Part 1 Passband Data Transmission
Model, PSK and CAP

Passband Data Transmission deals with the
Transmission of the Digital Data over the real-
valued Passband channel.



Categories of Digital Communications
(ASK/PSK/FSK)

Three basic signaling schemes in M-ary digital
communications
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Categories of M-ary Digital Communications
(Constant Envelope versus Non-Constant Envelope)

Non-constant envelope (ASK)

Constant envelope (PSK)

Constant evnelope (FSK)

Constant envelope: A necessity for non-linear channels
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Categories of Digital Communications
(Coherent versus Non-Coherent)

Coherent technique

B The transmitter and receiver are required to be
synchronized in both carrier phase and bit timing.

Non-Coherent technique

B The transmitter and receiver are not required to be
synchronized in both carrier phase and bit timing.
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Roadmap

We will focus on three factors:

B Power : A resource i1n communication

Power Spectra

B The relation between passband signal and
baseband signal 1s easier to 1dentify in spectra
ViIeW
B Bandwidth: Another resource in communication

Bandwidth efficiency : The ratio of data rate in bits

per second to the effectively utilized bandwidth.
(Bits/Second/Hz)

B Probability of M-ary symbol error (Union bound)
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Relation between Passband and Baseband Signals

Math relation between passband and baseband signals
(spectrum view)

$(t) =x(t) 4+ jy(t) (Complex) Baseband signal

s(t) (Real) Passband signal

= s(t) = x(t)cos(2nf.t) — y(t)sin(27 f.t)

Re {§(t)ej2”fct}
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Relation between Passband and Baseband Signals
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Relation between Passband and Baseband Signals

Signal Spectrum

S5(f) |
rh 1 unit
B
0 7
S(f)
‘ %unit
s — 1 %
_fc 0 fc f

© Po-Ning Chen@ece.nctu IDC1-8



Relation between Passband and Baseband Signals

Math relation between passband and baseband signals
(power spectrum view subject to wise-sense stationarity)

$(t) =x(t) 4+ jy(t) (Complex) WSS Baseband signal

s(t) (Real) WSS Passband signal

= s(t) = x(t)cos(2nf.t) — y(t)sin(27 f.t)

Re {§(t)ej2”fct}
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Relation between Passband and Baseband Signals

Let
R..(T) = Ex(t + 7)x(t)]
R, (1) = Elz(t + 7)y(t)] (Here, we assume
R,.(T) = Ely(t + 7)z(t)] they are all WSS.)
Ry, (1) = Ely(t + 7)y(1)]

That s(t) is WSS implies

R(7) = E|s(t + 7)s(t)] is irrelevant to ¢.
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Relation between Passband and Baseband Signals

Res(m) = E[(:):(t + 7)cos(2n fo(t + 7)) — y(t + 7) sin(2w f.(t + 7))
(z(t) cos(2m f.t) — y(t) sin(27rfct))]
= Rg.(7) cos(2m f.(t + 7)) cos(2m fot) + Ryy(7) sin(27 f.(t + 7) sin(27 f..t)
—Ryy (1) cos(2m f.(t + 7)) sin(27 fot) — Ry (7) sin(2w f.(t + 7)) cos(2m f.t)

— Ruu(r) cos(2m f.7) + C(;S(QﬂfC(Qt + 7)) + Ryy(r) cos(2m f.7) — c;s(waC(Qt + 7))

sin(2m fe(2t + 7)) — sin(2mfer) sin(27 fo(2t + 7)) + sin(27 f.7)

—Ryy(7) 9 Ry () 9

1 L
= 5 [Rea(r) + Ryy ()] cos(2m fo) =t Rertrr=Rosteryeosamt26)
1

2

1 . : , L o £ fore A
+5 [Rey(T) — Rya (1) sin(27 fo7) — = Regt=+=Ryztsim2af 2+

Then, R,.(7) = Ryy(7) and Ry, (7) = —Ry. (7).
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Relation between Passband and Baseband Signals

oy
(VAR
(VAR
N
\]
N——

|

El(z(t+7) + jy(t + 7)) (x(t) + jy(t))"]
= Ruo(7)+ Ryy(7) + jRy(T) — jRyy(T)
= 2[Reu(7) + jRyu(7)]

Rss(T) = Ryp(7)cos(2nfor) — Ry (1) sin(2n for)
= Re{[Ru(7) + jRyu(7)] 7}

— %Re {Rgg(T)szﬂch}
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Relation between Passband and Baseband Signals

' Se(f). / " Ru(r)e i dr

R — 00

= [ {GRe[Ra(ret ]}e—ﬂwﬁdT
= / <i[RSs(T) PRt 4 RE(T)e 92”f67]}ej2”f7d7
1 - —72n(f—fe)T 1 - * —g2n(f+fe)T
= 1 Rss(T)e™ ‘ dT+Z R (1)e™ TdT
I____l_ - —e—— - o I e
= 1Ss(f — £+ Sp(—=f — 1))
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Relation between Passband and Baseband Signals

Power Spectral Density Sp(f)

I unit
R
o f
Ss(f)
‘ li unit
A o 7

Since R*(7) = (Ela(t + 7)a*(t)])" = Ela(t)a*(t + 7)] = R(—7),
the power spectral density is always real.
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Relation between Passband and Baseband Signals

Integration of the Power Spectral Density gives the Power.

