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4.1 Waveform and vector channel

models
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Transmitted
signal

Sﬁ]( t)

Channel

o AWGN: Additive white Gaussian noise

T

O—t—

n(r)

Received
signal

HB)=s,(ty+n(?)

S,(f) = % (Watt/Hz); equivalently, R,(7) = %5(7) (Watt)
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r(t) = sm(t) +n(t) |

Note: Instead of using boldfaced letters to denote random vari-
ables (resp. processes), we use blue-colored letters in Chapter 4,
and reserve boldfaced blue-colored letters to denote random vec-
tors (resp. multi-dimensional processes).

Receiver

Output
decision

Received Signal
signal (1) demodulator Detector

Definition 1 (Optimality)
Estimate m such that the error probability is minimized.

Po-Ning Chen
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Models for analysis

Receiver
Received Signal Output
signal 7(7) demodulator Detector decision

@ Signal demodulator: Vectorization
r(t) == [r1,r2,rn]

@ Detector: Minimize the probability of error in the above
functional block

[fl,fz,'",f/v] — estimator m
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Waveform to vector

o Let {¢;(t),1<i< N} be a set of complete orthonormal
basis for signals {s,,(t),1 < m< M}; then define

o= @O.60) = [ e de
(sn(0).6:(0) = [ sn()07 () ot

mo= (Do) = [ a0 at

Sm,i
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@ Mean of n;:

E[n;] - E[[OTn(t)qs;f(t) dt] _ 0

@ Variance of n;:

E(|nl’]

E[/T”(t)ﬁl“(t)dt'/Tn*(T)cbi(T) dT]
) / f [n(t)n*(7)] 97 (t) 6i(7) dtdT

) ./0 fo 75 t— 1)o7 (t)¢i(7)dtdT

N, T
= 3 ei(meir)dr
0
No

2
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So we have
N

n(t) = Z n;¢;(t) + Fl(t)
i-1
e Why 7i(t)? It is because {¢;(t),i=1,2,---, N} is not
necessarily a complete basis for noise n(t).

e 7(t) will not affect the error performance (it is orthogonal
to Z,’-\il n;i¢;(t) but could be statistically dependent on
>N nioi(t).) As a simple justification, the receiver can
completely determine the exact value of A(t) even if it is
random in nature. So, the receiver can cleanly remove it
from r(t) without affecting s,,(t):
N

a(t) = r(t) - ;r,wgb,-(t).

= r(t)—ﬁ(t) Z; t) Zsml (b,(t) an ¢I(t)
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Independence and orthogonality

@ Two orthogonal but possibly dependent signals, when
they are summed together (i.e., when they are
simultaneously transmitted), can be completely separated
by communication technology (if we know the basis).

@ Two independent signals, when they are summed
together, cannot be completely separated with probability
one (by “inner product” technology), if they are not
orthogonal to each other.

@ Therefore, in practice, orthogonality is more essentiall
than independence.
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Define

r = [ r{ - rn ]T
Sm = [ Sm1i "t SmN ]T
no=[m o o]

We can equivalently transform the waveform channel to a
discrete channel:
= r =Sp+n

where n is zero-mean independent and identically Gaussian
distributed with variance Ny/2.
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Gaussian assumption

The joint probability density function (pdf) of n is
conventionally given by

(\/#)Nexp (—%) if n real

Flm) =1
(m) exp (—7) if n complex

where
o2 0 0
2
E[nn"] = 0 U: 0
0 0 o2
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Example.
F=re+ur,=(sc+ny)+u(s, +n,)=5+0,

where § =5, +1s, and fi = n, +1n,.
Assume n, and n, are independent zero-mean Gaussian with
E[n2] = E[n2]; hence, E[|A[]?] = E[n2] + E[nZ] = 2E[nZ].

Then,
1 2 _(’x—sx)2+("y—5y)2
e 2E[n2]
27E[n2]

X

1 ' s
(W) e Eli?] = f(r)

f(rxv)’y)
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Optimal decision function

@ Given that the decision region for message m upon the
reception of r is D,,, i.e.,

g(ry=m ifreD,,

the probability of correct decision is

M
P. = ZlPr{sm sent}/D f(r|sm)dr

M
> / f(r)Pr{s,, sent|r received} dr
m=1~ Dm

@ It implies that the optimal decision is

Maximum a posterori probability (MAP) decision

Gopt(r) = arg max Pr{s,, sent|r received}
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Maximum likelihood receiver

@ From Bayes' rule we have

Pr{sm}

Prisn|r} = )

f(rlsm)

o If s, are equally-likely, i.e., Pr{s,} = ﬁ then

Maximum likelihood (ML) decision

gui(r) = arg max f(r|sy)
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Decision region

@ Given the decision function g : RN — {1,---, M}, we can
define the decision region

Dm = {reRN :g(r) = m}.

