 1n fast-frequency

hopping

B Make decision separately for each chip, and do majority
vote based on these chip-based decisions (Simple)

B Make maximum-likelihood decision based on all chip
receptions (Optimal)

© Po-Ning Chen@ece.nctu IDC4-44



Maximum-Length and Gold Sequences

Code-division multiplexing (CDM)

B FEach user 1s assigned a different spreading code.
For simplicity, assume s1(t), s2(t) € {+vV Fy} (ie., f. =0)

Let ¢;(t) = Zk o Ckig(t — ET.), where ¢ ; € {£1},
and ¢g(t) =1 for 0 <t < Ty, and zero, otherwise.

Multiplexing x1(t) + z2(t) = ¢1(t)s1(t) + ca(t)s2(t)
= 1)1 (0) + 22(0)] = 51(0) + a1 Oea(t)sa(0)
= Decision is made based on / s1(t)dt + / c1(t)ea(t)s2(t)dt

0 0

b
= 51Ty + 52/ c1(t)es(t)dt

0
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Maximum-Length and Gold Sequences

So, 1f

N-1

Ty
/ c1(t)eo(t)dt = Z ckiCko =0  |cross-correlation
0

k=0

then signal one (1.e., 1) can be exactly reconstructed.

In practice, 1t may not be easy to have a big number of PN

sequences satisfying the above equality. Instead, we desire

2

—1

Ck,1Ck 2
0

7
I

small
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Maximum-Length and Gold Sequences

2"™+1 Gold sequences

g1(x) =x7+ 3+ 1

ANe
A 70

> /-1 » 71 » /-1 » /-1 i 71 »| /-1 » /-1
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Maximum-Length and Gold Sequences

Gold sequences

21(x) and g,(x) are two maximum-length shift-register
sequences of period 2™ — 1, whose “cross-correlation™
lies 1n:

{_17 _t(m)v t(m) - 2}7

20mtD/2 4+ 1 m odd
where £(m) = 1 gm+22 11, m even

Then, the structure 1n previous slide can give us 2" — 1
sequences (by setting different initial value 1n the shift
registers).

Together with the two original m-sequences, we have 2”
+ | sequences.
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Maximum-Length and Gold Sequences

Gold’s theorem

B The cross-correlation between any pair in the 2™ +1
sequences also lies in

1=1, =t(m), t(m) = 2},

2m+1)/2 4 1 m odd
where H(m) =4 9m+2)/2 L1, even

Further discussion on g;(z) and g»(x)
is defered to Chapter 8.
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Maximum-Length and Gold Sequences

Experimental results on autocorrelation and crosscorrelation
properties of the maximum shift register sequences and
Gold’s sequences can be found 1n Figures 7.13 and 7.15 1n
textbook.
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