Introduction to Communication Systems: Midterm

1. (Spectrum drawing)
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(a) (4%) Suppose G(f) = F{g(t)} is real and symmetric as plotted in (1), and

G(f) = G+(f + 1),

where G, (f) = 2u(f)G(f) and u(f) is the unit step function. Plot G(f). Is g(t) =
FYHG(f)} areal-valued function? Justify your answer by Property 10 in Table A6.2.

TABLE A6.2 Summary of properties of the Fourier transform
Property Mathematical Description
10. Conjugate functions If g(t) = G(f),

then g*(t) = G*(—f)

(b) (3%) Continue from (a). Plot the Fourier transform of g(t) — jg(t), where §(t) is the
Hilbert transform of g(t).

Hint: G(f) = Huwert (/)G(f) = (—jsen(f)G(f).
(c) (4%) Suppose the PSD Sy(f) of a WSS random process N(t) is plotted as (2). Re-
express N(t) as

N(t) = Ny(t) cos(2m f.t) — Ng(t) sin(27 f,t)
and assume Ny(t) and Ng(t) are jointly WSS. We thus obtain (from our lectures)

(SN(f+fc) SN(f_ fc))? ‘f| < B;

0, otherwise

SN] NQ(f) {

Plot %SN,,NQ(f)' Is Ny(t 4+ 7) and Ng(t) orthogonal for arbitrary ¢ and 7?7 Justify
your answer.

Note:N;(t + 7) and Ng(t) is said to be orthogonal if E[N;(t + 7)Ng(t)] = 0.
(d) (4%) Re-do (c) by taking Sx(f) to be the plot in (1) instead.
Note: f jer?ritd f — f —j)ei2miTq f = jent QFBT) = j2Bsinc(2BT)

Solution.
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From Property 10 in Table A6.2, we know g(t) = g*(t) iff G(f) = G*(—f). Since
G(f) # G*(—f) for | f| < B, g(t) cannot be a real-valued function.
(b) Since
Flo) = jat)} = G(f) = jG(f)
= G(f) = j(=Jjsgn(f)G(f)
= (1—sgn(f))G(f)

0, f>0;
- 26, £ <0,
we obtain:
s G(f) = iG(f)
2
_f c_B _:f c _f c+B f

(c) Apparently, %SN,,NQ (f) =0 for f € R, implying Ry, n,(7) = 0 for 7 € N. Therefore,
Ni(t+ 7) and Ng(t) are orthogonal for arbitrary ¢ and 7.
Note:For filtered white noise process, N;(¢;) and Ng(t2) are always orthogonal for
arbitrary t; and t,.

(d)

SN],NQ(f)/j

B

-1

0
Since E[N(t + 7)Ng(t)] = Ry, n,(7) is not equal to zero for arbitrary ¢ and 7, N(t)
and Ng(t) are not orthogonal for arbitrary ¢ and 7.
Note: More specifically,

o0

Rio(r) = [ Sy v (1797 = j2Bsine(2B7) = 0

o0



only when 7 = % for non-zero integer k.

2. (Parts 1 & 2) Check whether the statement are true or false.

(a) (3%) For a stationary random process X1, Xo, X3, ..., X,, it is guaranteed that the
time average converges to the ensemble average, i.e.,
X+ X+ -+ X,
Pr|lim 2L F 22T T A el

n—0o0 n

(b) (3%) If X (t) is stationary, then its autocorrelation function Rx (t1,t2) = E[X (t1)X*(t2)]
is only a function of the time difference (¢; — t5).

(c) (3%) If X(t) is a real-valued WSS process, then the absolute value of its autocorrela-
tion function always peaks at the origin, i.e., |Rx(7)| < Rx(0).

(d) (3%) For a stable LTI system, a WSS input always induces a WSS output.

(e) (3%) For a stable LTI system, the time-average PSD of the system output Y (¢) only
depends on the magnitude of the transfer function but not the phase. In other words,

Sy (f) is only a function of |H(f)]|.
Solution.

False. (We also need ergodicity for the validity of the statement.)
(See Slide 1-17.)
. (See Slide 1-25.)
True. (See Slide 1-66.)
N )

(e) True. (See Slide 2-31.
3. (Part 2)
TABLE A6.2 Summary of properties of the Fourier transform
Property Mathematical Description
2. Time scaling g(at) = \TIAG(g)

where a is a constant

10. Conjugate functions If g(t) = G(f),
then ¢*(t) = G*(—f)

(a) (5%) Explain based on Property 2 in Table A6.2 what the time-bandwidth product
is.

(b) (6%) Argue based on the two properties in Table A6.2 above that R%(7) = Rx(—7)
implies that PSD Sx(f) must be real-valued.
Hint: Use Property 2 with a = —1.

