Part 3 Hilbert Transform and
Canonical Representation of Signals



Hilbert Transtform

How to obtain g,(7)?

Answer: Hilbert Transformer.
Proof: Observe that

2u( f)=1+sgn(f), wheresgn( f) =<

-

Then by the next slide, we learn that

2U(f) Inverse Fourier 5(t) _1_3#

—

1, >0
0, f=0
-1, f<0
. 1{t # 0}
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By extended Fourier transform,

00 00 0
/ Sgn(f)e—a|f|+j27rftdf _ / €—a|f|—i—j27rftdf . / €_a|f|_|_j27rftdf
0 o

00 0
— / 6—(a—j2ﬂt)fdf _ / €(a+j27ft)fdf
0 — 00

B 1 1
- a—j27nt  a+ 527t
B jamt
a? 4 4r2?
InverseFourier 4 Tt L , =0
sen(f) —  limj =
a0~ q” +4m°t
0, =0

InverseFourier

2u(f)=1+sgn(f) — 5(t)+; 1{t # 0}
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Hilbert Transtform

g.(1) = Fourier ' 2u(f)G(/f)}
= Fourier™ {2u( f)} * Fourier {G(f)}

=(5<r>+j%-1{r¢0}j*g<r>

=g<r>+j%-1{r¢0}*g<t>
= g(t) + j8 1),

where g(¢) = I . ﬂgt(r)f) dt 1s named the Hilbert Transform of g().
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Hilbert Transtform

glt) _ 1 g)
] h(f)_ﬂr
. 1, [f>0
h(r):i ﬁerH(f):—jsgn(f), wheresgn(f)=:0, =0
i —1, f<0

A |G lexp{[£G(f)~=/2]}, f>0
= G(f)=~jsgn(f)-G(f) = 0, /=0
|G(f) lexp{j[£G(f)+x/2]}, [f<0
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Hilbert Transtform

B Hence, Hilbert
Transform 1s
basically a 90
degree phase

shifter.

ZH(f)

e
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Hilbert Transtform

gﬂ(t):l _OO g(7) dr
Hilbert Transform Pair- ﬂl t_AT
g=—-[ £
\ Ty t—T
2(1) L h(r) = 1 g(?) .
T
A t
&0 | =L 80
T
-1
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Hilbert Transtform

An important property of Hilbert Transform is that:

2(t) and ¢(¢) are orthogonal in the sense of Integration.

In other words, jw o()8(t)dt = 0.

(See the proof in the next slide.)

The real and imaginary parts of ¢, (¢t) = g(¢t) + j§(¢)
are orthogonal to each other.

(Examples of Hilbert Transform Pairs can be found in Table A6.4.)
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[ gngmdr=[" g(t)U & f)ejzwdf)
=[G [ e atar

= [ GNHG(-1)df
__ j sen(f)G(f)G(~[f)df
= - j(.OG( FIG(—f)df - .'_OO G(HG(1)df )

~— J6Gndr - [G-NG(Hdr )

=0, if j:G( F)G(=f)df <.
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Complex Representation
of Signals and Systems

1 2,(¢) 1s named the pre-envelope, or analytical
signal, of g(1).

1 We can similarly define

g (1)=g(t)— jg(1)

A

oo TR,
ot
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Canonical Representation of
Bandpass Signals

[1 Now let G(f) be a narrow- z‘f‘ o
band signal for which 2IW G.(f)
<<f.. | 260
B Then we can obtain its pre- "

envelope G.(f). — . r -
B Afterwards, we can shift the A @(- £)
pre-envelope to its low-pass 2G(fe) |
signal G(f)=G.(f + 1) -
w0 W =
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Canonical Representation
of Bandpass Signal

1 These steps give the relation between the
complex lowpass signal (baseband signal) and
the real bandpass signal (passband signal).

g(1) = Relg, (1)} = Re{g (1) exp(j277.1)}

B Quite often, the real and 1imaginary parts of
complex lowpass signal are respectively denoted by

g(2) and g(?).
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Canonical Representation
of Bandpass Signal

1 In terminology,
(g.() pre - envelope

g(1) complex envelope

g,(t) 1n-phase component of the band - pass signal g(¢)

80 (¢) quadrature component of the band - pass signal g(¢)

This leads to a canonical, or standard, expression for g(¢).

g(t) =Re{(g, (1) + jgo (1) exp(j2m f.1)}
=g, (t)cos(2m f 1) - g,(t)sin(2x f 1)

© Po-Ning Chen@ece.nctu 3-13



Rotate at the rate 27 f.