B [ntegration of the Prabability Density gives the
Prabability.

/ Ss(f)df

B 1[/— (/= fdf+/ Sp(=f — fo)df

R4(0)
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(Real-valued) Passband Model — Message Source

m,; | Signal |g sd1) x(?) X | Demodulator | ™
— Space » Modulator Detector [— /Decoder
Mapper

Transmitter Recelver

m; € {mlam%'” 7mM}

prior probability p; = P(m;)

1
equal prior p;, = i
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(Real-valued) Passband Model —
Signal Space Analysis

m: Signal S S (t) X m
— Space » Modulator [— Detector — nggiu;:;m —
Mapper
Transmité¢r Receiver
Recall Chapter 5: . 1
Signal Space ‘8 1
Analysis o
S— o)
[}
SM o ° 52 )

2-dimensional vector codeword (N = 2) N-dimensional vector codeword
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(Real-valued) Passband Model —
Signal Space Analysis

m; Signal S;
— Space » Modulator
Mapper
Transmitter
Recall Chapter 5:
Signal Space
Analysis

S i(t) X (t) X'| Demodulator m
Detector > —
/Decoder

Recelver

N

= si(t) =Y sin- dult)

k=1

{¢r(t)}i_, is an orthonormal basis.
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(Real-valued) Passband Model —
Signal Space Analysis

s;(t) is an (finite) energy signal of duration 7.

B What is an energy signal?

Define the inner product of two signals f(¢) and ¢(t) as

(f(1),g(t)) = [ f(t)g(t)dt.
Then
energy of signal s;(t) = (si(%),s:(%)) ( _ ’|37;(t)||2)

T F
= f s2(t)dt < oo
0
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(Real-valued) Passband Model —

Signal Space Analysis
N N
(5i(t),si(t)) = <Z Sik - Pr(t), Z Sit - ¢£(t)>
k=1 (=1

— ZZ Szk ¢k y S0 " §b£(t)>

Z Si,kSil ¢k (t>>

Mz IIMZ ||

2
Szk

o
|

1
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(Real-valued) Passband Model —
Signal Space Analysis

m; | Signal
— Space
Mapper

» Modulator

Transmitter

0, @ x(2)

for ASK/PSK signals

Detector

| Demodulator

/Decoder

Recelver

{\/gCOS(ZWfCt), \/gsin(Zcht)}

with 1" being a multiple of 7

1

&

Example of orthonormal baiss {¢(t)}:_, with N = 2
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(Real-valued) Passband Model —
Signal Space Analysis

m; Signal S;
— Space » Modulator
Mapper

Transmitter

for FSK signals

0, @ x(2)

Detector

| Demodulator

/Decoder

Recelver

Example of orthonormal baiss {¢(t)}i_, with N = 2

{\/gCOS (27r( .

with 1" being a multiple of 7

= &) t) R eos (2m (fo+ ) 1) |

1

&
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(Real-valued) Passband Model — Channel

m; | Signal |g
— Space

] Si(t) x(t) X'| Demodulator | ™
» Modulator Detector > —
/Decoder
Mapper

Transmitter Receiver
[0 Channel
B Linear: Principle of superposition
s1(t) = x1(t) and sa(t) = z2(t) = asi(t) + bsa(t) — ax1(t) + bra(t)
B Sufficient bandwidth
No loss of power in s;(t)
B AWGN

z(t) = s;(t) + n(t), where n(t) is a zero-mean white Gaussisn process
with two-sided power spectrum density N /2

~

\
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(Real-valued) Passband Model — Detector

m. | Signal |g. s(?) x(?) ¥ 1 o~
— Space . Modulator l Detector — ng;iud:;or N
Mapper

Transmitter Receiver
Detector -
L1
N / Ty
k=1
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(Real-valued) Passband Model — Detector

mi SifEE S{ si(?) x(?) x‘ Demodulator m
— Space » Modulator Detector — —
/Decoder
Mapper
Transmitter Receiver
Demodulator/Decoder
m 18 the most probable transmitted message
in {my,mo, -+ ,my} given x.
m = arg max P(m;|x) = arg max P(mi)P(m|mi) = arg max P(x|m;)
1<i<M 1<i<M P(x) 1<i<M
“m"i"‘““rp‘m‘“’i‘”i maximum li;erlihood (ML)
(MAP)

© Po-Ning Chen@ece.nctu IDC1-25



Coherent Phase-Shift Keying (PSK) —
Antipodal Signaling

m; | Signal |g

] Si(t) x(t) X'| Demodulator | ™
» Modulator Detector > —
/Decoder
Mapper

~

— Space

\

Transmitter Receiver
Binary PSK
2K
s1(t) = 4/ =2 cos(2n f.t)
1y

DO
&

$o(t) = Y cos(2m fut + ) = —1/ 25 cos(2m f.t)
1y

for 0 <t < T, where T}, is a multiple of 1/ f..

