Part 2 Coherent/Non-Coherent
PSK/FSK



Coherent Frequency-Shift Keying

(M-ary) ASK, (M-ary) PSK and (M-ary) FSK are three
major categories of digital modulations, in which QAM can
be viewed/analyzed similarly to (M-ary) PSK.

In the sequel, (M-ary) FSK will be introduced and discussed.
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Coherent Frequency-Shift Keying

Binary FSK

21
si(t) = \/ T cos (2nfit), 0<t<T,

0, elsewhere

where ¢ = 1,2, f; is a multiple of 1/T},
E, 1s the transmitted energy per bit, and
1} 1s the bit duration.

Vector space analysis of binary FSK

(1) = /= cos(2m fit
81:[\/(?]311(182:[0] it] Qb() 1% ( f)
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Since f; is a multiple of 1/7,
the wave always starts from and ends at the same point.

_______———""":::—" E. D. Sunde, "Ideal binary

.4- - AN N -=" pulse transmission by AM

\ x \ [ ‘,:’/\\\ ’//\':( and FM," Bell Labs

A AR \ | M\ Technical Journal, 38, pp.

- 1357-1426, November 1959.

% | -

0 _ .......................................................... Jf‘.“,‘..........................\‘....;';f .........................................

[ I With this multiple-(1/T}) restriction, it

WV U L becomes “continuous-phase” in every

o ; N h inter-bit transition. Such kind of forced
“continuous-phase” signals, known as
Sunde’s FSK, surely belongs to the general
continuous-phase FSK (CPFSK) family.
: : a s“ﬂ\ /"/\ [ '

N /> N
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Coherent Frequency-Shift Keying —
Error Probability of BFSK

Error probability of Binary FSK
z(t) = s(t) + w(t)

= (1), ¢i(t)) = (s(1), i(t)) + (w(t), ¢i(1))

Lo 0

= [xll — either [\/E’] .

= m = argmaX{P (:13

m=mso

= I1 — Io § 0

m=m1
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Coherent Frequency-Shift Keying —
Error Probability of BFSK

Error probability of binary FSK

81 — sp = —+/E}, is trasmitted
B Based on the decision rule vy =z — =2 S 0
8] — 8 = \/E_g, 1s transmitted

P(Error) = P (—\/ Ey, transmitted) P (y >0 |—\/ Ey transmitted)

+P (—I—\/Eb transmitted) P (y <0 ‘—I—\/ by, transmitted)

L ervmepey, L0 L aymye
= 7 e \* b) 129 da 4 7 v b) 129 da
0 — 00

e
V2ro? V2mro?2
0
- / L evERatg, g (LYY g (L
0o V2m02 o Ny

0% = Ny is the variance of (w; — w»)
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Coherent Frequency-Shift Keying —
Error Probability of BFSK

Comparison between BPSK and BFSK

E
P(BPSK Error) = @ (— 2b> .

P(BFSK Error) = @ ( —)

\‘; 3 dB difference
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Coherent Frequency-Shift Keying —

PSD of BFSK
fi=f+ = A
Power spectra of binary FSK P A
2=Jc™ om
B Assumption: f; and f, differ by 1/T. |, Inultiplc2£’1 /Ty,

B Under such assumption, \___(SeeSlideIDC2-3,)

s(t) = Z g(t — E'Ty,) cos (27rfct + ]k%>

k=—00

where [, = +1 with equal probability, and {I;}?2___ i.i.d.

2E,
andg(t){ T, O§t<Tb

0, otherwise

© Po-Ning Chen@ece.nctu IDC2-8



Coherent Frequency-Shift Keying —
PSD of BFSK

General time-averaged power spectra

B The text derives the (time-averaged) power spectra of
the baseband signal as the sum of the in-phase power
spectra and the quadrature power spectra.

B This may not be “correct” in general (See the next
Slide).
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Coherent Frequency-Shift Keying —
PSD of BFSK

8(t) = g1(t) + jgo(t) with real-valued gr(¢) and gg(t)

Rgg(t + T, t)

El(gr(t +7) +jgo(t+7))(gr(t) + 7gq(¢))”]
Elgr(t+7)g:1(t)] + Elgg(t + 7)gq(t)]
+jElgr(t + 7)gq(t)] + 7 Elgq(t + 7)gr(t)]
Elgr(t+7)gr(t)] + Elgo(t +7)gq(t)]

if, and only if,

Elgr(t+ 7)gq(t)] + Elgq(t + 7)g1(t)] = 0.
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Coherent Frequency-Shift Keying —
PSD of BFSK

The cross-correlation also affects the resultant power spectra.

8(t) = §,(t) + 52(t) with complexed-valued §;(t) and 55(%)

Rss:(t+7,t)) = E[(51(t+ 1)+ 32(t+ 7))(51(t) + 82(2))"]
= E[5:(t+7)51(t)] + E[32(t + 7)383()]
+E[3,(t + 7)35(t)] + E[35(t + 7)87(t)]

E[3,(t +7)51(0)] + E[52(t + 7)85(2)]
if, and only if,
E[3:(t +7)55(1)] + E[52(t + 7)87(¢)] =0
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Coherent Frequency-Shift Keying —
PSD of BFSK