[ (g, (&) + jg, (1) exp(j2f.t)

gq(t)

V91 (t) + g5 (t)

.
.
.
o
.

o f, Complex domain

»

© Po-Ning Chen@ece.nctu 3-14



Canonical Representation
of Bandpass Signal

[] Canonical transmitter

g(t) = g,()cos(27f 1) — g, () sin(27f 1)

> @ /

OSC — COS(27TfCt)

k +
-90 phase - 9(t)
shifter |

90 (t) ;é sin(27rfct)
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Canonical Representation of Bandpass

Signal 4

[1 Canonical | _

2¢g(t) cos(2m f.t)
291 (t) cos® (27 fot) — 2gq(t) sin(27 f.t) cos(27 f.t)
gr(t) + gr(t) cos(4m fet) — go(t) sin(4m f.t)

\

receiver

g(t)

—2¢(t) sin(27 f..t)

—2g7(t) sin(2w f.t) cos(2m f.t)

+2g0(t) sin® (27 f.t)
9Q(t) — go(t) cos(4m f.t)
—gr(t) sin(4n f.t)

>

/

;® \‘ , Low-pass — g1(t)

T filter
2 cos(27 f.t)
T OSC
90 phase
shifter

1—2 sin(27 f.t)

filter

:® , Low-pass __ go(t)
0 .
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More Terminology

2.(1) pre - envelope
g(?) complex envelope

g,(¢) 1n-phase component of the band - pass signal g(¢)

g,(#) quadrature component of the band - pass signal g(¢)
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Bandpass System

1 Consider the case of passing a bandpass signal
x(f) through a real LTI filter 4(7) to yield an

output y(?).

x(1) y(t) = ro h(t)x(t—71)dr
s h(7) -

1 Can we have a lowpass equivalent system for
the bandpass system?
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[ Similar to the previous analysis, we have:

———————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

Assumption : The spectrum of x(#) is limited to within = W Hz of the
carrier frequency f_,and W < f,.

{x(t) — Re{ X(1)e”™ }= x,(t)cos(2af.t) — x,(1)sin(2f 1)

X (1) = x, () + jx,y (1)

———————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

Assumption : The spectrum of /(7) is limited to within + B Hz of the
carrier frequency f_,and B < f,.

(h(z) = Re{h (r)e”™ = h,(z)cos2af 1)~ h, (r)sin(27f.7)

§ ﬁ (z) =h,(z)+ jh,(r) complex impulse response
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[1 Now, is the filter output y(¢) also a bandpass
signal?

Y (f) =X(/H(f) |
i = The spectrum of y(t) is limited to within +min{W, B} Hz of the |
carrier frequency f., provided that max{W, B} < f. '

y(t) = Re {§(t)e’?™e } = y;(t) cos(2m fet) — yq () Sin(27cht)§
y(t) = yr(t) + jyo(t) .
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Bandpass System

Question: Is the following system valid?

(¢) = ¥()=[ h(D)F(t-1)de
h(r) e

\ 4

B The advantage of the above equivalent system 1s that there 1is
no need to deal with the carrier frequency in the system
analysis.

The answer to the question 1s YES (with some
modification)! It will be substantiated in the sequel.
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It suffices to show that Y () = X (/) H(f).

Y (f) = 2u( )Y (f) Y(NH=Y.(f+1)

Observe that { X, (f) =2u(f)X(f) and { X(f)=X.(f+ f)).

Consequently,

H.(f)=2u(/HH(S) kﬁ(f):H+(f+fc)

X(OHH)=X.(f+[)H,(f+ 1)
=Qu(f+ f)X(f+ f)Neu(f+ LOH(f+ 1))
=4u(f + f)X(f + LIH(f + f)
=4u(f+ f)Y ([ + 1))

=2Y.(f +/.)

=2Y(f) —

There 1s an additional multiplicative
constant 2 at the output!