5
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Coherent Phase-Shift Keying (PSK) —

Antipodal Signaling
m; | Signal | g s{?) x(7) X m
— Space » Modulator [— Detector — nggiuézltror —
Mapper
Transmitter Receiver

Vector space analysis of binary PSK

B Antipodal signal
s1(t) = P1(1) =) S11 = <31(t)»¢1(t)> = +VE
s2(t) = \ﬁ P1(t)

where ¢ (t) =
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Coherent Phase-Shift Keying (PSK) —
Antipodal Signaling

Error probability of binary PSK
z(t) = s(t) +w(t)

(@ (1), ¢1(1)) = (s(1), @1(1)) + (w(t), ¢1(1))

r =2/ Ep+ w
= m:argmax{P (x‘—\/Eb>,P<SU‘+\/Eb>}

= m:argmax{ ! e~ (T TVE)? /207 ! e_<x_‘/E_b)2/2"2}

¢4

V2mo? V2702
S
- +?E_b 0 o2 = Ny/2 is the variance of w

1 T
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Recall:

ol = E[,wz] _ E )2]
Ty, pTh
- F / / w(t)P1(t) - w(s)p1(s)dids

/Tb /Tb Elw(t)w(s)|¢1(t)¢1(s)dids
/Tb _/Tb ia(t_ s)¢p1(t)p1(s)dtds

70 ¢’1 (t)1(t)dt

0

%(‘bl(t),qﬁl (t)) = =2
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Coherent Phase-Shift Keying (PSK) —

Error probability
Error probability of binary PSK JE
B Based onthe decisionrule = = 0
+VE

P(Error) = P (—\/ E transmitted) P (a: > 0 ‘—\/ E transmitted)

+P (+\/ Ey transmitted) P (x <0 |—|—\/ Ey transmitted)

1 [~ 1 1 [V 1
_ 1 VB2 f20 gy L / (e VER)2/207
= e xr —+ e dx
2 Jo V2ro2? 2 ) o\ 2m02
0
_ #6—(33—\@_19)2/2026{:8 — & (O v Eb) — P | — 2@
—oo V2O o Ny

1 T
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Coherent Phase-Shift Keying (PSK) —

Block diagram

Block diagram for PSK transmitter and (coherent) receiver

Output 1, ifz >0
Output 0, ifz <0
Binary
data Polar NRZ BPSK s(?) n
—| (line code) /D dt > _|
Encoder 0
d1(t) = \/sz cos(2m f.t) 1(t) \/T%, cos(2m f..t)
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Coherent Phase-Shift Keying (PSK) —
Baseband Signal

Complex-valued baseband signal corresponding to the real-
valued BPSK passband signal

2F
s(t) = =4/ =0 cos(2m f.t)
1t
2F -
= Re { (:I: 7_;) €J2cht}

Re {5(t)e/>"}

2F
= 5(t) = i\/TbbforOgt<Tb
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Coherent Phase-Shift Keying (PSK) —
Sequential Baseband Signal

Sequence of complex baseband signals

B No autocorrelation function for one-shot single random
variable

B (alculation of autocorrelation function requires a
random process.

5(t) = i I g(t — kTp).

k=—oc0

where [, = £1 with equal probability, and {[,}>__ i.i.d.

2B,
andg(t):{ Ty 0<t<Ty

0, otherwise
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Coherent Phase-Shift Keying (PSK) —
Autocorrelation Function

RES (t + T, t)

E[(Z I - g( +T-ka)(Z I - gt—ETb))*

k=—o00 f=—n0

= Y ERLla(t+ 7 KI)g ¢ - ()

k=—o0 f=—00

— Z gt-{—T—ka) (t—ka)

k=—oc
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s3(T)e 2™ 7dr

Ss(f)

Il
™
oy

Il
—
8

1 (b .
— Rss(t+ 7,t)dt | e 727 7dr

T} oo )
— f D glt+71—kTy)g"(t — kT,,)dt) e 92T qr
0

k=—oc

o0 Ty oo
- L > / (/ gt +71 - kT,,)e—ﬂ“f'fdr) g (t—kTy)dt (s=t+7—kT})
b k= —oc V0 —o0
1 o0 Ty oo )
= —12w f(s—t+kTy) *0p
= 7 k_z_oo./o (f_oog(s)e dT) g (t — kT})dt
oo Tb
= TiG(f) > / g*(t — kTp)e? 2™ /=K dt  (u =t — KTy)
b k=—oc Y0
1 oo (1—k)T} -
. o * jadmfu
= 7,60 3 [, o@e
= %G(f)f g* (u)e?*™ M dy
b —00
- G / T gweau) = 606 () =| =160
Tb —00 T Tb
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Coherent Phase-Shift Keying (PSK) —
Autocorrelation Function

PSD of sequence BPSK

T
© 2By _; [2E _
G(f) = / Tbe—“ﬁﬂ-‘ﬂdt = Tb Tb SiIlC(be) G—JﬂfTb
0 b b

_ 1 1 2F .
= 88(f) = 1GNP = F 77~ T sinc®(Th)
= 2Eysinc*(Tyf)
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Coherent Phase-Shift Keying (PSK) —
Autocorrelation Function

PSD of sequence BPSK

\\
\
\
\

0.8 [ \

Normalized power
spectral density %8| \

So(f)/(2) \

041

\
0.2 \

0 0.5 1 1.5

Normalized frequency, f1;
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Coherent Phase-Shift Keying (PSK) —

Quadrature PSK
QPSK .
2 /s
— 1) <
5i(t) = \/ - Cos {27rfct—|—(22 1)4}, 0<t<T
0, elsewhere

where ¢ = 1,2, 3,4, f. is a multiple of 1/T,
E 1s the transmitted energy per QPSK symbol, and
T’ 1s the symbol duration.