Power spectra of binary FSK

B Since in-phase and quadrature components are
independent, and since one of them 1s zero-mean (See
the next few slides), the technique used 1n text 1s
applicable to binary FSK.
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Equivalent baseband signal

s(t) = Z g(t — kTp) - Re { &G/t +lemt/To) 4

k=—00

— Re { ( Z g(t _ ka)@jIkWt/Tb> €j27rfct}

k=—0o0
( = Re {§(t)ej2”fct}>
= 5(t) = Z g(t — kTy)ed et/ To

k=—o00

= Y gt —kTy)cos (Lumt/Ty) +§ Y g(t — KTy) sin (Iunt/Th)
k=—o00 k=—o0

= Z g(t — kTy) cos (mt/Ty,) 4+ Z Ig(t — E'Ty) sin (7t /'Ty)
k=—0o0 k=—o0

g;(rt) gg?t)
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gr(t)= > g(t — kTy) cos (wt/T;) = \/ %”cos (t/T})

k=—0o0
_ 1 [ 2F, Lk
Ry, (T) = = ——cos (m(t + 7)/Ty) cos (wt/T},) dt =| — cos(nw7/T})
Tb 0 Tb Tb
- Ly L \]
Sp.g, (f) = 2T, [ (f— 2_Tb> <f+ 2_Tb>
gQ(t> — Z ]kg t — k’Tb> sin (Wt/Tb)
k=—00
= Y (=D¥L-g(t = KTy) sin (n(t — KT,)/T,)
k= }; é(t—‘;Tb)
= > I,-§(t—kTy) (See Slides IDC1-33 and IDC1-35.)
k=—00

© Po-Ning Chen@ece.nctu IDC2-14



)
=
1

Ty
, / in(mt/Ty)e * ' dt

2\/ 2 bTb COS ﬂ-be) e—ijbf
r \1-417f2

- 1, = 8 E, cos? (7T,
Sn00() = G = 2 m

9]

vy

)
|

SB,g:(f) + SB.,go (f)

Ey, 1 8 Ey, cos? (T, f)
7 P -am) 3 T+ am) |+ P ey

© Po-Ning Chen@ece.nctu IDC2-15



SB,BPSK (f) = 2F} SiIl(32 (be) (From Slide IDC1-36.)

B E, 1 1 8y, cos* (T, f)
Snaeres(f) = g |0 (1= g0 ) +0 (1450 )| + S

1. Decay much faster (as 1/f4)
2. Rule of Thumb: The smoother the
pulse (transition), the faster the drop

of spectral tails.

This should be

4 ~= (.405

e

IDC2-16
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Coherent Frequency-Shift Keying —
PSD of BFSK

Final note

B [f BFSK i1s not continuous phase (due to f; and f, are not
multiple of 1/7}), then the “rule of thumb” indicates that

the spectral decay will be slower.

B In fact, the rate of spectral decay for non-continuous-
phase FSK will become 1/f2.
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Coherent Frequency-Shift Keying —
Memoryless versus Continuous-Phase

Memoryless versus continuous-phase

2F
s(t) = w/Tbcos (27 f;t) forl0 <t < T,
b
[2F mh
Tbb COS (27cht R ]Q?bt>

h
( — i = Je ] -
Lo +1 Ji=Jfc+ 02Tb
1 .
where £ fc = 5(][1 + fz) Hllﬂtlple of 1/Tb .
h = hi=J deviation ratio
\ 1/,
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Coherent Frequency-Shift Keying —
Memoryless versus Continuous-Phase

From the previous slide,

2F 2F
s(Ty) = 4/ Tbb cos (27 f 1y, + Iomh) = 4/ Tbb cos (Iomh)

In order to maintain phase-continuity, s(¢) can be of the form:

25
s(t) = */Tb cos (27 f;(t — Ty) + Iomh) for (T}, < t < 2T,
b

[2F t — 1T,
— Tbb COS (27cht + Iomh + [yh ( 7 b))
h

1 — Jc 11—
Ji=Jc+ 12Tb
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Coherent Frequency-Shift Keying —
Memoryless versus Continuous-Phase

From the previous slide,

[2F
s(2Ty) = Tbb cos (lowh 4+ Iymh)

In order to maintain phase-continurty, s(¢) can be of the form:

2y

s(t) = T cos (2m fi(t — 2Ty) + Iowh + Iyh) for|2T, <t < 3T,
2F t — 21,
= | =cos | 2nf.t + Iowh + Liwh + Lh i
T, T,
h
i = Jet o
Ji=Jfe+ 25T
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Coherent Frequency-Shift Keying —
Memoryless versus Continuous-Phase

- -

So, 1n order to maintain phase-continuity subject to that /. 1s
a multiple of 1/7,, we obtain:

[2E, \ t —nT,
t) =1/ — 2 fot Il h I,mh
s(t) = T cos( 7 f. + Z kmh A L ( T ))

for nT), <t < (n -+ 1)Tb

k=—00

Memoryless, hence, requires:

Require “memory”
of all histories.

( Z Ikﬂh) mod 27 = constant for all {I}}

nn—1
k=—c0

=>|h = even integer

© Po-Ning Chen@ece.nctu
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Coherent Frequency-Shift Keying —
Memoryless versus Continuous-Phase

This kind of continuous-phase and memoryless FSK (with 7
integer) 1s called Sunde’s FSK.

Sunde’s FSK 1s a special case of the continuous-phase FSK
(CPFSK) family.

For general CPFSK, the system requires to memorize

n—1
Z I, mh for every n

k=—o0
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Coherent Frequency-Shift Keying —
Memoryless versus Continuous-Phase

2E . n—1 - - t—n'T;
5(t) = ,/Tbej(zk}oof’“ P (S50)) for nTy <t < (n+ 1T,
b

Phase tree of CPFSK
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Coherent Frequency-Shift Keying —
Memoryless versus Continuous-Phase

Minimum shift keying

B The passband signals respectively for /, =—1 and /, =
+1 are better to be coherent orthogonal, 1.e., we require

(n+1)Tp 28, n—! t —nT,
/nTb ”TbCOS (27cht—|—kzoolk7rh—7rh< 7 )

k=—o0

2Eb A t — nTb
Xw/Tbcos (27rfct+ ; mmm( T ))dt
T i

E
— 0+ ﬁ sin(27h) =0 = | (2rh)modr = 0
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Coherent Frequency-Shift Keying —
Minimum Shift Keying

Minimum shift keying

B /=% 1s the minimum / that satisfies “coherent orthogonality”
condition; hence, it 1s named minimum shift keying.

