Introduction to Communication Systems: Final Exam

Grading systems
e 5 problems and each problem = 20 points.

— Each problem awards you 14 (basic) points when a serious answer is provided, regard-
less of its correctness.

— The remaining 6 (extra) points awards (partially or fully) to those who provide a
(partially or fully) correct answer.

— Please do not duplicate the answer from others.

1. (Matched filter over signal space)
(a) (basic=3pts., extra=1pts.) For a single transmission, we have
z(t) = a-g(t) +w(t),

where a is the digital message to be transmitted, and w(t), g(t) and h(t) are all
real-valued.

channel
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4B) sampleatt=T
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Can we re-interpret the filtering and sampling operation as an inner product? Justify
your answer. You shall clearly indicate what your definition of inner product is and
what the two elements involved in the inner product are.

(b) (basic=T7pts., extra=3pts.) Based on the signal space viewpoint, the transmitter
is modeled as the transmission of M waveforms, i.e., si(t), sa2(t), ..., sy(t), and
the receiver employs “inner product” to transform the received waveform into a N-
dimensional vector, based on which an estimate of the index of the transmitted wave-
form is made. In other words, the decision is made based on

((2(t), $1(8)) = (si(t), $1(t)) + (w(t), ¢1(t))
(@(t), a(1)) = (si(1), @2(1)) + (w(t), Pa(t))

(2(®), 9:) = {silt), €5 (8) + {w(t), 45 (1))

(. J (. J (. J

=z =Sij =n;

((z(t), on (1)) = (si(t), o (E)) + (w(t), o (L))

Suppose the noise power E[|n;|?] = E[|(w(t), ¢;(t))|*] is proportional to the norm
square [¢;(0)]2, ic.,

E[|n;]?] = B||¢;(t)||* for a constant B functionally independent of j. (1)
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Assume |[[s;(¢)|| > 0 and ||¢;(t)|| = 1. Let the signal-to-noise ratio for the transmission
of waveform s;(t) be equal to

2 Zj\[ﬂ 541 - ZlgjgN:si,ﬁéo |5i51°
S sy #OYEM2]  Xicjanss,, 20 BT

ni =

where the receiver reasonably exclude x; from its decision making operation if it
knows x; contains no information but simply noise. What is the combination of N
and {¢;}}7, such that the average SNR

s 1o
Tave = Mznz
j=i

is maximized if {s;(¢)} M, are orthogonal to each other in the sense that (s;, (1), s, (1)) =
0 for every iy # is?
Hint: The Cauchy Schwartz inequality states that

[(fa(t), fa () < LA @) - 2]

with equality holding iff f1(t) = ¢ - f2(¢). Also,! for non-negative {a;,b;}¥

j:la
N
Zj:l a; aj
- < | Jmax o= (2)
Zj:l b] 1<j<N:a;>0 j

(c) (basic=4pts., extra=2pts.) Prove that E[n3] = £2[¢;(t)||*, provided w(t) is zero-

mean white with PSD %, and the inner product of two (generally complex) functions
f1 and f5 is defined as

(fa(t), fa(t)) = / N FL@) fE(t)de.

Note: This is to confirm (1) can possibly hold.
Solution.

(a) Define the inner product of two (generally complex) functions f; and fo as

(f1(1), fo(t)) = / f1(t) f3(t)dt.
Then, we can equivalently transform the system to

y(T) = a{g(t), o(t)) + (w(t), o(t)),
where ¢(t) = h(T —t).

'Here, we allow Z—j = 00 to be an upper bound under a; > 0 and b; = 0.



(b) First, we note from the Cauchy-Schwartz inequality that

sty = (s:(t), 65 (O < [Iss ()1 15 (0)]”
Thus, using E||n;|*] = B|¢;(t)||*, we derive

Z1§j§N:si,j¢0 |5i51°
Zivgjgzv:si,ﬁéo E[”JP

o Zigiena oSO 11601
B Z1gj§N:si,ﬁéo 8 ”@(t)Hz

i =

(Cauchy-Schwartz inequality)

I (117 Nl (61>
< 153-?11\/%,#0 316,01 (Use (2).)
_ 01
B )

where the upper bound has nothing to do with the choice of N and {¢;(t)}}_, (as long
as there is at least one non-zero element in {s; J}N 1)- Consequently, if we can choose

N and {¢;(t)}}L, such that 7; = (LHO t)” for each i (i.e., ; achieves the upper bound),

210)
lls; @I

then 7, is maximized. It is obv10us that by letting N = M and ¢,(t) = we

can equate both the Cauchy-Schwartz inequality and (2).