Vector space analysis of QPSK

8; = VE cos((2i - 1)%)] with $1(2) \/gcos(znfct)
VEsin((2i — 1)) $2(2) —\/gsin(%rfct)
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Coherent Phase-Shift Keying (PSK) —

Quadrature PSK

Two-dimensional . P2 .
: Region Z, Region Z;
signal space
diagram of QPSK
my (00) \/§ e m, (10)
' ' > 1
; 0 .
V5 Vi
my (01) o L JE e my (1)
Region Z; Region Z,
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Coherent Phase-Shift Keying (PSK) —

Quadrature PSK
Example (E=T=2andf.=1) .
Input data stream 0 0 1 1 1 0 1 0
(511, Si) ~1 41041 -1} +1 +1f +1 +1

$1(t) = \/% cos(2 f.t) I/A\//\\l’\\//\\//\\//\\//\\//\\//
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Error probability of QPSK
(t) = s(t) + w(t)

((t), o (t >> = (s(t), 1 (1))
7 { (1), 92(1)) = (s(t), P2(1))

r1 = :I:\/7+w1
=
Lo = :I:\/;—FUJQ

= M = argmax{ (:z:l,xg

—

£ /B3, VET2) }
—[(z1F/E/2)%+ x2$\/E—/2)2]/(202)}

= = argmax{

2#02
—~/E/2 —~/E/2
= I § 0 and L9 § 0
—|—\/E/2 —|—\/E/2 0_2 _ N0/2
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Coherent Phase-Shift Keying (PSK) —
Error Probability of QPSK

Following the same derivation as that in Slide IDC1-30

Since F = 2L,

Bit Error Rate = & (— 2@)

if 5, and s, respectively decide one information bit as indicated in Slide IDC1-41.

1 T
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Coherent Phase-Shift Keying (PSK) —
Error Probability of QPSK

Symbol error rate of QPSK

Pr(Symbol Error)
= 1 — Pr(Symbol Correct)
= 1 — Pr(s; Correct) - Pr(sy Correct)

(Because the noises affecting the two decisions are independent )

|
-

I
T
|
KA
|
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Coherent Phase-Shift Keying (PSK) —
Error Probability of QPSK

Alternative approach to derive the symbol error rate of

QPSK

Region 7,

Pr(Symbol Error|s; = \/E—/2,32 = —\/b—/Z)

/ p(x1, z2|\/E/2, —/E/2)dz dz, 7 (U)o

area

¢

Region Z,

\/§ o my (11)

1 (=1 —E/2) 2 (a2 +/E/2)2
— F; € 202 difldlfz ! I ¢l
shaded 27{'0""3 B E O E
area 2 2
= .- (omit) ms (00) o L JE e my(10)
| Ey p Ey
= 20 —\/2r —d* | —y /2= . .
IND INp Reglon Z3 Reglon Z4
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Coherent Phase-Shift Keying (PSK) —
Partial Summary

Partial summary

B QPSK (with Gray code mapping) and BPSK have the
same BER under the same E,/N,.

B QPSK, however, doubles the transmission bit rate per
second (or uses half the bandwidth under the same bit
rate) by introducing another quadrature.

B [n its implementation, QPSK is more complex since it
involves two quadratures.
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Coherent Phase-Shift Keying (PSK) —
Block Diagram

P (t) = \/;cos(Qﬂ'fct)

a,(?)
Binary QPSK
. Polar NRZ . : .
Transmitter data — encoder » Demultiplexer ax(?) signal
stream s(?)

Pa(t) = — \/;sin(%rfct)
$1(t) = \/;cos(_%rfct) (coherent)

Ty X1
QPSK _’49_’ _/0 dt > _(,)_ > Estimate of

Receiver signal — Multiplexer —> transmitted

) X )
s(7) / "t > —(,)_ binary stream
0

A 4

(coherent)

P2(t) = — \/; sin(2m f.t) (coherent)
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Coherent Phase-Shift Keying (PSK) —
Sequential Baseband Signal

Sequence of complex baseband signals

B No autocorrelation function of one-shot (namely, single)
random variable.

B (alculation of autocorrelation function requires a
random process.

5(t) = Z /A g (p _ T,

k=—0o0

where [}, = 0, 1,2, 3 with equal prob., and {[;}3>__ i.i.d.

