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In Chapter 9: Communications Through Band-Limited
Channels, we have seen that

When channel is band-limited to [- W, W], without extra
care, the received signal at matched-filter output is

oo
Yk = Z lnXk—n + 2k
n=—o0
where
@ /i is the information symbol,
@ X is the overall discrete impulse response,

@ z, is the additive noise

This gives an intersymbol interference (ISI) channel.
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Yk = Yoo InXk—n + 2k ]

With Nyquist pulse, it is possible to create an ISI-free channel
Xk—n = 5/(_,, and YK = /k + Zy.

However, due to
@ mis-synchronization
@ imperfect channel estimation, etc

IS is sometimes inevitable.
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Yk = Yome—oo InXken + 2k J

There is another simple solution to the ISI problem. The main
idea is the following:

@ Given the discrete channel impulse response xi, we see
Vi = le* X+ 24

@ By Fourier duality, taking discrete Fourier transform
(DFT) at both sides gives

Yk = ijk +Zk

This transforms “convolution” to “multiplication.”
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@ So, if we set, for example, {Jx} € {-1,1} and transmit its
IDFT {/c}. Then, the ISI problem can be solved
straightforwardly.

@ Note that Y is only a function of J, and does not
depend on ..., Tk 0, Tk 1, Tpit, Tksny- - o

@ This idea has been employed in many modern techniques
such as Orthogonal Frequency Division Multiplexing

(OFDM).
In,..., T In,..., I, i Discrete Yun,..., Y
SN L DR B el 2 e N 5
Xk
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11.2 Multicarrier communications:

11.2-3 Orthogonal frequency division multiplexing (OFDM)

11.2-4 Modulation and demodulation in an OFDM system
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Let T be the symbol duration; then we know the set of
waveforms

{,-@emr Ftitel0, T), k=0,1,...,Q—1}

is a set of orthonormal functions, where

1
=

2 2nL T o ok 2L
(K;ez = t Iiez 7th> — [ K ez Tr—te—z ﬂTtdt

z27r(k j) d

\'
\
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Let

)

Xin = ln+ 1 Qun J

be the QAM symbol at the kth subcarrier and at the nth
symbol period; then the multicarrier waveform is given by

o0

si(t) = Z (ZaneZ27r t)g(t_”T) J

where g(t) is the pulse shaping function.

Hence,
s(t) = Re{sy(t)e'*’!}

At the first glance, it seems to be a single-carrier f. system;
but, it is actually a multi-carrier system with single-carrier
implementation.
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s(t) = Re{sy(t)e'? "t}

0o Q-1
= Re{/f > (ZXk7,,e’2”;t)g(t—nT)e’z’Tfft}

n=—oc0 \ k=0

= Qz_:lRe{(/@ i kag(t—nT)) e’2”fkt}

n=—oo

where f; = f. + & is the kth carrier.

Digital Communications: Chapter 11 Ver 2018.07.25 Po-Ning Chen



11.2-6 Spectral characteristics of

multicarrier signals
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Clearly, sy(t) is a random process.

o2

For simplicity, we may assume [ , and Qk7,, are i.i.d., zero mean,
and variance 2

With x = 1/\/T, the autocorrelation function of s;(t) is

1 [ & 92 i
Rsz(t+7',t) = —E Z Xk,ng(t‘f'T—nT)ez ﬂ?(t-%—’r)
n

o k
( Z )Qfmg*(t—mT)e_lzﬂ#t)
m=-o00 j

1 Q-1
?02 Z e 2T Z g(t+7-nT)g*(t-nT)

n=—o00
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@ It is clear that
Ry, (t+7,t) = Ry, (t+7+mT,t+mT)

for any integer m; hence s,(t) is a cyclostationary random
process with period T.
@ The average autocorrelation function is thus given by