© Po-Ning Chen@ece.nctu

3-22




Bandpass System

[ Conclusion:

X (1) y(t) = lr h(0)X(t—7)dt
+ h(7) 2=

© Po-Ning Chen@ece.nctu 3-23



Bandpass System

[] Final note on bandpass system

B Some books define /. (f) = u(f)H(f) for a filter,
instead of H.(f) = 2u(f)H(f) (as for a signal).

B As aresult of this definition (1.e., /. (f) = u(f)H(f)),
h(z)=2Rel i (0)e™ [ and §(1)= [ h(D)F(t~r)dr

B [t 1s justifiable to remove 2 1 H () = u(f)H(f),
because a filter 1s used to filter out the signal; hence,
1t 1s not necessary to make the total area constant.
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Representation of Narrowband Noise using In-
Phase and Quadrature Components

1 The bandpass system representation discussed

previously 1s based on deterministic signals.

1 How about a random process? Can we have a

low-pass 1somorphism system to a bandpass
random process.

B Take the noise process N(¢) as an example.

N(1)

()

Y(t)=[ h(@)N(t-7)dz
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Representation of Narrowband Noise using In-
Phase and Quadrature Components

L1 A WSS real-valued zero-mean noise process N(t)
1s a bandpass process if its PSD S,(f) = 0 only for
lf—f|<Band|f+/| < B, and also B <f{..

B Similar to the analysis for deterministic signals, let

(N(t) = N,(t)cos(2af.t) — N, (¢)sin(27f t)
(N(@®)=N,(6)+ jNy (1)
for some joint zero-mean WSS of N/(f) and Ny().

B Notably, the joint WSS of N(¢) and N(?)
immediately imply WSS of y(y).

9
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PSD of N/t ) and N(t)

L] First, we note that joint WSS of Nz ) and N (%)
and the WSS of N(¢) imply:

R, (1)=R,, () |
] (See the proof 1n the sequel.)
kRN,,NQ (7)= _RNQ,N, (7)
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EIN(t+T1)N(t)]

E|[(Nr(t+7)cos2mf.(t+ 7)) — No(t+ 7)sin(2nf.(t +7)))

X (Ny(t) cos(2m ft) — Ng(t)sin(2m f.t))]
Ry, (1) cos(2m f.(t + 7)) cos(27 f.t)

+ Ry, (7) sin(27 fo(t + 7)) sin(27 f.t)
—Rn; No (T) cos(2m fo(t + 7)) sin(27 £ 1)
— Ry N, (7) sin(2m fo(t + 7)) cos(2m f.t)

Ry (7) cos(2mf.T) + C(;S(27ch(2t + 7))
cos(2m f.1) — cos(2m f.(2t + 7))

2
sin(27 f.(2t + 7)) — sin(27 f.7)

+Rn, (7)

—Rn; No (T) 5

sin(27w f.(2t + 7)) + sin(27 f.7)

—Rng, N, (T) 5

© Po-Ning Chen@ece.nctu
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(Continue from the previous slide.)

Ry(7) =R, (9)+ Ry, (9)]cos(27.0)

1

5 [Ry, 0, (D)= Ry, (D]sin(277,7)

# IRy, (1)= Ry, (D)]cos(2af, (24 +7)
!

=S R, (D) Ry, (D)]sINQ (21 +7))

— IR OSRGOS (Property D
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PSD ot N/t ) and N(¢)

B Some other properties

Ry (7) E[N(t+ 7)N*(t)]
E[(Nr(t+7)+jNqg(t+ 7)) x (N;(t) — jNq(t))]
RN, (T) + Bng (7) + §[BNg N, (T) — BNy N (T)]

2RnN,(7) + 32BN, N, (T)  (Property 3)
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PSD of N/t ) and N(t)

Properties 2 and 3 jointly imply
Ry (1) = sRe{Rz(7) exp(j2n foT)} (Property 4)

[1 As the inconsistency encountered in Slide 3-24,
B some books define
Ry(1) = LE[X(t+1)X*(t)] for complex X(%);
{RX(T) =E[X({t+71)X(2)] for real X (t)

B As aresult of the two “inconsistent” definitions, a “simpler”
relation is obtained: Rn(7) = Re{Ry(7)exp(j27f.7)}

B For consistence, we let R (1) = E[X (t + 7)X*(t)] for complex X (t)
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Summary of Spectrum Properties

" 1- RI\"] (T) — RJVQ (T) a’nd RJVI Nq (T) — _Rl\rQ N7 (T)

< ___________ \\\\=> R]\,' (0) — R[\"l (O) — RAVQ (O)

_ 4 Rn(r) = } - Re{Ry() exp(j2n fo7)}

5. Sx(f) is real-valued. > By R.(7) = R;(—z').
6. Sn,(f) = Sng(f) and Sn; No(f) = —Sng,nN,(f)  [From 1.]
7. Sn(f) = 1 (Sx(f = fo) + Sx(=F = fo)) [From 4.