2F _
0, otherwise
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Coherent Phase-Shift Keying (PSK) —
Sequential Baseband Signal

Rgg(t —+ T, t)

( Z ej[(w/2)lk+w/4]g(t 47— kT)) ( Z F[(mw/2) I+ /4] (?f . gT))

k=—o0 f=—0o0

= k

= T Tgt—l—T—kT )g(t — (T)E |€’ 3w 2) k= I‘f)_

k=—oc0 f=—00

— f: glt+71—kT)g(t — kT)

k=—o00

E[ed(™/21x] = ( for uniform prior

= Sp(f) = %|G(f)|2 = 2E sinc’(T' f) = 4Ey sinc?(2T, f)

© Po-Ning Chen@ece.nctu IDC1-48



Coherent Phase-Shift Keying (PSK) — PSD

Time-averaged PSDs of BPSK and QPSK under the same
E b and 7’ b 21

187 |

16 |
4 |QPSK
Normalized power ,,
spectral density

Se(f)/(2Ey) 0sl
| BPSK
041
0.2
0 \\L// \\‘ . . _ _
0 0.5 1 1.5 2

Normalized frequency, f1;
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s(t) = Re {I("/DItn/Alei2ntety(t)} for I = 0(++), 1(=+),2(—=),3(+ )

Single sign change = 90 degree shift
Double sign change = 180 degree shift

Coherent PSK — Offset QPSK

Example (E=T=2andf.=1)
Input data stream 0 0 1 1 1 0 1 0

(51, i) (-1, "+ Ui+ 1 '\"— 1% +1 +1) +1 +1

P1(t) = \/g cos(2m f.t) V/\ /\ A /\\//\\//\\//\V/\\//

do(t) = —.\/; sin(2m f.t)
s(t) = sid1(t) + sippa(t) """ """"""""""""""""""""""""""""""""""""""""""""""""""""

i 90+90=180 degree | | i
0 phase2§hif‘t ! ° 8
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Coherent PSK — Offset QPSK

Example (E=T=2andf.=1)

Input data stream 0 0 1 o1 0 1 0

(Si15 Si2) -1 41 {+1 I '/— i\:."+ i\; "4— f“: +1 +1

90 dé;gree

#1(t) = /2 cos(2n 1) l/\/ﬂ\[\/ v (\v/\/\/

Ode ree‘
do(t) = —.\/; sin(2m f.t)
s(t) = sa@1(t) + si202(t) """"""""""""""""""""""""""""""""""""""

0+90=90 degree
phase shift
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Coherent PSK — Offset QPSK

Example (E=T7T=2andf.=1),

Input data stream 0 0 1+ 1 1 i 1 0 1 O
(Si1> Sin) t—l '+1'+1 '—1 +1 -I-1 +1 +1:

/\/\/\A/\A’
\/vv

o1(t) = \/gcos(%rfct) \/ \J

6a(t) = —/2 sin(2rf.(t - 1))
\/ ‘-I.\/ .\:Ll.‘ '\/i : i
90 degre¢ LA T i |

S(t) — 8i1¢1 (t) —+ 8i2¢2 (t) . ........ E:l,: ...............
' i 90.;i-e‘:gree i' i |
0 ? 4 6 b
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Coherent PSK — Offset QPSK

[0 Offset QPSK

B By “offseting” the quadrature component by half a symbol interval
with respect to the in-phase component, Offset QPSK limits the
amplitude fluctuation to 90 degree.

B The 90 degree phase transition in OQPSK occurs twice as
frequently encountered in QPSK.

[ Personal comment: One 180 degree phase transition in QPSK
becomes two 90 degree phase transitions in OQPSK. Hence,
“twice” 1s an over-estimate.

B Under AWGN and coherent receiver, the error rate of OQPSK is
exactly the same as that of QPSK.
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Coherent PSK — mt/4-shifted DQPSK

n/4-shifted DQPSK (D=Differential)

B The mput dibit does not determine the absolute phase,
but the phase change.

in-phase = cos(6y) = cos(0r_1 + Aby)

quadrature = sin(fy) = sin(0,_1 + Aby)

Aby =

+/4,
+3m/4,
—3m/4,
_7T/47

00
01
11
10
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Coherent PSK — mt/4-shifted DQPSK

n/4-shifted DQPSK

B The phase transition 1s restricted to either 45 or 135
degree.

No 0 degree phase transition occurs now!

B Noncoherent receiver 1s feasible.
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Coherent PSK — Detection of n/4-shifted DQPSK

Noncoherent receiver
B Differential detector
0 JAN 2 —1 < A0, <
/

h —
F
N

/
I
v Mod2 »/ Estimate
—>| correction T of transmitted
logic data

: tan—! (%
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Coherent M-ary PSK

M-ary PSK

si(t) = \/%COS[QWfIf—I—(Z—l)?w], 0<t<T

0, elsewhere
where ¢ = 1,2,..., M, f.is a multiple of 1/T,
E 1s the transmitted energy per M-ary PSK symbol, and
T’ 1s the symbol duration.

Vector space analysis of M-ary PSK

VEcos((i —=1)31)] .1 $1(t) = f cos(27 f.t)
VEsin((i - 1)?\_7;) Go(t) = —\/;sin(Z'rrfct)

8; =
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Coherent M-ary PSK

Example — 8PSK (Octaphase-shift keying)

xd)‘..’
\ —
\\ \/E m3
\ [ )
\
\
\
my \ my
(] \ @
\\\\ / a”‘
b - A P
RIS ’ -
\\ I ”
=
S— \\ I —
\\\ /
—VE ;o E
® — o—
\\\ > 1
~
ms i \ my
/’ \
”’ \
\ ~
-7 \ T
-~ \ \\\
.- \ ~o
@ / { ]
m6 / mg
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Union Bound for Coherent M-ary PSK Error