1
2Tb

=it

1
5= (=)=

n—1 t—n'T]
(m/2) Zk I’f—I'I"(T—bb)) for nl, <t < (n + 1>Tb

o
F
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Coherent Frequency-Shift Keying —
Minimum Shift Keying

(i6(t)-6(0)]  _

€

Minimum shift keying

j(m/2) (Z};’;é I

t—'nT}
e
n Tb

n—1
(H ej(w/Q)Ik) < ej(ﬂ/2)1n

1Y,

)

) for nT, <t < (n+ 1)7;

( t—‘n'Tb

Because I, = +1

© Po-Ning Chen@ece.nctu

IDC2-26




Coherent Frequency-Shift Keying —
Minimum Shift Keying

That t = T}, (hence, n = 1) gives that e/l0Z2)=00)] — [ ei(/2),

1y

O(T,) =m/2 [0(0)=0 |20 = [1ei(7/2) = ¢i(7/2) Ih=1
0Ty =7/2 |0(0)=m |2 = [1e("/2) = —ei(7/2) | [j = —1
0T = —7/2 |0(0) =7 |7/ = [1eI(7/2) = i(7/2) | [[ =1
O(Ty) = —7/2 |0(0) =0 | 7270 = [1ei(7/2) = —ei(7/2) | [) = —1
<f§(Tb) _ %ej(W/2)(22=_oo I.)
5(0) = Q_Ebej(ﬂﬂ)(ZZ:l_oofk)

© Po-Ning Chen@ece.nctu
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For n = 2¢ — 1, we have

cos|[0(t) — 0(0)]

Ve

RN
5
I~
x5
N——
A N~
o
n
N
=)
N
Do ||
Hlw
~
&
N

20—1
7T(t — 2€Tb)
\ (Z}_[()]k>cos< o, >, 14
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For n = 2¢, we have

cosfB(t) — 6(0)] = (kﬂfk) I, cos (g [zn (t_T?Tb)+n]>
- ({0 (7))
| (H 1k> cos (L2 4 o

k=0

20—1
— 207,
— (H ]k> COS <7T<t b)> , £ odd
\ 2T},

k=0

_/\

For (20 — )T, <t < (20 + 1)T,,

cos[0(t) — 0(0)] = (—1) Jar_; cos <7r(t ; ;fﬂ)) |

where J, = [[1_, Ix-
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For n = 2/, we have

sinld(1) = 0(0)
_ (;H) ]k) I, sin (g [[n (t _TZLTI’> + nD
—  Jou I sin (g [1% (t _Y%bm) + 2€]>

( t — 207,
Jop SIn (z [( b> —|—2€]> : Iry=1
B , 7 t — 207,
\ —Jop sin (5 [— ( T b) —|—2€]) Y|
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For n = 20 + 1, we have

sin[f(t) — 6(0)]

Joosn (3 1 () )
() (3 e (2522) 001

[In (t—zm) -I,,,+2£+1D
Ty

|
o~
el
~

|
9
m.
=
N

|
N
m- mn
-~
A~ o~ ™3

2T, !
t — 20T,
— Jys sin (”( ")) . fodd
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Coherent Frequency-Shift Keying —
Minimum Shift Keying

0 =
For simplicity, assume {f(O) 10
— 1l —

For (20— )T, <t < (204 1)Ty,

cos[0(t) — 0(0)] = cos[0(t)] = Ine_y cos (w(t - ﬁfﬂ)) |

7T . 7T(?f — (2€ — 1)Tb)
— [5y_18In ( o >

For 2/7; <1< (26 -+ 2)Tb,

sin[f(t) — 6(0)] = sin[0(t)] = Iy sin (W(t ;égTb)> :

where I,, 2 (=) (T0_, I1.).
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Coherent Frequency-Shift Keying —
Minimum Shift Keying

s(t) = Re{s(t)e’* "}

= 4/ g cos|O(t)] cos(2m f.t) — \/ QTE:I) sin[f(t)] sin(27 f.t)
— ,/QEb Z Ioe_1 - g(t — (20— 1)T;) - cos(2n f.t)

— Lo - g(t — 20T3) - sm(27rfct)}

n (2} o<t<or
sin | —
2T, ) b
0, otherwise

where ¢(t) = {

© Po-Ning Chen@ece.nctu
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Let ¢1(t) = «

Let ¢2(t) = «

I d

\

g(t)sin(2w f.t), 0<t< 2T,

otherwise

2
N/Tg@ + Ty) cos(2n fot), =T, <t <T,
b .

otherwise

= 5(t) = \/E,Z [j%_l i (t = 20T) — Ing - ot — %Tb)]
=0

(s(£), pr(t = 2KT5))

s()po(t — 2KTy)dt

k > 1 because I_; is known

(2k+1)Ty

s(t) g (t — 2KTy)dt

(

(2k+1)Ty

o (t — 20T}y (t — 2kT)dt

(2k+1)T,

p1(t — 2013) 1 (¢ — 2KT} )dt

o>

(2k—1)T}

© Po-Ning Chen@ece.nctu
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(s(t),pr(t = 2kTy)) = VEp

N (2k3+1)Tb
Lo 1 / ¢7(t — 2KkTy)dt
(2k—1)T}

. 2T},
e - / Dot — 20k — 1)Ty)bs (1 — 2KT3)dt
(2k—1)T}
(2k—l—1)Tb
—bk/‘ bo(t — 2Ty by (t — 26T, dt
2T,
. T, . 0
= +/FE, [[2k_1 2(s)ds — Lok—1) b (s + 2T} p1(s)ds
_T, _T,

0

b2(s + 2Ty)p1(s)ds
~T
2 [ 7r3_|_ (Qf) 7TS_|_7T <2f>d
= — in | — sin(27 f.s) sin | — + — | cos(27 f.s)ds
T, .. \an, T " 2T, ' 2
1 [ (s
= —— sin | — | sin(4n f.s)ds = 0.
21y J_1, 1y,
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Ty

Similarly, Po(5)p1(s)ds = 0.