See the next slide. ]
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8. Ni(t) and N (t) are orthogonal.
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S — Tc) + S + Je), <B
9. SN, (f) = Sn, (f) = {ON(f Jol v LJ‘ZIherWise
g M |

N(t) = Ni(t) cos(2 fet) 2 cos(2m f.t)

—Ng(t) sin(27 f.t)
Vo(t) | Ideal lowpass
"% filter Na(?)
—2sin(27 f.t)
R, (t,u) = EV, )V, (u)]
=4E[N(t)cos(2af t)N(u)cos(2rf u)]
=4R, (t,u)cos(2af t)cos(2nf u)
|Notably, 7, () is not WSS.
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1 T
RVI (7-) — Th—r>noo ﬁ / - RVI (t + 7, T)dt

T
= lim —/ ARN(7) cos(2m f.(t + 7)) cos(27 f.t)dt
—T

2 T
= Ru(r) Jim 2 /_ leos(2m (24 + 7)) +cos(2n )

o T
= Rp(7) lim —/Tcos(27rfc(2t+7)dt—I—QRN(T) cos(2m feT)

T — o0

= 2RpN(7)cos(2mf.T)

S, (N =5.(f=f)+S,(f+ 1)

) - L IS8
S, (/Y= H(IF S, (), where| H(f)[ = {O B
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= S, ()=8,, (=[S, (f = L)+ S, (f + OUNH(S)[
{S v = f)+S(f+f) | f KB

otherwise

Similarly,
s (o [SIUT IS, IS8
Yo 0, otherwise

This result (namely, Sy, (f) = Sn, (f)) coincides with Property 1,
for which Ry, (7) = Ry, (7).
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1S c)— S — fe)ls B
10. S, no(f) = {y[ N+ f) = Sn(f = L)), |fI <B
0, otherwise
R Vi(t) Idea}ﬁllz);:pass Ny ()
N(t) = Ni(t) cos(2m f.t) 2 cos(2m f,.t)
—Ng(t) sin(27 f.t)
2 Vo(t) . Idea}i%;);{pass No(8)
—2sin(27 f.t)
R, . (t,u)= E[V,(t)Vy(u)]
= —4E[N(t)cos(2af.t)N (u)sin(27f .u)]
=—4R, (t,u)cos2xf t)sin(2xf u)
R, , (t+7,t)=—4R (7) cos(2af (¢t +7))sm(27rf t)
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1

T
Tll_)II;O ﬁ / RVI Vo (t + T, t)dt

—Rpn(7) hm = / [sin(27 f.(2t + 7)) — sin(27 f.7|dt
2R (7) sin(27 f.7)

S0, ()= IS + )= S,(f = )]

R, . (t,u) = E[N,(t)N,(u)]
=E|[ h(z)V,(t=7)dr,-[ hy(z,V,(u—1,)dx,

(e () (1 5V, (= 25
(t —7T,,U— Tz)dfldz'z

", (z)hy(z,)R

ViV
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1 T
— — t)dt
T11—I>noo 2T /_T B No (E 47 1)
= Th—{nooﬁ/ / / h[ Tl)hQ(TQ)RVI VQ<t—|—’7'—7'1,t—7'2>d’7'1d7'2dt
T
— / / hi(T1)ho(T2) jlgnoo—T/_T Ry, v, (t + 7 — 71, — T2)dtdTdTs

= / / h[(Tl)hQ(TQ)RVI,VQ(T—T1 —1—7‘2)d7'1d7'2
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" Yo'6)  10'6) ® I

[ 1, (x)hy(z,)R

- j2afs
- (r,+7—1)e’"dudrdr,

Sy, x, () =]

=[ [ [ n@G)h,()R

(Letu=7,+7-1,.)
=H,()H,(-1S, , (f) Here, Ho(~f) = Hy(f).