(c) (6%) Argue based on Proper 10 in Table A6.2 and the result from (b) that if Rx(7)
is real, then Sx(f) is symmetric.

Solution.



(a) Property 2 in Table A6.2 indicates that reducing the time-scale by a factor of a extends
the bandwidth by the same factor. This suggests that the product of time- and
frequency- parameters should remain constant, which is named the time-bandwidth
product or bandwidth-duration product.

(b) By Property 2 with a = —1, we know that F{Rx(—7)} = Sx ( f). Property 10
indicates F{R%(7)} = Sx(—f). Thus, R%(7) = Rx(—7) iff S%(—f) = Sx(—f).
Thus, R%(7) = Rx(—7) implies Sx(—f) is real.

(¢) By Property 10, Rx(7) = R%(7) implies Sx(f) = S%(—f). Since from (a), Sx(f) is
real, we obtain Sx(f) = Sx(—f).

4. (Part 3) Suppose

X(t) = Re{ SXI(t) +jXQ(t)Zej2”f°t} = X;(t) cos(2m f.t) — Xq(t) sin(2n f.t),

~~

=X(t)

and both X () and X (t) are WSS. Then, we have proven in our lectures that

b1 {Rx,(f) = Ry, (7)
Ry, xo(T) = —Rxg.x,(7)
P2: Rx(7) = Rx,(7) cos(27 foT) — Rx, x,(T) sin(27 f.7)

(a) (6%) Show that Rg(7) = 2Rx, () + j2Rx, x, (7).
Note:You shall indicate what properties have been applied in your derivation.
(b) (6%) Argue based on (a) and Property 2 that Ry (7) = sRe{R¢(r)el? 7}
Note:You shall indicate what properties have been applied in your derivation.

(c) (6%) Based on (b), use the properties in Table A6.2 to show that

Sx(f) = 7 (Sx(f — f) + Sx(—F — £2).

Note:You shall indicate what properties have been applied in your derivation.

Hint:
1 , 1 , .
Rx (1) = §Re{RX(T)eﬂ’rch} =7 (RX(T)eﬂ’rch + R}(T)e_ﬂ”f”)
1
= Sx(f) = F{Rx(7)} = 7 (F {Rx( (7)€} + F { R (r)e 2™}
TABLE A6.2 Summary of properties of the Fourier transform
Property Mathematical Description
5. Frequency shifting exp(j27 fot)g(t) = G(f — fo)
10. Conjugate functions If g(t) = G(f),
then ¢*(t) = G*(—f)
Solution.



Rg(r) = E[X(+7)X"(1)]
= E[(X;(t+7)+ j Xt +7))(X1(t) — 1 Xo(t))]
= Rx,(7) + Bxo (1) + j[Rxq,x,(T) — Rx; x0(7)]
= 2Rx,(7) + j2Rx,x,(7) (From P1)

(b) It can be easily verified that

%Re{RX(T)eﬂ”ch} = %Re{[ZRXI(T)+j2RXQ7XI(T)]ej2”ch} (From (a))

— Re{[Rx, () + jRxg.x, (1))}
= Rx,(7)cos(27fct) — Rx, x,(7) sin(27 fe7)
= Rx(7) (From P2)

Sx(f) = F{Rx(1)}
= i (]:{RX(T)ej%f”} + ]:{R}(T)e_j%f”})

1 «
-3 sw-n) v sura) )
N———— N—————
Property 5 of Tab. 6.2 Properties 5 & 10 of Tab. 6.2

S CUSIARNCEya)

5. (Parts 4 & 5)

v(7) | Baseband

x(t
s Bandpass | Y1) | o Lo s ., Output
signal s(¢) filter filter signal

Noise w(1)

k4

k.

For an FM receiver in the above figure, we have
s(t) = Accos(2m f .t + 2mp(t)),

Denote the passband noise process (i.e., the noise process observed at the output of the
bandpass filter) as

n(t) = nr(t) cos(2m fet) — ng(t) sin(27w fet).

Due to the limiter, the amplitude of x(¢) is of no influence on its output, and only the
phase remains. Hence, we can assume the amplitude at the output of the limiter is 1 for
simplicity.



(a) (6%) Under ¢(t) = 0, i.e., zero transmission, show that the output of the limiter
Tlimiter (t) 18 given by
xlimiter(t) - COS(2ﬂ-fct + Q(t))

O(t) = tan™! (L@) .

AC + n](t)

where

Hint: Complete the following derivation:

x(t) = Accos(2mfet) + ny(t) cos(2m f.t) — ng(t) sin(2w f.t)
= (A +ny(t)) cos(2m ft) — ng(t) sin(2w f.t)

BT os (27 £t + 0(t))

(b) (5%) On the contrary, we assume w(t) = 0 (equivalently, n(f) = 0) but ¢(t) =
k¢ f(f m(7)dr. What is the instantancous frequency of the FM signal s(¢)?