M
P symbol = Z Pr(m; transmitted) Pr(decision # m;|m; transmitted)
i=1
/ decision = my \
Or - - -
M ..
— Z i Pr ot deqs?on — M-l m,; transmitted
— or decision = m;1
OF - - -
\ or decision = myy /

M M
1
< — Pr (decision = my|m; transmitted
- M ?—;e_Z;# ( ! |
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Union Bound for Coherent M-ary PSK Error

If the signal constellation 1s symmetric in the sense that

M
Z Pr (decision = my|m; transmitted) = constant in i
(=104

then

M
E r(decision = my|m; transmitted)

A

P(f,symbol

(1[ 1 ) 3 A
= under AWGN (See (5.89) in text)
¢ Z ( v |

1 T
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Union Bound for Coherent M-ary PSK Error

Example — 8PSK

m
Mg °
—E N M VvE
@ —e ® > (_1')1
ms \‘~\\ "JT/.!‘I my
mg g
/
P
p— Ol
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Union Bound for Coherent M-ary PSK Error

8 .
dy |
P syinbal., & Z d (— “‘lr ) under AWGN (See (5.89) in text)

21‘\'()
da 1 ) ( d3 1 ) ( dg,1 ) ( ds 1 )
— (I’ — = + (I) - = -+ (I) o) 1 = 3 - (I) e : T
( vV 21’\'() 21\'() vV 21\'[) 217\'(]
dg.l d‘;’ 1 db 1
+ q>(_ ,)+q>(_ _~,)+¢(_ )
v 21’\'() \/24'\'() vV 24'7\'[)
ds 1 ) ( d3 1 ) ( ds 1 ) ( ds,1 )
= 20 (-2 )20 (-2 )20 (2L ) o2
( \V 2;’\'() \/24’\'() \/21\'() \/217\'()

d-
~ 20 (— 2’17 )
) \V 24’\'() —
1 dZ,l = ZVESiH (—>
This is the lower bound of the upper bound. M
So, it is not really an upper bound!
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PSD of Coherent M-ary PSK

Same as Slide IDC1-48

$5(f) = ZIG() = 2Esinc*(T)

With T'= T, log,(M) and E = Eylog, (M)

= Sp(f) = 2B logy(M) sinc*(Ty log, (M) f)
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PSD of Coherent M-ary PSK

§ SB(f)/(2Es)

M=38
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Bandwidth Efficiency of Coherent M-ary PSK

Bandwidth efficiency of M-ary PSK signals

B Null-to-null bandwidth
2 2 2Ry,
B = — = p—
B Bandwidth efficiency

R 1
p (bits/s/Hz) = — = = log,(M)
B2
L (T 2E, log, (M)
Pe,SYmbol ~ 20 | —sin <M) \/ N02
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Bandwidth Efficiency of Coherent M-ary PSK

Final note Ng

0.8

B There is a trade-off | |
between symbol error .| ™ (‘“‘(
rate and bandwidth sl
efficiency for M-ary
PSK signals.

k 1 1.5 2 2.5 3 3.5 4 4.5 5

= 7 for M =2k k=2p

P
T 2Fuk 7w [2FEuk L
o 2 - ~ — ¥ j — 2 '
Pfr.symbol 29 ( sin (Z}‘) A'YU ) 2P ( 2"7 \/ ..'\'r() for M
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Hybrid Amplitude/Phase Modulations

For M-ary PSK signals, the in-phase and quadrature
components are “dependent”.

B How about making them “independent” (to increase the
data rate)?

B Answer: M-ary quadrature amplitude modulation (QAM)

si(t) = ap/Eoda () + b/ Eoo (1)

Sk = {akﬂﬂ with 4 210 = T cos(27fct)
bV Eo p2(t) = —1/ % sin(2m ft)

T
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Hybrid Amplitude/Phase Modulations

. / ~ ~ ~ A PSK
Square constellation i ~.. b2 __PSE R
~ P \
d : ° e 3d2 N ) £ ® )
J \, fioi1 1 110 [ ,
0 2 \ /
\ /
\ /
N /
ap € {—3,—1,4+1,43} 1o YC N S S K
- | | L/ :¢1
-3d)2 -d)2 d/2 3d/2,"
bk S {_37_17+17+3} ,/ /2/
/ ) e _JPF ) ®
~,° Dap1 D0DO 0100 010
B Gray-encoded quadbits N
[0 Gray-encode the first two Y
bits by quadrants (PSK) o-3d2L o o |
O Gray-encode the ~_ 0011 _-G0fos | 0701 ot
remaining two bits within =~~~ TSl K
quadrants (ASK) ~__-7
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Hybrid Amplitude/Phase Modulations

Symbol error rate of square QAM (M = L?)