Note: Since I gave the wrong equality condition as fi(t) = ¢ - fo(t), an answer of

o(t) = Hs 8\\ is also regarded “correct.”

En?) = E[((w(1), ¢;(1)))?) = [( / (s Wt) ( / ) “’W?(S)ds) }

=/ | Blutw ()65 000, de s

2. A general correlative level coding scheme that follows
Ckr = Woay + wiag_1 + -+ wy_1a5_ny+1 (as shown in Slide 8-73)

with wg # 0 may suffer serious error propagation if the estimate of ay is determined via

R 1 5 0
ar = w_(Ck — (W1lk—1 + -+ + Wy_18r-N+1)).
0

This can be solved by the precoding technique.
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(a)

(basic =4 pts., extra=2pts.) Subject to N = 3, can we design a precoder that makes
b only a function of ¢, for arbitrary wy, w; and ws in {0, 1}, where

b, = apby @ b1 D agby_o for aj, by € {0,1};
ap = 26,@ — 1;

Cr = Wolg + W1 Ak_1 + Wolk_2

If your answer is positive, give the design. If your answer is negative, give a coun-
terexample.

Hint: OZQi)k D Oéll;k_l D Oéggk_g = (aol;k + Ozll;k_l + agl;k_g) mod 2

(basic =4 pts., extra=2pts.) Subject to N = 3, can we design a precoder that makes
b, only a function of ¢, for arbitrary integers wq, w; and ws, where

bk = Oéogk D Oélgk,1 D 06279]9,2 for aj, Z;k € {0, 1},
ap = QEk — 1;

Cp = Wolk + W1ak—1 + Walk—2

If your answer is positive, give the design. If your answer is negative, give a coun-
terexample.

Hint: OZQi)k D Oéll;k_l D Oéggk_g = (aol;k + Ozll;k_l + agl;k_g) mod 2

(basic = 6 pts., extra=2pts.) Subject to N = 3, can we design a precoder that makes
b, only a function of ¢, for arbitrary rationals wg, w; and wq, where

bk = Oéogk D Oélgk,1 D 0626]9,2 for aj, Z;k € {0, 1},
Qp = 27% — 1;

Cp = Wolk + W1ak—1 + Walk—2

If your answer is positive, give the design. If your answer is negative, give a coun-
terexample.

Hint: OZQIN)k D Oéli)k_l D Oéggk_g = (OZQIN)k + Ozli)k_l + O@i)k_g) mod 2

Solution.

(a)

If wy = w; = wy = 0, then ¢, is always zero. Hence, a two-value b, cannot be made a
function of (and uniquely recovered from) a single-value ¢.

Then, we proceed to work on the cases that at least one of wgy, w; and wy is
non-zero. First, we derive

Ck = Woag + W1ak—1 + Walk—2
= w0(2bk — 1) -+ w1(2bk_1 - 1) + w2(2bk_2 - 1)
= 2(w0bk + wlbk,l + ’wzbk,Q) — (’wo + wy + ’wz)

Next we note

bk = Ctogk @D Ctli?k,1 D Oézi?k,Q = (C(()Bk + C(li?k,1 + C(Ql;k72) mod 2



Thus, it is obvious that if w; € {0, 1}, we can let «; = w; and obtain

bk = (Oéoi?k + Oélgkfl + OéQZN)k,Q) mod 2
= (wobk + wibg_1 + wak,Q) mod 2

— <Ck+(w0—gw1 +w2)> mod 2

Consequently, if we know ¢, we can uniquely determine by.

Note: If wy + wy + wq is odd, then ¢4 is also odd. If, however, wy + wy + wq is even,
then ¢ is also even.

