Problems for the 6th Quiz (April 15, 2021)
Name: Student ID: Score:

1. (a) (50%) Prove that 2 cos (27 f.t + (1 sin(27 f1t) + Bo sin(27 fot)) can be re-expressed as:

2 Z Z Jn(B1) I (P2) cos(2m fot + 2mn fit + 27m fot).

n=—o00 m=—0o0

Hint: /%@ =5 ] (8)e/™ and

n=—oo

2 cos (2w fot + By sin(27 f1t) + Po sin(27 fot))
6j27rfct€j51 sin(27 f1t) ejﬂg sin(27 fat) + efj27rfct€j51 sin(—2m f1t) ejﬂg sin(—2 fat)

(b) (50%) What is the instantaneous frequency of 2 cos (27 f.t + 5y sin(27 fit) + B sin(27 fot))?
Hint: The instantaneous frequency of A cos(2m¢(t)) is So(t).

Solutions.
(a)

2 cos (27 fot + [y sin(2 f1t) + Bo sin(27 fot))
6j27rfct€j51 sin(27 f1t) jﬁQ sin(2m fat) + 6—j27ffctej51 sin(—2m f1t) ejﬁg sin(—2m fat)

00
— 6j27rfct Z Jn( ejn (27 f1t) Z J ejm (27 f1t)

n=—oo m=—00

et Z Jn(ﬁl)ejN(—%flt) Z Jm(ﬁg)ejm(_%fzt) (1)

n=—oo m=—0Q

= 0SS (Bl cos(2m it + 2t + 2mm o

n=—oo Mm=—0o0

Note: I have missed the multiplicative 2 in the problem statement. Thus, as long
as you have put down (1) in your derivation, you get the full credit of this problem
(I hope by this problem, you realize how to apply the Bessel function to eliminate
“sin(-)” from the exponent.)

i% (27 fut + Br sin(27 fut) + Bosin(27 fot))

— % (27 fe 4 27 f1 81 cos(2m f1t) + 27 f535 cos(27 fot))
= fo+ f181 cos(2m fit) + fo/3 cos(2m fot)
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Note: We use this problem to explain what would happen when a multiple-tone signal (or
a general m(t)) is FM-modulated.

Suppose fi; > fy and there exists t* such that cos(27 f1t*) = cos(27 fot*) = 1. Then, as
in Slide 4-60, m(t) = Ay cos(27m fit) + As cos(27 fot) implies

fi(t) = foe+ kpm(t) = fo+ kpA; cos(2m fit) + ky Ay cos(2m fot).



Thus, the frequency deviation Af is given by

Af = max {ksAy cos(2m fit) + kpAs cos(2m fot) } = kyp(Ar + Ag).
S

As a result, Slide 4-82 indicates W = max{ f1, fo} = f1 and the deviation ratio equals

A R4 . kyAy
WA A
As we learn from Slide 4-84 that i) FM radio in North America requires the maximum

frequency derivation Af = 75 kHz; i) The message bandwidth is W = 15 kHz; and i)
The deviation ratio is D = Af/W = 75/5 = 5, we conclude

D

5W
A+ Ay = —.
ky
Consequently, for single-tone transmission, A, = %; however, when a two-tone message is
transmitted, we shall have A; + Ay = % (i.e., the sum of amplitudes of all tones should

be a constant).

In summary, we state in Slide 4-82 that “for non-sinusoidal modulation, the deviation
ratio D = Af/W is used instead of the modulation index 5.7 Thus, if

N
m(t) = ZAi cos(2mfit) and W = max fi = fi,
i=1

1<i<N

then Af A
p=22 =20
|

as long as Ziil A; remains constant and equals %—W. Therefore, the amplitude A; of the

“worst-case” tone should “share” its value with other tones if a multiple-tone message is
transmitted..