Pem-gamM = 1—FPeym-Qam

2
L - (1 - P(;.m-ASK)

)

&
2O, —

—T R
"'Pt: NVM-ASK P(;—-, vVM-ASK
“R’:,\/:\I—ASI\"

Symbol error rate of equal-prior L-ary ASK

~—-- ° ® : ® ® °
(=L +1)d/2 -3d/2 -d/2 d/?2 3d/2 (L-1)d/2
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Symbol error rate of equal-prior L-ary ASK

1 d
—Pr(a:—(—L+ 1)—>

P, 1-Ask

o)

L 2
L-1
d d d
P — (=L +2k-1 =(—L+2k-1)-
+§ r(fo- -2+ )2' (~L+2k-1)5)

+—Pr(m-(L-1)—<—§ s=(L-1)§)

L 2 2
1_(1,( d/2 )

1
L

’ Z (_ %:/2) -8 (_ %:/2)
Yo (- )
v

(s
(1o o)

2(
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Hybrid Amplitude/Phase Modulations

Average transmitted energy of M-ary QAM

B, = §Mji||s E
av M k
k=1
M d
| By o
= E — Fo(ai + b7 2
L L —
= DONS(CLp 2k 1) 4 (Lt 2K — 1P
M

o~
I
[t

k'=1

3B,
(M—l)Eo = \E \/.2(\! 1)
1 [ 3E
Pomqam 41— — | @
M-QAM ( \/4\1) ( \ No(M — 1})

W o
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Hybrid Amplitude/Phase Modulations

Square constellation QAM

B M is usually even power of
two.

B For example, M = 22, 24, 26,
28, ... (in such case L =2,
222304 )

Question: How about M = 23,

22,27 ..., 2"

B Answer: Cross _-
constellation QAM  ~ M = 97 — 92k+1 _ 92k 4 4  92k—2
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Hybrid Amplitude/Phase Modulations

Symbol error rate of cross-constellation QAM /B = g
1 2E)
P(’ M-cross-QAM ~ 411 — D =
:,M-cross-QAM ( \/21\[) ( Nq )
1 2E
Rf.,i\]-squarc-QAM ~ 4 (1 - T) o (_ i\'r() )
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Hybrid Amplitude/Phase Modulations —
Carrierless Amplitude/Phase Modulation (CAP)

QAM can be viewed as one of the family members in
carrierless amplitude/phase modulation (CAP)

ax\/Eod1 (t) + b/ Eoda(t)

= arg(t — kT) cos(2m f.t) — brg(t — kT') sin(27 f.t)

Sk(t)

B g<t<T; . [61() = /2 cos(@nfit)
and
0, otherwise

d2(t) = —\/%sin(Qﬂ'fct)
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o0

s(t)

> si(t)

k=—00

o0

Re-express QAM into CAP form

= ) (arg(t — kT) cos(2m fot) — brg(t — kT) sin(27 f.))

k=—0c0
= Rey Z (a + jbp)g(t — KT)e!*m !
\k=—00
— ReX
\k=—00
= Re{ Z Ak-g+(t—kT)}
\ k=—00

}

Z ((ak _|_jbk)6j27rfckT)) ) (g(t o kT)ejQch(tkT))}

Carrierless since no carrier
f. appears in this formula.

where A, = (ar, + jbi)e?2™ kT and g, (t) = g(t)es2mSet,
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Hybrid Amplitude/Phase Modulations — CAP

Properties of the passband in-phase and quadrature pulses
in CAP

g+(t) = g(t) cos(2m fct) + jg(t) sin(2m fet) = p(¢) + jp(t)

p(t) = g(t) cos(2m f.t)
where { ﬁ(t) _ g(t) sin(ZﬁfCt)

B Property 1: p(t) is the Hilbert transform of p(t).
(If G(f)=0 for |[f| > 1..)
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Hybrid Amplitude/Phase Modulations — CAP

||
(\)
=
==
3
-
|
T
-
_|_
b.l
N>
-
=D

T . | -
1. I
O 2
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Appendix: Hilbert transform

[1 Let P(f) be the spectrum of a real function p(¢).

B By convention, denote by u(f) the unit step function,

1.€
L 1>0 Multiply by 2
u(f)=4 1/2, =0 to unchange
0, f <0 the area.

[1 Put g.(¢) to be the function correspondmg t(y

M A
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Appendix: Hilbert transform

[1 How to obtain g,(¢)?
1 Answer: Hilbert Transformer.
Proof: Observe that

2u(f) = 1+ sgn(f), where sgn(f)

|
——
o=
—
IV
o O

Then by the next slide, we learn that

nverse Fourier 1
2u(f) =TS + 5 - 1{t #0)
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By extended (inverse) Fourier transform,

OO0 o0 0
/ sgn(fle-alflHiznftgs  _ / e—alfl+iznftge / e—alfl-+iznft g
i o 0

o0 > @)
— / e—(a.—ijrt)fd/-_/ 8_(a+j21rt)fdf
J () ' J0 '
B 1 1
- a—j2nt a4+ 52wt
g4t

a? + 42t

Inverse Fourier ;. . 47Tt J L # 0
— 1 — )’
sgn(/) ol0” @ + At { 0, t=0

QU(f) — 14+ Sgﬂ(f) Inverse:Fourier (S(?f) 4 % . ]_{t # O}
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Appendix: Hilbert transform

g+(t) = Fourier ' {2u(f)P(f)}
—  TFourier ' {2u(f)} * Fourier ' { P(f)}

= (s0+ 510 £ o) 00
= plt)+ 5= - 1{t # 0} (1)

= p(t) +Jp(t),

> 1
where p(?) / p(T)W(75 0 dr is the Hilbert transform of p(t).
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Appendix: Hilbert transform

P(t) | )=t p(t) .