1 T
R, (T) = ?/ R, (t+T,t)dt

- —Zeﬂ” 77 Z / g(t+7-nT)g*(t—nT)dt

= _22 pl2m kT Z f (DT g(u+71)g*(u)du
2t [Cg(tar)g(de

Il
()]
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Power spectral density

The time-average power spectral density of s;(t) is

S, (f) = [:ESZ(T)eﬂ%HdT

2Ql

- T22[ g ( [ gerne D ar) g

2Ql
- T2 fg(t)

2

/2
= (77_2 Z G(f——)( g(t)e_’27r (F=7)t dt)*

2Q1 k
GlIf-=]|| .
(-5

g(u)e 1271' %)u du) ez27r(f—$)tdt
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The time-average power spectral density of sy(t) is

(-5)

where @ is the number of subcarriers.

_ 2
g2 Q1

Sse(f) = ﬁ Z

k=0
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Let g(t) be the rectangular pulse shape of height 1 and
duration T; then

G(f) = e ™ Tsinc(fT).

Hence
_ Q-1 k 2
So(f) = o° kz:%) sinc((f— ?) T)
In particular,

0, otherwise.

_ Q-1 2 ;
SSZ(g) = c722|sinc(m—k)|2 = {U’ F0<m<@
k=0

Digital Communications: Chapter 11 Ver 2018.07.25 Po-Ning Chen



Example: T=1and Q=5

Figure: |G (F = £)[ for k=0,1,2,3,4
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Example: T=1and Q=5

Figure: Ss,(f)
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Q-1

2, (- 7)7)

k=0

§Se(f) = o2

| J
e The PSD §sl(f) decays very slow at high frequencies at
rate approximately

- 1

555()() ~ E

@ Out of band power leakage is severe and the resulting
spectrum may not meet the FCC requirement.

@ One can add a bandpass filter afterwards to remove the
out-of-band signals, for example, using the root raised
cosine filters.
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11.2-5 An FFT algorithm

implementation of an OFDM
system
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For simplicity, we again assume g(t) is the rectangular pulse
shape of height 1 and duration T such that for 0<t< T,

Q-1
k
Sg(t) = K Z Xkelzw?t
k=0
and zero, otherwise, where we drop the subscript n for symbol
period for notational convenience.

Then, we will introduce an efficient way to generate the
following waveform:

Q-1
si(t) = k), Xke””?t, te[0,T)

k=0
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Generating sy(t) using iFFT + DAC

Consider an N-point iFFT with N > Q. (Usually, N is equal
to the power of two.)

{xk, if0<k<Q

St X =10 ifQek<N

The iFFT of Xy is given by
s 1 = 1 2m ok Q z27r
m = N Z Xke N = Z
k=0 k=0
Feeding NX,, to a digital-analog-converter (DAC) at rate #

gives

s(t) = (kN) NZle gDAC(t—NT)

where gpac(t) is the rectangular pulse of height 1 and
duration %
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wnois-- % ¢ Discrete | oyy,...om

XN-15--) Xo . : Yn,e-os Y,
— AL RSN 7 - s
(05,0, X1, --» Xo iIFFT channel FFT

Note that for n=0,1,...,N -1,

n N-1 n m

S|l—T) = &N Km —T-=T

SZ(N ) K mZ::oX gDAC(N N )
= rkNX,

kn

Q-1
= Ky Xee' "W = Sg(ﬂT) (See Slide 11-20.)
k=0 N

We see

4(t) = sy(t) for t=nT/Nand n=0,1,...,N-1. ]

The technique we had used is called Zero Padding in DSP.

Digital Communications: Chapter 11 Ver 2018.07.25 Po-Ning Chen



Example: @ =16 and T =1

) 5 10 15 o 5 10 15 20
f (Hz) f(Hz)

Xk:Ik+szforOSk<Q:16
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Example: @ =16 and T =1

0 02 04 06 08 y
t (sec)

Figure: sp(t) = () + 1 Q(t) = k X8 Xye' 7t t€[0,T)
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Example: @ =16 and T =1and N =16

Sg(t)

§(t)
30 v .