If wy = w; = wy = 0, then ¢, is always zero. Hence, a two-value b, cannot be made a
function of (and uniquely recovered from) a single-value cy.

Then, we proceed to work on the cases that at least one of wgy, w; and wy is
non-zero. First, we derive

C, = Wyl + Wiak—1 + Waag_2
= w0(2bk — 1) + w1(2bk,1 — 1) + wg(Qbk,Q — 1)
= 2(wobk + wlbk,l + wzbk,Q) — (’LU() + wy + ’LUQ)

Next we note
bk = Oéogk D Oélgk,1 D 04279]9,2 = (Oéogk + Oélgkfl + Oégi?kfg) mod 2
Thus, if w; is an integer, we can let a; = w; mod 2 and obtain

bk = (Oéoi?k + Oélgkfl + OéQZN)k,Q) mod 2
= (wobk + wlbk_l + wgbk_g) mod 2

_ <ck+(w0—gw1+w2)) mod 2

Consequently, if we know ¢, we can uniquely determine by.

Note: If wy + wy + wsq is odd, then ¢4 is also odd. If, however, wy + wy + ws is even,
then ¢ is also even.

If wy = w; = wy = 0, then ¢, is always zero. Hence, a two-value b, cannot be made a
function of (and uniquely recovered from) a single-value c.

Then, we proceed to work on the cases that at least one of wy, w; and ws is
non-zero. First, we derive

C, = Wolg + Wiar—1 + Waag_2
= ’LUo(Qbk — 1) + w1(2bk,1 — 1) + wg(Qbk,Q — 1)

2 ~ ~ ~
= W(W’wobk + lebk,1 + W’LUQb]g72) — (wo + wy + wg),

where W is an integer that makes Wwy, Ww; and Ww, integers. The existence of
such integer W can be guaranteed because wg, w; and wy are rational. Next we note

by = aobr ® b1 © agby_o = (apby, + arby_1 + asby_5) mod 2



Thus, we can let a; = (Ww;) mod 2 and obtain

bk = (Oéoi?k + Oéll;kfl + Oégi?kfg) mod 2
= (Wwogk + Wb,y + ngl;k,g) mod 2

_ (W(ck + (wo + wy +w2))) mod 2
2

Consequently, if we know ¢, we can uniquely determine by.

. Continue from the previous problem. Given
b, = b, & anby_1 D by, for a;, b € {0,1}.

(a) (basic=Tpts., extra=3pts.) Subject to ag = 1 and Pr(b, = 0) = Pr(by = 1) =
determine Pr(by, = 0) for arbitrary oy, oy € {0, 1}.

(b) (basic="7pts., extra=3pts.) Continue from (a). Show that b is independent of
{br—i i‘:ll-
Hint: Show that Pr(l;k = Bk|l~)k_1 = Bt b = Br_2,..., b1 = f1) has nothing to do
with SBx_1, Bk—2, ..., 01

Solution.

(a) Since 3 . )
b = by @ arbp_1 © by
implies . . . . .
b © b, @ by, = b, © anby—1 © azby_o & by © by,
~~—— ~~——

(equivalently, b, = ayb_1 B asby_o & br) we obtain

Pr(by =0) = Pr(aiby1 ® ashy_o @by =0)
= Pr(l;k,l =0 and b_» = 0) Pr(ali)k,l D anby_o D by, = O\Bk,l =0and b_» = 0)
+ Pr(gk,l =0 and by_o = 1) Pr(all;k,l B oby_o B by, = O|l~9k,1 =0 and by_o = 1)
+ Pr(l;k_l =1 and b_o = 0) Pr(ozli)k_l B anby_o B by, = O|Z~)k_1 =1and b5 = 0)
+Pr(bp_y =1 and by_o = 1) Pr(anbp_1 ® aoby_o ® by = )by = 1 and by_o = 1)
= Pr(be_y = 0 and by_y = 0) Pr(b = 0)
+Pr(bj_1 = 0 and by_y = 1) Pr(by = o)
+ Pr(Bk,l =1 and by_o = 0) Pr(by, = )
+Pr(by_1 =1 and by_o = 1) Pr(by = oy & @)
= Pr(bp_y =0 and by_y = 0)% + Pr(by_1 = 0 and by_, = 1)%
+Pr(bj_y = 1 and by_y = 0)% + Pr(by_y = 1 and by_o = 1)%
1
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Pl“(i?k = ﬁk‘gkfl = ﬁkfla l;k—Q = 51%2, S l~?1 = ﬁl)
= Pr(by = Brlbr—1 = Br—1,br—2 = Br—2) (Because by = a1bp_1 © asbp_o © by)
= Pr(by = Bk ® a1 fr—1 B aafk—2)