0

T, Ty
. ¢1(s)ds = % . sin” (;—;b + g) cos” (27 f.s)ds
2 1o (1+cos(7rs/Tb)> <1+COS(47chS))dS
T ) o 2 2
= 1.
Therefore,

<S(t>,¢1(t — Qka)> = \/Fb . i2k—1- fOI‘ k 2 ].

By following similar procedure,

(s(t), po(t — 2kT3)) = —/Ep - Loy, for k >0

In - (_1)[n/2]+f(n—1)/2] fnfn—l - (_1)nfnfn—1

© Po-Ning Chen@ece.nctu with initial value /_; =1 IDC2-36




Coherent Frequency-Shift Keying —
Error Probability of MSK

=

=

Error probability of MSK (Decision rule)
z(t) = s(t) + w(t)
(2(t), §1(t — 2KT3)) = (s(t), 61 (t — 2KT5))

\
r

JT= \/Eb‘fwi—l + w
(T2 = —VEp - I + wo

+ (w(t), 1(t — 2kT}))
(z(t), p2(t — 2kTy)) = (s(t), d2(t — 2kT})) +

(w(t), pa(t — 2kT}))

2k—1
Tog_11o = (—1)/(2k-1)/2] (H I) 1)/2k/2] (HI ) = Ioy,
u=0

Iy =1
implies|z1zo < 0
Iop = —1

© Po-Ning Chen@ece.nctu
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A ¢2

> (D1

oy
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Error probability of MSK (Quick derivation)

P(I, error) = @(— 2F0)

_ E
P(I3;_, error) = ‘I)(— 2—b)

P(I5 error) P(igk correct)P(fgk_l error)

+P(f2k error)P(fgk_l correct)

E, E,
= 20 (/22| [1-® /222

)
V2 )/ IDC2-39
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Error probability of MSK (Direct derivation) Iop=1
L1L9 § 0
Iop=-1

B Based on the decision rule

1 1 e —
P(I5. Error) = —/ e~ (E1=VEy)* /207 o~ (w2t Eb)2/2°2dajlda¢2
[« 7.

2
1x2>0 27T0_ | .l--.l*l:.l,..':

/ e VI e VY /207 dxld@
[x1$2>0 no

\ .Lr'..-,'; |4 .I __ . 5 ]. |

(Far— 1, Do) = (1,-1)

1
4
+ 1/ o~ (@1=VE)? /207 ,—(w2a—VE})? /207 dxlde
4 [2122<0] 27T0 [
1
4

/ e VI e B2 i
[2122<0] 2mo

(Lo 1 o) = (—1,1)

_ o~ (@1=VEb)?[20% ,—(v2+VE}p)? /207 dadas

[x122>0] 27TO
Fay
1 =D —4/2—

T
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Coherent Frequency-Shift Keying —
Error Probability of MSK

Final note on error probability of MSK

B Since {/,} and {I,} are one-to-one correspondence,
we can make {[,} be the true information bits.

{I,} = {I,} - MSK transmitter — Channel — MSK receiver — {I,,}

B In such case, the error rate of MSK becomes the one
indicating in Eq. (6.127) as:

. | E
P(I, Error) =& ( QFI;)

© Po-Ning Chen@ece.nctu IDC2-41



Coherent Frequency-Shift
Keying — Block Diagrams

2 7t / BPF .
/| 2 o T < . .
bi(t) = T cOs <2Tb) cos(2nfet), =T, <t<T, > ji > (1)
0, otherwise L
_ { \ /% [cos(2m fot) 4+ cos(2n fit)], =T, <t <T cos(2m f.t) :g&: cos (%
= b
0, : t otherwise BPF bl
T > > 2
2 ot <
bo(t) = \ /Tb sin (2Tb> sin(2rf.t), 0<t<2T, \ /o J
0, otherwise
_ \ /L [cos(27 fot) — cos(2m f1t)], 0 <t < 2T,
= 2T,
0, otherwise

T X1
a2 T -
-7
T Xy
[fal2l T |-
0

a1 (t) > —»?—»
czt) | MSK s() @ x(f) i)
)t _.?_.
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Coherent Frequency-Shift Keying —

PSD of MSK
Power spectra of MSK
s = Y [i%_l Cg(t— (20— 1)Ty) - 45l - g(t — 20T3)
{=—00
2Eb . 7t
where g(t) =< \ T, S <2—Tb> U=t <2h .
0, otherwise

B No cross-correlation between g; and g (cf. Slide IDC2-10)

_ 1 32E) cos? (27T,
S msk(f) =2 (ﬁ) IG(f)]? = WQ(;(?SIG(T}Tf;)fQ)
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Coherent Frequency-Shift Keying —

PSD of MSK

MSK decays as
the inverse
fourth power of
frequency.

QPSK decays as
the inverse
second power of
frequency.

1=
E \'\_‘ 1 —A , 3 - N y

oot \ T 9B.qrsk(f)=sinc® (2T} f)
-\ 4E

0.8 =

(See Slide IDC1-36 and (6.40) in text.)

0.7 -
0.6 -

0.5 -

: - % Faon \

04 - 5 (A 8 cos“(2mTy f)
5 o Ll.j.\‘.]ﬁi{ o — SN Al ) 3N

0.3 - ’ ; m |]. 1()1—:{' f }

0.2 -

0.1 -

0 L Lo T T L — J

0 0.25 0.5 0.75 1 1.25 1.5

T
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Coherent Frequency-Shift Keying — GMSK

Gaussian-filtered MSK (GMSK)
B MSK has the merits of

Constant envelope
Relatively narrow bandwidth (compared with QPSK)

Same coherent detection performance as QPSK

B Can we further improve out-of-band characteristics of
MSK (to fulfill the stringent requirements of certain
applications such as GSM)?