405 0.2 0.4 06 0.8 1 -305 0.2 0.4 06 0.8 1

t (sec) t (sec)

2 15

Sg(t)ZSg(t) at tZO,E,E,...,E

(sec)
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Example: @ =16 and 7T =1 and N =128

Sg(t)

§(t)
30 v .

405 0.2 0.4 06 0.8 1 405 0.2 0.4 06 0.8 1

t (sec) t (sec)

1 2 127

Sg(t)ZS@(t) at tzo,ﬁ,@,...,@

(sec)
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Example: @ =16 and T =1 and N =256

Sg(t) §g(t)

405 0.2 0.4 06 0.8 1 405 0.2 0.4 06 0.8 1

t (sec) t (sec)

1 2 255
256° 256"’ 256

se(t) =8(t) at t = (sec)
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Example: @ =16 and T =1

Q-1
s(t) = & Y Xee'?Tig(t), te[0,T)
k=0

Si(f) = Fis(t)} = I(F)+1Q(f) =k Ty XuG (f - )

Q)

) 10 20 30 40 o 10 20 30 40
f (Hz) 1 (Hz)

Out-of-band leakage due to rectangular pulse shape g(t)
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Example: @ =16 and T =1

ez #W | eg ﬂunﬁn
|

0 10 20 30 40 o 10 20 30 40
f (Hz) f(Hz)
k 1
Sg(fZ?)ZXk:/k+ZQkfork:071,...7Q=153ndl{:?
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Transmission of multicarrier signal
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Il
£
=
]

Si(t) ) (Nl)?m,n gDAC(t_TT))g(t_nT)

n=—oc0 \m=0 N
oo (N-1/Q-1 . m
= K ) Xk,nelzﬂ"’) gDAC(t__T))g(t_nT)
=—00 \m=0 \ k=0 N
oo Q-1 N-1 ik m
= K ), Xk,n( e gDAC(t__T)))g(t_nT)
n=—co \ k=0 m=0 N
e Q-1 t(N/T
_—_ Xk,neZ2ﬂ—-’;l((N//T))J)g(t—nT)
n=—oo \ k=0
) Q-1 P
s(t) = kY, Xk7,,e227th)g(t—nT)

The difference between ideal s,(t) and physically realizable
S(t) is that the latter uses a "digitized” time scale.
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[t(N/T)]

Denote a = (N7

, Which is approximately 1 when N large.

Then the transmitted signal is given by

5(1)

Re {5,(t)e" "}

k [t(N/T)]

) Q-1
KoY Re{(z Xjpe' 2T Wi )ezzﬂfct}g(t—nT)
n=-—o0 k=0
oo Q-1 k
K Z Z{/ky,,cos[%r(fc+a?) t]

n=—o00 k=0

~Qosin [27T(fc ¥ a?) t]}g(t— nT)
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Transmission of multicarrier signal

Constellation

mapping
Be | )
1 DAC @
*O @j
£ 0
Serial
to parallel
[ DAC I X
Im | |
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OFDM = Multicarrier + Cyclic prefix
e Why adding cyclic prefix?
To combat the channel effect due to ¢,(t)
@ We can virtually think that
o [pBReRe o

, otherwise
or more physically

QlX o277 it tel0, T
4(t) - { kY [0,7)

otherwise
@ Virtually extend s;(t) to make it periodic

S(t)= Y, s(t-nT) = & Z_: Xee' ™7t for te R
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We will transmit S;(t) (of duration P+ T) instead of s;(t) (of
duration T) for OFDM, where P is the length of ¢,(t).

In other words, we essentially assume that

c(t)=0for t<0and t>P.

The extra periodic part P is called cyclic prefix in OFDM. ]

Usually, T should be made much larger than P in order to
reduce the loss in transmission time and to save extra

transmission power. For example, T =3.2us and P = 0.8us for
IEEE 802.11.