T

1 +1, >0
h(r) = — = H(f) = —jsgn(f), where sgn(f) =1{ 0. f=0

i ~1, f<0

0, f=0

[P(f)lexp{j[£P(f) +7/2}. [ <O

i [P(f)lexp{j[£P(f) —m/2]}, [>0
= P(f) = (=jsgu(f)) - P(f) =
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Hybrid Amplitude/Phase Modulations — CAP

G (f) = 2u(f)P(f) = P(f) + jP(f) ‘ a
Je
P(f) N ‘ -
_fc fc
N L -
@ X (+7) % @ :X(_]) XJ
i 7
' D ‘ m R
Ld. (f) U f. >
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Appendix: Hilbert transform

B Hence, Hilbert

transform 1s arg {H(f)
basically a 90
degree phase +90 degree
shifter.
-/
0
-90 degree

© Po-Ning Chen@ece.nctu IDC1-84



Appendix: Hilbert transform

[ 1 [~ 1
i) == [ p(r)=dr
Hilbert transform pair < -
0 === [ pr)dr
=2 ] P
p(t D(t
o I o
a0
(1) 1 )
h(z)=— —ﬁ@—»
750
—1
IDC1-85
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Appendix: Hilbert Transform

[1 An important property of Hilbert transform is
that:

p(t) and p(t) are ortgogonal in the sense of integration.

In other words, / p(t)p(t)dt = 0.

(See the proof in the next slide. )

The real and imaginary parts of g+ (t) = p(t) + jp(t)
are orthogonal to each other.

(Examples of Hilbert transform pairs can be found in Table A6.4.)
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([ punerrar) i
2 ( | ﬁ(t)eﬂ”f’fdt) if

NP (=f)df

e

X X X

— T T

3 88 8 3 8 g 8

[) [=isgn(=f)P(=f)] df

(J Porcos=[ n
= ([ o= e

— 0, if /OOO P(f)P(—f)df < oo.

.
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Hybrid Amplitude/Phase Modulations — CAP

Properties of the passband in-phase and quadrature pulses
in CAP

B Property 2: p(t) is orthogonal to p(t).

B Property 3: P(f) * A(f) is orthogonal to p(t) * A(%)
for any linear filter \(%).

This 1s similar to use another pulse shaping function
asS g(t)*l(t) (Recall that p(t) = g(t) cos(2w f.t) and p(t) = g(t) sin(27 f.t).)

One 1s thus free to choose the pulse shaping function
(to, e.g., improve the bandwidth efficiency) without
affecting the orthogonality of two quadratures.
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Hybrid Amplitude/Phase Modulations — CAP

Block diagram of CAP transmitter {p(t) o(t) cos(2r o)

S aid(t - KT) p(t) - g(f)-‘?m(%fc )

k=—o0 | In-phase (f.T is an integer.)
| filter p(t) ‘I

Inputbit___ Encoder @- s()
stream -
Y bed(t — kT)
e | Quadrature __|
| filter p(t) (See Slide IDC1-75)

s(t) = Y (akg(t—kT) cos(2n ft)—brg(t—kT) sin(27 fot)) _m{ Z Ar - g+( t—ll)}
k=—oc
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Hybrid Amplitude/Phase Modulations — CAP

Block diagram of CAP receiver [ o) L) |
[ rier maranea ] (1) (1) = aw(p(t), p(t)) — Blptby=tdl) + (w(t). p(t))
j to p(t)
~ {an}
Received o .. _>
signw Decision {b.}
| Filter matched
OPO T (1), p(1)) = GlpE=AT] — bidp(1), B(1)) + {w(t), 5(1))

w(t) = s(t)+ w(t)
= app(t) — bpp(t) + w(t), where w(t) AWGN
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Hybrid Amplitude/Phase Modulations — CAP

How about channels with intersymbol interferences, in
addition to AWGN?

: Linear
s(t) — | time-variant :® — X(0)
! filter h(7) 1
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Recall the below terms:
1. Zero-forcing equalizer

Hybrid Amplitude/Phase Modulations — 2 Nyauist criterionisi

3. Noise enhancement

CAP 4. MMSE equalizer

Recall in Section 4.9: Optimum linear receiver.

{bi} {a;) | transmit | ) xo(?) x(t) | TeCeiVe | y(r) \y(ti) {bi}
—s PAM »| filter @ filter > g I L B
g(?) c(?) A

w(t)

B Design of receiver c(¢) as an MMSE equalizer
q(t) = g(t) * h(t)

)

x(7) q(-1) _’é@ > 71 _’é I/ _’é > 7-1 _’é() >y 7-1
CN CN+T CN-1 Cn
! ! ' !

Sum

\ 4

(?)
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Hybrid Amplitude/Phase Modulations — CAP

Received

signal x(¢)

This leads to

| Filter matched

to q(t)

Tapped-delay-line
equalizer

| Filter matched

to 4(f)

Tapped-delay-line
equalizer

Decision

Can we implement the above structure in “digital” form?

{an}
{bn}
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Hybrid Amplitude/Phase Modulations — CAP

In-phase FIR filter

: Filter matched Tapped-delay-line
to g(t) equalizer A
Received - {an}
signal x(7) A/D ‘ ] » .
— > Decision | {4, }
converter ‘ I
, Filter matched Tapped-delay-line
to g(t) equalizer
Quadrature FIR filter

(May be adaptive when required)
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