Answer: GMSK
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(TN o<t <o
S111 —
o7, ) b

0, otherwise

- w/%’Z[i%_l. o(t— (20— 1)T}) - cos(2m f.4)
(=0

— Lo - g(t — 20T3) - sin(Qcht)]

With ¢(t) =

2F)
saMmsk (1 Tbb Z aze—1(t) x g(t — (2 — 1)T) - cos(27 f.t)
=0
—ag(t) * g(t — 20T,) - sin(27 f,t)|
{jk} | Gaussian {ar(t)} : MSK
Filter modulation
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Coherent Frequency-Shift Keying — GMSK

L L ht) = @WGXP (_ 27 W2t2) a(t)

log(2)

W = 3 dB baseband bandwidth

Gaussian filter

L _ 27W'TL, t 1 . 27 W'TL, t 1
a(t) = @ ( log(2) (Tb 2>> ¢ < log(2) (Tb T 2))

1 T
b(—z) = §erfc (E/
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Coherent Frequency-Shift Keying — GMSK

Approximate
(truncate and a(t)
time-shift) the o
noncausal 7 WT,=0.2
Gaussian filter o e WT,=0.3
by a causal filter 05 /
B Shift in time : /o
by 2.57, and
truncate at
+2.57}
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Coherent Frequency-Shift Keying — GMSK

[1 In the limiting case, GMSK corresponds to the case of ordinary

MSK.

lim a(t)

vToo

1 17 17
< -, t=—"ort="
2 2 2

| 0, otherwise

Input waveform

1

I 2TV ( t 1
vfoo log(2) \1p 2
r T T
1, —2<t<
2 2

)=+

Let v = WTb

2TV

log(2)

(

+3))

© Po-Ning Chen@ece.nctu
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Appendix (Recall the PSD of Line Coded Signals)

A usual general PSD formula 1s (See my Slides 2-30 and 6-
64 for Introduction to Communication Systems):

PSD = hmzi [S()S..(f)], where s, .(¢) = s(£)- 1{|t |< T}.

(©. @)

For a line coded signal, s(t) = Z ang(t—nTy), where g(t) = 0 outside [0, T},).

n=—oo

o0 N—-1
Hence, S(f) = G(f) Z ane 2™ and Sont (f) = G(f) Z ape 2T,
n=—0o0 n=—N

o0 N—1

— PSD = 11mN_>OO 2NT ‘G ( S‘ S\ E, an —]27Tf(n m)Tb>

n=—oo m=—N
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Appendix (Recall the PSD of Line Coded Signals)

PSD = hm

N * 1,2 (1-m)T,
2NT|G(f)| (ZZ la,a, le j

— i (n m)ejz;;f(nm)Tbj

=/G(/)[ lim

N
~%2NT, (

467 fim | 3 S|

m=—N k=—o0

=G(N)I —(Z¢ (k)e’Wj

I, \i=

Zn
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swsk(t) = ,/ bf: 1% Loglt = (20 = )T} - cos(2m ft)
(=0

— Lo - g(t — 20T3) - sin(Qcht)}

SGMSK(t) 1/ b Z Aoy — 1 *g t — (QE — ].)Tb) COS(27TfCt)
£=0

—ag(t) * g(t — 2¢Ty) - sin(27 ft)|

The GMSK signal is not in the “line-coding” form except when WT, tends to
infinity (which results in MSK)”. Hence, its PSD is in general difficult to obtain.
Figure 6.33 in textbook was obtained using the approximation approach
proposed by G. J. Garrison in 1975 (“A power spectral density analysis for
digital FM”, IEEE Trans. Commun., vol. 23, pp. 1228-1243, Nov. 1975).

{jk} | Gaussian {ax (t)} : MSK
Filter modulation
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Coherent Frequency-Shift Keying — GMSK

More compact 1in power spectra for time-bandwidth
product WT, less than unity (See Figure 6.33 1n textbook)

0 ——

™

‘/\/ \ e \ ’ /—\ ﬁg”’ ((;O—Szl(zj;;gz)
- ]

-100 =

-120 |

| | . | 1 | |
0 0.5 1 1.5 2 2.5 3 uf]"
b
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Coherent Frequency-Shift Keying — GMSK

Error probability of GMSK

It 1s known from Slide IDC2-41 that

. E
Pusi (I, Error) = @ (-w /2—”)
Ny

Assume that

7 i)
Peovsk (1, Error) = @ ( P)
No

Find o empirically.

© Po-Ning Chen@ece.nctu
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Coherent Frequency-Shift Keying — GMSK

Performance degrades (from MSK) due to intersymbol interference
that 1s introduced by Gaussian filter (See Figure 6.34 in textbook).

3 | | |
Figure 6.34
2 -
101og,(/2) (dB)
1+ -
GSM
0.46 dB (0=1.8) F--m-mnmmmmmmmmns
0 | | | |
0 02 03 04 0.6 0.8
Wi,

© Po-Ning Chen@ece.nctu
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Coherent Frequency-Shift Keying — GMSK

Power spectra of PSD (dB)
GMSK for GSM :
Down by more than
0 wr,=0.3 40 dB at adjacent
L1 99% of the RF power is subchannels
confined to a bandwidth 40 |—
of 250 KHz.
[J Each subchannel is 200
KHz wide for (See Figure 6.35
transmitting data at 271 in textbook.)
kbps.
le— 200 —>l¢— 200 —>fe— 200 —>
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Coherent Frequency-Shift Keying — M-ary FSK

M-ary FSK

2L s (onftei™ ) o<t<rT
Si(t): 7008 7TC—|—22T : S U<

0, elsewhere

where i = £1, 43, ..., (M — 1), f. is a multiple of 1/(27),
E 1s the transmitted energy per symbol, and
1T’ 1s the symbol duration.

Orthogonality

di(l) =

si(t), where {¢;(¢)}, orthonormal.

L
VE
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Coherent Frequency-Shift Keying — M-ary FSK

Error probability bound of M-ary FSK

E
Pt < (M =1 Fep= (M =1)® [ =+~
M —( ) )2 ( ) ( N()) (See the next slide.)

Power spectra of M-ary FSK (No derivation)

i) = ) g(t— kTG

k=—o0

where I, = +1,--- , £(M — 1) with equal prob., and {[;}7>___ i.i.d.