DO | —

The above result holds regardless of {3, ;:11. Hence, l;k is independent of {Bk,l f;ll.

4. (Signal-space-based constellation design that minimizes the union bound) Suppose x =
Sy + n, where 1 < m < M = 3, and x, s,, and n are 2-dimensional vectors. Assume
the prior probability for each s,, is 1/3 and m is zero-mean Gaussian distributed with
covariance matrix oI, where I is the 2 x 2 identity matrix.

(a) (basic=4pts., extra=2pts.) Subject to s; + sy + s3 = 0, show that
Is1 = s2]|* + [|51 — 85[|* + [|52 — 85[|* = 3[|s1]|* + 3]|sa[* + 3] s3>

(b) (basic=4pts., extra=2pts.) Let

(sns) e [ e [ g iy
PSz‘,S‘:/ e 2?2 xZ/ e 202 xz@(- Z’)y
’ ’ di;/2 V2mo? —0 V2mo? 20

where ®(-) denotes the standard normal cdf, and d; ; = ||s; — s;||. Show that subject
to a® + b* = constant with non-negative a and b,

is minimized when a = b.

(c) (basic=6pts., extra=2pts.) Subject to a fixed unit average transmission power, i.e.,
3
1
=D llsal® =
m=1

and > . s,, =0, find the best {s,,}3,_, that minimizes the union bound

w

1 3 3 9 3 3
32 2 Psis) =33 > Pasisy).
i=1 j=1,ji i=1 j=i+1

Solution.

(a)
Is1 = s2ll” + [ls1 — s3]|* + || 52 — s3]
= 2| s1||* + 2||s2]|* + 2||s5]|* — 251 - 52 — 25; - 83 — 255 - 83
= 2|81+ 2||s2|* + 2||s3||* — (81 - 82+ 81 - 83) — (8- 81+ 83 - 83) — (8381 + S3 - S3)
= 2||s1||* + 2|82 + 2||s3||* — 81 - (82 + 83) — 85+ (81 + 83) — 83 - (81 + 82)
= 2[s1]* + 2{[s2]|* + 2{[s3]|* + [|s1]* + l|s2l” + [|s5]°
3| s1]|* + 3| s2l|* + 3] 55|



(b)

Let a? + b*> = C. Then, the problem becomes to find a such that
—3
) ()
o

is minimized. Taking the derivative of the above equation, we obtain
1 1 _ a2 a 1 C-a?
—————€ 22 + e
2+/2r0? 2y/C — a% \/27o?

which can be equivalently simplified to

(7,2 C—2a2

— = o2
C —a?

C—2a2
o

Noting that Cafiﬁ is monotonically increasing in a* € [0,C] and e +%  is monotonically

decreasing in a® € [0,C], a unique solution of (3) is a = %; hence, the solution
satisfies a = b.

Based on (a), the problem becomes the minimization of

d d d
Py(s1,82) + Pa(s1,83) + Pa(82,83) = @ (—%) + (—%) + & (—ﬁ)

o o 20

subject to d}, 4 df 3+ d55 = 9. Since for fixed dy, (respectively, dy 3 and dy3), the
union bound is minimized when dy 3 = dy 3 (respectively, di o = do3 and dy o = dy 3),
the optimal solution should satisfy

dyy =dys =dyz =3

Thus, a best constellation design is

S| = (1,0)
Sy = (_%7§)
= (-5~ )

5. (Matched filter and MMSE equalizer)

{by} {g,} |fransmit | s x(t)  x(f) | receive | y(f) y(t) {bx}
—| PAM — fitr e N —
F

w(t)