Take H(f) = Hqo(f) = H(f).
Then Hi(f)Hqo(—f) = H(f)H(—f) = H(f)H*(f) = |[H(f)|*.

SNI’NQ (f) = ‘§N,,NQ (f)
= JIS,(f + ) =S, (f = fONH()F
_ {j[SN(erfc)—SN(f—fc)]» f<B

0, otherwise

—j2nf (u—7,+7,)
v, (e “dudrdrt,,
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Ideal Bandpass Filtered White Noise
Revisited S (f)

. 2B 4

2

fet+B — fe -
+/ %eﬂ”f*df fe 0 f
fc—B 2 '

= 2BNysinc(2BT1) cos(2m f.T)
Ry, (7) = 2BNgysinc(2BT)

2NyB |-

A

SN: (f) = SNQ (f)

v

-B0 B
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Representation of Narrowband Noise using
Envelope and Phase Components

[1 Now we turn to envelope R(t) and phase Y(t)
components of a random process of the form

N(t)= N, (t)cos(2nf t)— N, (¢)si(27f 1)
= R(¢)cos[2xf t +¥(1)]

where R(r) = | N2(£) + N3(¢) and W(z) = tan™' [N, (1) / N, (1)].
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Pdf of R(¢) and ¥ (7)

1 Assume that N(¢) is a white Gaussian process
with two-sided PSD % = N,/2.

] For convenience, let V; and N, be snapshot
samples of NV(z) and N(?).

1 Then
1 n:+n’
fN,,NQ (n]9nQ) = 3 e exp[— I Q]

2
O 20
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Pdf of R(¢) and ¥ (7)

[ By n;=r cos(y) and n, = r sin(y),

dn, dn,
1 n, T, dr dr
ex dn, dn = ex drd
A(j 270" p[ 20° ) A(j 2ro” p( jd’lz dny [V
ny,hg r)
dy dy
= j exp[ jm’m’w
A 2o’

r re 1 r re
SO fR,‘P(ra l//) — o) eXp(_ j — X 2 exp( 2 j

2o 20° | 27 © 20
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Pdf of R(¢) and ¥ (7)

[] R and W are therefore independent.

9

-

f‘P(W) —

2
r

2L for 0<y <2rx.

T

fo(r)= Lexp — forr>0. Rayleigh distribution.
o’ 20"
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Sine Wave + Gaussian Noise

[1 Now suppose the Gaussian white noise is added
to a sinusoid of amplitude A.

[1 Then
x(t) = Acos(2mf.t) + n(t)
= Acos(27mfct) +ni(t) cos(2m fet) — ng(t) sin(27 f.t)
= x7(t)cos(2mf.t) —zq(t)sin(27 f.t)

B Uncorrelation for Gaussian n,(¢) and n,(¢) implies
their independence.
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Sine Wave + Gaussian Noise

] This gives the pdf of x,(7) and x () as:

1 I (x, —A)’ +x
fXI’XQ(x]’xQ): 2o’ CXP_— I 207 Q:|
1 By x; = r cos(y) and x, = r sin(y), dx, dx,
1 _(reos(y) - AV +risin” (@) || dr  dr
Jrw(r ) = 9% o exp[ 207 dx, dx,
dy dy

r r*+ A* =2Arcos
_exp| - s (y)
2TO 20
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Sine Wave + Gaussian Noise

1 Notably, in this case, R and ¥ are no longer
independent.

(1 We are more interested in the marginal
distribution of R.

()= [ Fourp)dy

27 r*+ A* =2 Arcos
= IO exp[— (W)jd 1

2o’ 20°
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Sine Wave + Gaussian Noise

1o(r) = r : exp(— r-+ A jjzﬂ exp(zArCOS(l//) jdl//

2o 20* b 20"
= Lex — A 1 ﬂ
o’ P 26> ) N o? )

where [ (x) = ZL jozegzxp(x cos(y))dy 1s the modified Bessel function
T

of the first kind of zero order.