2F
and g(t) = T O§t<.T
0, otherwise
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M

=1
M

= Z Pr(s; transmitted) Pr(decision = s; or ---

1=1

or decision = s1|s; transmitted)

M

1=1

M

k=1 ki

or decision = s;_; or decision = s;,1 or ---

Py = Z Pr(s; transmitted) Pr(decision # s;|s; transmitted)

< Z Pr(s; transmitted) Z Pr(decision = s;|s; transmitted)

M
Z Pr(s; transmitted)(M — 1)

< max  Pr(decision = s|s; transmitted)
— 1<k< M, k4i
— — . f
<| (M -1) 1S£,£I%%X7#k Pr(decision = s;|s, transmitted Upiion (upper) bound
I/
I/
I
Pent = (1)

M
Z Pr(s; transmitted)

=1

1V

max
1<k< M k#i

/

:
Pr(decision = s |s; transmitted)

Lower bound

X

I

J
L4

© Po-Ning Chen@ece.nctu
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Coherent Frequency-Shift Keying — M-ary FSK

Power spectra of M-ary FSK (Not in the line-coding form)

Z‘ g(t — kT)ed et/ (2T)

k=—nc

5(t)

Z C‘}‘I;‘ *r&.lg(t - k.T)CjIkmil.—k.T:fl/({'QT)

k=—oc

where [, = +1,--- , £(M — 1) with equal prob., and {[;}7> _ i.i.d.

2F

0, otherwise
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Appendix (Excluded from exam)

This is outside the current scope of the text. Just provide it for those
who are interested in the derivation.

Ras(t+7,t) = S‘ S‘ g(t +7 — kT)g(t — (T)E [/ tFm)/ (D) gmilimt/(21)]
k=—o0 (=—o0
= i f: g(t +7 = KT)g(t — (T)E [/m+D/ED] pp [emilemt/ 1)
k=—o0 (=—o00,(#k
+ i gt +7 —kT)g(t — KT)E [/ )]
s
where E [e/lkv] = ¥ ;cos ((2u — 1)v) for even M.
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o0

S(f) = Z e‘jlkwk/ze—jzwfkT]_-{g(t)ejlkwt/(m")}
k=—oc
00 e o e I, This is outside the current
= Z el lkmk/2o—i27fkT 3 (f - E) scope of the text. Just
k=—oc

provide it for those who

N-1 / ; I are interested in the
a . .I'ru. Tm/2 _3271' mT _ ﬂ . .
Sont, (f) = E e’ e G ( 4T) derivation.

m=—N

I 1 00 _ _ I
P — 1 E jlemk/2 ,—j27 fkT 1k
SD(f) Mmoo k;ooe ¢ G\ -7

N-1 - I

Z e—JImwm/2e_727rfmTG* (f_ﬁ)

m=—N

N-1 00
1 :
lim —j2n f(k—m)T
Nosoo 2NT,, Z Z ¢

m=—N k=—oc

: I : I
jlemk/2 __k —jlnmm /2 ek _Im
B o6 (1 g ) e (1= 37)

= ..... (no straightforward analysis)
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Coherent Frequency-Shift Keying — M-ary FSK

See Figure 6.36 in textbook.

1.0
- M M T, M=2
I Br — = - {1 M=4
2T 2Ty log,(M) b
— m, Ai[ —_ 8
Sp(f) I (4Ep) T
0.5
0 OI5 110 1I5 2I0 2I5 3I0
. . . . 550

© Po-Ning Chen@ece.nctu IDC2-63



Coherent Frequency-Shift Keying — M-ary FSK

Spectral efficiency of M-ary FSK

B = M% \
1 Ry 2logy(M)
Ry = 7 = p = 7= i bits/seconds/Hz
T = Tylog,(M) |
M 2 4 8 16 32 64
yo, 1 1 0.75 0.5 03125 0.1815

Larger M implies worse spectral efficiency.
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Detection of Signals with Unknown Phase

How to deal with unknown phase &, e.g., in FSK?

x(t) = \/?COS(ZT('][J +0) 4+ w(t) = s;(t) + w(t)

B Answer: Noncoherent receiver

How to remove the requirement of phase information at
noncoherent receiver?

Answer: Take the expectation with respect to all
possible 6.
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Detection of Signals with Unknown Phase

(Conditional) likelihood ratio test
B For known 6,

z(t) = sp(t) + w(t)

2F
= \/7 cos(2m fit + 0

= (1), di(t)) = (sk(t), §i(t)) + (w(t), Pi(t))

'T'he distribution
of w; has nothing

= 1; = (either V E or 0) + w; = s, + w; — to do with 6.
L —@imsin?/(20%) 02 = No/?
= flxilsip) = =€ bk
V2ro
M
. 2
= decision = arg max Hf Tilsix) = arg max e5ikTi/o
1<k<M 1<k<M -
1=
© Po-Ning Chen@ece.nctu s, = VE, i=k . IDC2-66
’ 0, otherwise




Detection of Signals with Unknown Phase
M L { VE, i=k

. . : 52
= decision = arg max esikTilo 0,  otherwisq

=1

6\/E;131/02 6\/ECCQ/O'2 L 6\/Ea:M/02}
9 ’ ’

= decision = arg max {

where x; = (x(t), ¢;(t)) = /o \/gﬂt) cos(27 f;t + 6)dt.

However, € 1s unknown! So, let’s average it out.

decision = arg max {EG {6\/@:01/02} , Py {6\/@@/02} AR |:6\/E33M/0'2:| }
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€

f ) cos(27 fit+6)d
Hence, Lo {e@xi/"ﬂ = Fy g b }

Since

/T x(t) cos(2m f;it + 0)dt

— cos(0) /O o(1) cos(2r fit)dt — sin(6) /O o(1) sin (27 i) dt
= L;[cos(0) cos(B;) — sin(0) sin(B;)] =[ £; cos(0 + 5;)
57 1/2

0 = _</0Tx(t) cos(27rft)dt> + (/T:U(t) sin(27rft)dt> |
B; = arctan ( /O ) sin(27 fit)dt / / ) cos(27 fit dt)

© Po-Ning Chen@ece.nctu IDC2-68

2




Assume #1s uniform distributed over [—7, 7).

| BE_ E cos(04+3;)
TN

E@ €

/ 8E E cos 9—|—Bz

E9 [6@%/02}

Iy

8E2 l; COS
TN

SE
TN?

l;

The modified Bessel function of zero
kind 1s a monotonically increasing
function.