(c) (6%) Continue from (b). Further assume that m(t) = A,, cos(27 f,,t) and f. = 1000 f,,,
which results in

s(t) = cos(2m f.t + Bsin(2w fiut))
with 3 £ %. Let Sor(f) be the Fourier transform of syr(t), where
sar(t) = s(t) - 1{]t] < T}

and 1{-} is the set indicator function. What is the value of Sor(f. + kf,,) for each
integer k, provided 27'f,, is an integer?

Hint: We have derived in our lectures that

FEsO) =3 3 JO5( — fo—nfu) + 007 + o+ )]

n=—oo

F{1{|t| < T}} = 2T sinc(2Tf) and Sor(f) = F{s(t)} » F{1{|t| < T}}, where “x”

denotes the convolution operation.

Solution.
(a)
x(t) = Accos(2mfet) + ny(t) cos(2m ft) — ng(t) sin(27 f.t)
= (A, +ns(t)) cos(2m f.t) — ng(t) sin(2w f.t)
- \/(Ac +ny(t))? +ng(t) (cos(0(t)) cos(2m fet) — sin(0(t)) sin(27 f.t))
— \/(Ac+n1(t))2 +ng(t) cos(2m fet + 0(1))
P cos(2m fot + 0(1)) ( = thiter(t))
(b)

Ft) = fot S0(0) = fot kpm(t)

6



S2T(f) = ]:{SZT( )}
= F{s(t) - H{t| < T}}
F{s(t )}*F{l{ltl <T}}

- ( > A - fc—nfm)+5(f+fc+nfm)]>*(2TsiHC(2Tf))

= T Z Jn(B)[sinc(2T(f — fe —nfm)) +sinc2T(f + fe+nfm))]

Hence,

Sor(fo+kfm) = T Z Jn(B)[sinc(2T(k — 1) ) + sinc(27(2000 + k + 1) f,n)]

n=—oo

_ T(Jk(ﬁ) + J_k_zooo(ﬁ))

6. (Part 5)

(a) (6%) In the figure below, we suppose s(t) = m(t) cos(27 f.t), m(t) is a zero-mean WSS
process with E[m?(t)] = P and bandwidth 1, and w(t) is an additive white Gaussian

noise with two-sided PSD Ny/2. Find the SNR¢ of the coherent receiver for DSB-SC
modulation.

PSB-SC Bandpass x(’)i v Lowpass _‘_’ 0
signal s(7) EF filter § % filter [ 7
Noi t Local
olse g cos( 2w f.t)

* Coherent detector

Hint: B[n2(1)] = E[n}(t)] = B[ (t)] = 2W Ny and

x(t) = s(t) + n(t)

where n(t) = ny(t) cos(2m f.t) — ng(t) sin(27 f.t) is the filtered white noise
v(t) = x(t) cos(2m fet)
y(t) = v(t) passing through an ideal lowpass filter

You need to find the expression of the final output y(¢). Then, SNRg is the average
power of the signal content in y(t) divided by the average power of the noise content
in y(t).

(b) (6%) In the figure below, we suppose s(t) = Al + kom(t)] cos(2mf.t), m(t) is a
zero-mean WSS process with E[m?(t)] = P and bandwidth W, and w(t) is an
additive white Gaussian noise with two-sided PSD Ny/2. Find the SNRo of the
envelop detector with DC remover for DSB-C modulation, provided A.[14 k,m(t)] >

2 (8)]-




(c)

AM signal Bandpass x(1) ,| Envelop Output
s(f) —’eﬁﬁ filter detector Signal ()

Noise w(f)

Hint: The expression of the final output y(t) is given below. Then, SNRg is the

average power of the signal content in y(t) divided by the average power of the noise
content in y(t). Note that E[n?(t)] = E[n}(t)] = E[ng(t)] = 2W Ny and

t)’block e = (12(0)]) ’block pc \/(AC[1 + kam(t)] 4+ n(t +/Q€fﬂblock DC
~ Ackam(t) + n;(t)

(6%) Show that under ﬁxed No, W and A, the SNRg of DSB-C with envelop detector

is bounded above by 2W %
constraint |k,m(t)| < 1.

and hence cannot be improved by increasing P, due to the

Solution.

(a)

= m(t COS2 (27ch )] LowpaSS

+[nr(t) cos®(2m fot) — ng(t) sin(2m ft) cos(27 f.1))
(

= |y(t) = 3m(t) + 50 (?)

Lowpass
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