This distribution 1s named the Rician distribution.
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Normalized Rician distribution

Letvzgandazé.
2 2
VvV +da
f,(v)=v- exp(— 5 ]IO (aV),

0.7

=0 ——

=1 ——
0.6 |- =2
0.5 |-
0.4 |-

f Vv (U) 0.3 F a=2
0.2 F
0 - 1 ] |\_-"“-—-:-__"“-—|— D
0 1 2 v 3 4 5
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besj
besj

]

(=
—_—=

]
R

Bessel Functions

Bessel’s equation of order n = o

d’ d
2 dx{+xd_i+(xz_n2)y:() -0.6 ' : '

X

Its solution J (x) is the Bessel function of the first kind of

order n.

J (x)= 1 [ " cos(xsin(0) - nB)do
T 0

o m n+2m
=$f_ﬂﬂexp(jxsin0—jn0)d9= E(_l) (x/2)

m=0

m!(n+m)!
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Properties of the Bessel Function

L J,(0)=D"J_,(x)=(=1)"J,(~x)

2. J, 1(x)+J+1(x)—2—nJ (x) 3.When x small, J (x)~2n .
n!

4. When x large, J (x) = 2z cos| x— % — nﬂj
TTX 4 2

5. limJ,(x)=0. 6. 3.J,(x)exp(jng) = exp(jxsin(4)

n—»a0

7. i]}f(x):l.

n=—0
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Moditied Bessel Function

Modified Bessel’s equation of order n

2
x° Z” ); +ny +(i°x*=n’)y=0 (i.e., :inf—i% +$% — (2% +n?)y =0)
X X

Its solution /,(x) 1s the Modified Bessel function of the first
kind of order n.

I (x)=j"J (jx)= L f " exp(xcos(8))cos(nd)do
2y "

o (x/z)n+2m

>

m=0

m!(n+m)!

B The modified Bessel function is monotonically increasing
in x for all n.
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Properties of Modified Bessel Function

n=>0

1,
3.Iim7 (x) ={ :
x 0 0, n>1

9

n
w

exp(x) . -

Vo
6. 1, (x)exp(jng) = exp(xcos(#)

4'. When x large, [ (x) =
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Flat-Fading Channel

[1 Model of a multi-path channel

N
A cos(2aft+ 0O
Acos(2xf 1) ;  cos(2H., )
Assume N paths.
Transmitter >

» Recelver
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Flat-Fading Channel

N
Y(t) =) Apcos(2mfet + Oy) = Y7 cos(2m fot) — Y sin(2r ft)
k=1

N N
where Y, = ZAk cos(®,)and ¥, = ZAk sin(®, ).
k=1 k=1

= Input X () = A induces output Y (t)=Y,+jY,,

which 1s independent of .

Assume {(4,,0,)}1.1.d.,and 4, uniform over [—1,+1)

and ©, uniform over [0,27).
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Flat-Fading Channel

1 By Central Limit Theorem,

Y, A cos(®)+--+ A4, cos(O,)
N/6 N/6

— Normal(0,1)

So Y, 1sapproximately Gaussian distributed with

mean 0 and variance (N /6).

For any Gaussian random variable G, we have

_ E[(G-w)’] _ _ E(G-w* _
\/E_ E3/2[(G—p,)2] =0 and f; = B2[(G — p)2] = 3.
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Flat-Fading Channel

v/ 31 skewness {\/:Tl <0

B kurtosis By =3

{\/E>O

B2 =3

VB =0
Py < 3

v

v
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Flat-Fading Channel

B Normality Test: We can therefore use £, and /3, to examine the
degree of resemblance to Gaussian for a random variable.

Sy=U,+---+U,)/a, for zero-meani.i.d.{U,}
~ E[Sy]  E[(U, +--+U,)"] NE[U*]+3N(N-1)E*[U?] _3+E[U4]/E2[U2]—3

>0 == o= P —

E’[Sy] E*[(U +--+U,)] N?E*[U?] N
(E[Acos(®)] = E[Asin(®)] =0
= { E[A” cos’(©)] = E[4’sin*(®)]=1/6
|E[A*cos*(®)] = E[4*sin*(©)] =3/40

N=10 100 1000 10000
297 2997 29997 2.99997
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Summary

Narrowband process
B Hilbert transform
B Bandpass system

Gaussian, Rayleigh and Rician

B C(Central Limit Theorem
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