© Po-Ning Chen@ece.nctu
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decision = arg max FEjy [e\/ﬁ“/ 02}
1<i<M The modified Bessel function of
QF zero kind 1s a monotonically
= arg max [ (. increasing function.
1<i<M TN¢

= arg max /;
1<i<M

— arg max /7, since £; > 0.
1<i<M

/

The receiver is therefore named as quadratic receiver.

N
0 = ( /O T:c(t) cos(2m fﬁ)dt) + < /O Ta:(t) sin(2m f};t)dt)

0 2

27 1/2
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Detection of Signals with Unknown Phase

T Y1 Y
/ dt ()2 {
0
x(t) cos(2 fit) 6_>_. ( )1/2 b
T YQ Ve
/ dt () @
0
sin(2m f;t)
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Detection of Signals with Unknown Phase

Alternative realization of quadratic receiver

B (Quadrature receiver using matched filter

Filter matched Yr Y
» to cos(2w fit) —\—- ( )2 L

0<t<T
x(1) L4
— E— O
Filter matched Yo yé
» to sin(2w fit) —— ( )2
0<t<T
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Detection of Signals with Unknown Phase

Another alternative realization of quadratic receiver

B Noncoherent matched filter

x(1)

=l

Ho) (9| Envelope V2
detector Sample
attr=1T

Impulse response h(t) = cos(2nf;(T — 1)) -1{0 <t < T}

=

—
Lo ]

—
I

= cos[2nfi(T — t)]/r,

/ z(1)cos(2n f;(T — (t — 7))dr
t-T

t x(7) cos(2x fy7)dr — sin[2w f; (T — )] | z(7) sin(2m f;7)dT
T t—T

= Li(t) - cos2m fi(T — t) + B:i(t)]

© Po-Ning Chen@ece.nctu
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Detection of Signals with Unknown Phase

[0 Envelope detector = squarer + lowpass filter + square-rooter

y2(t) = £2(t) - cos? [27r fi(T —t) + Bi(t)]
= ng( )+ E‘?(t) cos(dn f;(T — t) + 23;(t)]
lcuﬁass —Ef (t)

rooter 1
—£;(t
[0 Final note ~ V2 )

B The merit of noncoherent matched filter over quadratic receiver using
matched filter is that the latter actually samples the output before the
lowpass filter (i.e., high-frequency signal) while the former samples
the output after the lowpass filter (i.e., true envelope signal). Hence,
the latter has a much higher demand on the accuracy of sampling time.
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Noncoherent Orthogonal Modulation

Definition of noncoherent orthogonal modulation

B The signals remain orthogonal and have the same
energy regardless of the unknown carrier phase.

B Example. Binary FSK introduced previously

© Po-Ning Chen@ece.nctu IDC2-75



Noncoherent Orthogonal Modulation

Noncoherent matched filter

Filter (%) ik
t V2
» matched to i SmEIp: \
o detector Sample
1 —
te=T 1
o a £ 2 £
1 >
Filter 32
Yol &
»| matched to F— %Ié\t]eecl:ft)cl))re S\1
57(7) i

s1(?) and s,(#) are orthogonal.

© Po-Ning Chen@ece.nctu IDC2-76



Noncoherent Orthogonal Modulation

Noncoherent matched filter = Quadrature receiver 1f

i (t) and Wb () are properly chosen.

e

T
| a
0

x(0) Yi()

e

T
| a
0

O— 07—

Y1
()

YQ
B ( )2

Wi(t)

Yo

A

i (t)=Hilbert transform of 1);(t)

© Po-Ning Chen@ece.nctu
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Error Rate of Noncoherent Receiver

Error rate of noncoherent receiver for |, 1) = \/ 25 cos(2 fit + 0
. . ? T 1
binary orthogonal modulated signals

2
B Assume s,(f) is transmitted and @ is (") = \/;COS(QM it)
known. di(t) = \/% sin (27 f;t)
z(t) = s;(t) + w(t)
rry = (x(t), P1 (t)) = V' E cos(0) + w,
201 = (x(1), p1(t)) = VEsin(0) + w,

=
rro = (2(t), P2(t)) = ws
rq2 = (x(l), $2(1)) = ws
{w;} i.i.d. zero-mean Gaussian with variance Ng/2
© Po-Ning Chen@ece.nctu i = !(/OTI(??) <?0~S‘(27rf;-t)dt>2 + (/OTar(t) Sin(?Wfit)dt> 2] ; IDC2-78
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Error Rate of Noncoherent Receiver

1=2

.. , ,
Based on the decision rule ? < /2

1=1

P(Error|s;(f) transmitted)

— Pr ((.1 g 115 |.s'1 t)

9 2

Pr| z7, + x5,

. . All four are independent.
transmitted ) R

\ .-,zlfw N(\/E(()H(H) No/
zo1 ~ N(VEsin(f). Ny/
’ Lro N 0. \U/
/ g2~ N(0,Ny/2)
211 ~ N((VE cos( ), Ny/2)
< /3 0.1 ~ N (VEsin(6), Ny/2)
(5 ~ Rayleigh distributed with £ [(3] = Ny

2)
2)

\_, (Cf. Section 1.12 in textbook or my slide 3-46)

© Po-Ning Chen@ece.nctu
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P(Error|sy(t) transmltted)

_ / / —lrr1— \/ECOS(@)]Q/N()6—[IQ’1—\/ESin(9)]2/NO /OO 262 _62/N0d€2 dCU[ 1de .