The necessity of adding CP will be clear in the analysis of Rx.
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Receiver for multicarrier signal
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Receiver for multicarrier signal

Symbol
detection

O
l
i

$[n]

(@)

Q  Parallel
to serial

O
&

Im

Oversampling

While there are only @ tones transmitted, oversampling is
required to avoid aliasing caused by out-of-band signals from
other users.
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Assuming the channel has a lowpass equivalent impulse
response ¢;(t), the received noise-free received signal is

P
r(t) = 5(t) * c(t) = fo ()& (t - 7)dr,
where §,(t) periodic with period T.

Since all we need is r,(t) for t € [0, T), it is clear from the
above formula that we only need 3/(t) for te [-P, T).

By this CP technique, the received signal is simplified to:
l’g(t) §g(t) * Cg(t)

Q-1
K ( Z Xkelzﬂ;('t) * Cg(t)
k=0

Q-1 oo .
f c(r)e? () dr

I
N

g
2
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rg(t)

Q-1 )
kY. X e 2Tt f co(7)e 2T dr
k=0 %
Q1 k k
K Z Xkeﬂﬁ?th (—) .
k=0 T

Note r,(t) is actually periodic with period T.

Sample r,(t) at rate # where N is not necessarily equal to N.

cerlr)rE el

* The extra receptions for m=-1,-2,.. .,—? due to CP are unused.
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When using the physical §,(t) instead of ideal s,(t),
Q 2oy k [ Lm(NV/R)]
I”\m (— )_RZCZ( )Xk6‘2 (’"(N/N)) T

= KJZCK(?)X 22“klm(N/N)f 0<m<N-1

So, if N = N or N is a multiple of N (i.e., the sampling
rate at Tx isNhigher), then fp=rm.
However, if N is a multiple of N, say, N = ulN, then

=K Z Cg( )X Lf'lzwklm/J = Tu|m/ul-

In other words, we only have N different samples at Rx
since Tx only transmits NV samples.
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FFT/iFFT duality

The FFT/iFFT duality we adopt here is:

FFT  Xi= 3 Rpe 2%
m=0
1 N2, m
iFFT Ry, = — el 2T
N k=0
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Channel equalization

Given the received signal vector r = [ro, -, rg_,], the receiver
applies FFT to r (Implicitly, N is a multiple of N with N > Q.)

Digital Communications: Chapter 11 Ver 2018.07.25 Po-Ning Chen



When oversampling occurs

When N = uN,
N-1 o
Rn = Z f’\me_Z 4
m=0
Nle 1l ok km Lm/u] o
= (K CE (_)Xkel2ﬂ' N m/u )el2ﬂ'm (m _ uI+J)
m=0\ k=0 T
Q*l k U—]. n N—]_ ,(n, )
O I
k=0 v Jj=0 i=0
_ “(Zl'fol e_lzﬂ%) NG, ("n?dN XnmodNs 0<nmodN < Q
0 Q<nmodN< N
_ (ufﬁl)n (m)
€ u sin( -~
= K sm(:—N”) - NCE(nm%dN)XandN; 0<nmodN< @
0, Q<nmod N < N
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Example. N =16 and N = 64

absl(sln(pl’x/lﬁ)/slh(pl’x/ﬂ)) ;‘

350\ /A

1.5

0.5
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Channel equalization

With noise present, we have

~ k
Rk = HNC@(?)X;{ +Zk

e Only one-tap equalization (i.e., kKNG, (?)) is needed.
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Disadvantages of OFDM

While OFDM allows for simple equalization, it also introduces
other problems such as:

High peak-to-average power ratio (PAPR) at s,(t)

0 02 04 06 08 ]
t (sec)
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What you learn from Chapter 11

@ Spectral characteristics of multicarrier signals

@ An FFT implementation of an OFDM system with DAC
consideration

@ Physical transmission of multicarrier signal over digitized
time scale

e Multicarrier + Cyclic prefix

@ Oversampling and undersampling at RX
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