The above diagram shows that for sequence transmission,

and

o0

mo(t) = > apq(t — kTy), where q(t) = g(t) * h(t),

k=—o00



From Sample Problem 3 for Final Exam, the MMSE equalizer is given by

Q*(f)
Sq(f) + Su(f)’

C(MMSE(]C) =

where from Slide 8-115, we derive

provided that
Ry(r) & > q(kTy — 7)q(kT))
k=—o00
is only a function of time difference 7.
(a) (basic=4pts., extra=2pts.) Does G(f)H(f)Cumsr(f) satisfy Nyquist’s Criterion
when S, (f) = 0?7 Justify your answer.
Hint: From Sample Problem 3(f) for Final Exam, we obtain that

QI
So(f) +Su(f)’

AMMSE(f) = -

implying

P
Jinase = 1 /oo SN+ 5

(b) (basic =4 pts., extra=2pts.) When S,,(f) = 0, determine a G(f) that minimizes the
minimum mean square error J; yusg, subject to the constraint that G(f) = 0 for

f> o5
Hint: G(f) =0 for f > 2_1Tb implies

[e o]

@0 3 a(r+4) = P

for | f] < %Tb and check whether J; yivsg = 0 when S,,(f) = 0.

(c) (basic=6pts., extra=2pts.) When S, (f) > 0, subject to bandlimited constraint of

G(f)=0for f > Q—;b, and fixed transmission power:

1 2
|7 e =P

2Ty

find the G(f) that minimizes the minimum mean square error .J; puse-
Hint: G(f) =0 for f > 2_1Tb implies

[e o]

. 1 Ey 1 9
ow)g 3 e(reg) = glow
for |f| < %Tb and apply the Cauchy-Schwarz inequality
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Solution.

(a) Since
P(f) = (f) (f)CMMSE(f)

= Q(f)Cuwmsk(f)

_ ' Q*(f)

L S0 15.0)
—— ——

Q- (NEE_LQ(rE)
) QL)
Er (4
we derive

S AN Q(s-1)
2700 - R e h

J—— [y’ SN
Y2 Q(r-4)

25r Q(r-4)
= T.

Thus, adopting Cyuse(f) will automatically satisfy Nyquist’s Criterion when S, (f)
is reduced to zero.

(b) Noting that Q(f) = G(f)H(f) =0 for |f] > %Tb is also bandlimited, we derive

e jeP
Jisase =1 /oo SN+ 5

[ QU
- /z%bQ*(f)-%bZ?ooQ(Hq’fwaW

=0
[T QNP

s 1R
o
- 1—/ Tydf = 0.

The zero minimum mean square error can be achieved by any (bandlimited) G(f).

Note: Since the transmission is noiseless, the minimum mean square error should be
zero as anticipated.
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(c¢) Noting that Q(f) = G(f)H(f) =0 for |f| > %Tb is also bandlimited, we derive

_ * _lew)P
fanise = 1_/_00 S0+ 50

o QU
Q) L L Q(F+E) + Sul)

o |QU)P
— 11— d
- s

[ B TySu(f)
- /_ <T” T%,|@<f>|2+sw<f>>df

— 0 Su(f) ecause =
= T [ s (Beese Q) = GUH()

& AP
g Mrey iy
o, T, [H(f)[?

By Cauchy-Schwarz inequality;,

_L Sw(f)
T, [ Sl _ 2T, TH(f)? 1 G2 Suw(f) d
</ i ) </JG P+ O g
f

- 1-

df

2Tb Ty

2

1 Sw(f) 1
< (/™ R g (iG e )d
< (L meoeez) (L (oo i) o
(1 T Sulf)
- (ﬁJZMMSE) <P+ . EIGE f)

Thus,
)

Ji MMSE = .

3y Sulf
P+ L ™  TH( mEdf

Equality holds when for constant c,

N i \/_‘ s Sel)
LIGUE+ = AP

e (B Su0)
Corimatl 1) Tb( ) |H<f>|2>'

Note: The constant ¢ must be the one to fulfill

Accordingly,

Ty

2 1]
/ b|Gopt1le( )‘2df =P

1, T
2
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