N No o
1,1 Q1

_ / / ~ler1=VE cos(O)]*/No ,~[wg.1 VB sin(6)]* /Ny (6-[96%1“%11/%) daydzg,

_ LB 11 —VE c0s(0)/21/(No/2) ,—[ g1 —VE sin(0) 212/ (No /2)

o 2 NO/Q)G dilj’[ 1dCE’Q1

— 1€—E/(2N0)

2

Similarly,

1
P(Error|sy(t) transmitted) = §G_E/<2NO).
Consequently,

1
P(Error) = ie_E/(zNO) :

Note that the resulting error rate has nothing to do with 6.
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Differential Phase-Shift Keying

Transmitter of differential phase-shift keying

di = dip_1 D by, ap = 2dp — 1
{10} d
XOR W » PAM g =6-<\ — DPSK
(i} [ : T
!
Delay ,' 5
7, RYED cos(2m f.t)
:
I

. ! 0, dp=1
Transmitted phase = { T dp =0
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Differential Phase-Shift Keying

Receiver of differential phase-shift keying

b =0

Y= Trr—12rp +2or—12g, S 0
bp=1

x(t) | \/ T%, cos(2m f.t) 4 Ea_y. |

Ty XQ, k
/ at
aaly

>,,<>

5 Delay X
— \/ﬁ sin(27 f.t) T, Qk-1
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s(t) = \/% cos(2mfot + (1 —dp)m + 0) for KT, <t < (k+ 1)T,

B1(1) = /% cos(2mf.t)
P (t) = \/T?b%ln(%r)‘ 1)

z(t) = s(t) + w(t)
[ Trp-1 = <SC(?5); ¢1(t)> \/ECOS((l — dk—1)7T + 6’) + Wr k-1

=|—(=1)"-1y/E},cos(0) + wr 1

vV Eb Sln((l — dk_l)ﬂ' + (9) -+ wQ k—1
—(=1)%-1\/Eysin(0) + wo j—

TQi-1 = (2(t), P2(1))

= rre = (x(t), d1(t)) = VEpcos((1 —dp)m +0) + wr
— —(—1)dk\/Eb COS(9> + Wr k

vor = (z(t), $2(t)) = vV Epsin((1 — di)m + 0) + wo,
\ =|—(=1)%\/Eysin(0) + wg
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P(Error|b, = 1)

= Pr| ooz +ror—1ror <0

—1 d’f—lx/Ebcos 0) = s; ,.8% + 5%, = Ey,
Q

-
——
-

d, = di—1 ® by,

—(=D)" = (=) (=)™

All four are
/
/

»
LT -1 7™ N(.‘-»'].

independent.

"\'r() / 2 )

ér(‘_).l.’—l ~ N(SQ ;’\7(')/2)
Ly ~ N( ST ilVU/:z)

.’I'Q}; ~ N(SQ -\1)/2)

Uy — 23.;1 ~ N(O JNT())

‘ - T ( .
— Prl un ul < 1,2 + '1'2 g — Z-H‘Q ~/ N((J. ;\'“) Ur = Ty k-1 1T TLk
- L re="1 7701y~ N(0,Ny) ! UQ = TQk-1 T TQk
' r U = Trp-1 — TLk
vo ~ 0, N ’ ’
QY N (0. Ny) | 0o = Tort — Pou

~

© Po-Ning Chen@ece.nctu
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P(Error|by, = 1) wr ~ N(251, No)
~ s 0

= Pr (uﬁ +ug < eg) uq ~ N(2sq, No)
{2 ~ Rayleigh distributed with E[¢3] = 2Ny

= / / ¢~ (ur—=2s1)*/(2No) o —(uqg—2s1)*/(2No) / ” 2_2 e~/ N0 dg, | durdug
27TNO £ u 2—|—uQ

/ / 27rN06—(u1—2s1) /(2No) o~ (uq—2s1)*/(2No) (e—(uﬁuQ)/(zNo)) dudug

]_ 2 2
= _(3 +3Q /NO —(u;—s;) /No —(uq—SQ) /NO
2 / / 7TNO € du;duQ
1
— 26—Eb/No
Similarly, .
P(Error|b, = 0) = §€_Eb/NO.
Consequently,

1
P(Error) = 56_Eb/N0.

Note that the resulting error rate has nothing to do with 6.
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Comparison of Digital Modulation Schemes

The performance degradation from coherent to noncoherent
counterpart is less than 1 dB (10V19=1.259).

1E-2

1E-3

P DBPSK = 3 \\-\ |
(Slide IDC2-85) AN
sl P, ppsg = P (—-3\ i ) 4_3_d_B:""'--.T ->
(Slide IDC2-7) ST TTNLL <1dB
1E-5 L ' ' : ‘ ‘ : ' ' ' ' -

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
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Comparison of Digital Modulation Schemes

respect to binary PSK

B )M = 4 offers the best tradeoff between power and
bandwidth requirement, which explains why QPSK 1s
widely used 1n practice.

The power-bandwidth requirement of M-ary PSK with

Value of M

(Bandwidth)

(SNR required for SER= 107%)

Under the same 7}, 4
8
16
32

M —ary M—ary
(Bandwidth) .~ (SNR required for SER=107%)
0.5 (Slide IDC1-49) 0.34 dB (Slide IDC1-43)
0.333  (Slide IDC 1-63) 3.91 dB  (Slide IDC1-65)
0.25  (Slide IDC 1-63) 8.52 dB  (Slide IDC1-65)
0.2  (Slide IDC 1-63) 13.52 dB  (Slide IDC1-65)
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Comparison of Digital Modulation Schemes

Comparison between M-ary PSK and M-ary QAM

B M-ary QAM outperforms M-ary PSK as can be easily
seen from the below constellations.

B However, M-ary QAM requires higher linearity 1n, e.g.,
power amplifier design.

d)'l A d).:‘
R o o|lo o
@ D
o oJlo o
( M- @1 > 1
¢ ® o olo o
C o
o ) o olo o
16-ary PSK 16-ary QAM
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