@ Symbol error probability (SER) of g is

P.(= Pp in textbook)

M
> PmPr{g(r)#m|smsent }

m=1
M

NS f F(Flsm) dr
m=1 m'+m Dy

where Py, = Pr{s, sent}.

| use P, instead of Py, in contrast to P..
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Bit level decision

The digital communications involve

k-bit information — M = 2% modulated signal s,,
+noise
—
g
7 S =Sg(n

—  k-bit recovering information
@ For the jth bit b; € {0,1}, the a posterori probability of
b,‘ =/is
Pribi={r} = > Pr{sy|r}

Sm:b,'=€
@ The MAP rule for b; is

(r) = arg max Prismlr
guap, () gze{o,l}Sm:zb;:g (i)
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Bit error probability (BER)

@ The decision region of b; is
B,’70 {rERN : gMAp'.(r) =0}
B,’J_ {r € RN : gMAp'.(r) = 1}

@ The error probability of bit b; is

Poi = > > Pr{sp,sent} /B.(M) f(rism)dr

0e{0,1} Sm:b;=¢

@ The average bit error probability (BER) is
1 k
Py = Zzpb,i
i=1

Let e be the random variable corresponding to the number of bit errors in a symbol. Then P, = %E[e] =
%]E[Z;;l e,-] = %Z;{:l Ele;] = %Zle Pyp, i, where e; = 1 denotes the event that the ith bit is in error, and
e; = 0 implies the ith bit is correctly recovered.
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(If [b; = b;] is a marginal event of [(by, ..., bg) = (b1,...,b)], then)

Pb < Pe < ka
Proof:
1& ~
Pb = —ZPr[blqtbl]
k=
1& -
= ]_—— P bi:bl
kZ; | ]
1 & 7 p
< 1_FZ [(b17...,bk):(b17"’7bk)]
i=1

= [(b17---7bk)¢(El,...,3k)]:P

k
< Z;Pr[b, * b,] = k(% Z;Pr[b, * b,]) = ka
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Example

Example 1

Consider two equal-probable signals s; = [0 0]T and
s> = [1 1|7 sending through an additive noisy channel with
n=[ny ny]™ with joint pdf

| exp(=m —ny), ifn,n>0
@) = { 0, otherwise.

Find MAP Rule and P..
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Since P{s1} = P{s>} = 2, MAP and ML rules coincide.
Given r = s + n, we would choose s; if

f(si|r) > f(salr) < f(r|sy) > f(r|sy)
= e (100 1(n >0,n20)2e (DD . 1(r >1,n>1)
< 1(n20,rn20)2e?1(n21,rn>1)

where 1(-) is the set indicator function. Hence

Dy ={r:n>1rn>1} and D; = D§
Pep = fD f(r\sl)dr:/; [1 e "2 dndr, = e?
2
Py = fD f(rls))dr = 0

= Pe = Pr{sl}Pe|1 + PF{SQ}Pe‘z = %6_2
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Z-channel

~

\
/
DI
-1,
1
Sp—=52
— a2
Pe‘]_ =€
-2
e
Pe\2 =0
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Sufficient statistics

Assuming s, is transmitted, we receive r = (r, ;) with
f(l’|$m) = f(rl,r2|sm) = f(l’1|5m)f(l’2|l’1)

a Markov chain (s, > rn = n).

Under the above assumption, the optimal decision can be
made without r, (therefore, ry is called the sufficient statistics
and ry is called the irrelevant data for detection of s, ).

Proof:

8opt(r) = arg max Prisp|r} = arg max Prisn}f {rlsm}

arg 1g1mag>l<w Pr{sm}f (r|sm)f (r|rn)

= arg lznma<)l(\/l Pr{sm}f (r1|5m)
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Preprocessing

s r . P m
— |Channel| — Preprocessing G — Detector —

Assume G(r) =
gopt(rap)

Zopt(P)

p could be a many-to-one mapping. Then
arg max Pr{sn|r,p}

arg max Pr{sm}f{r,plsm}

arg max_ Pr{sm}f (r|sm) f (p|r)

arg max Pr{sm}f (r|s,) independent of p
arg max Pr{sn}f (plsm)
arg max Pr{sn} [ f(r,plsm)dr

arg max Pr{sn} [ £ (plr)f (rlsm) dr
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o In general, g,pt(r, p) (or gope(r)) gives a smaller error
rate than gop:(p)-

@ They have equal performance only when pre-processing G
is a bijection.

@ By proceccing, data can be in a more “useful” (e.g.,
simpler in implementation) form but the error rate can
never be reduced!
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4.2-1 Optimal detection for the

vector AWGN channel
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Recapture Chapter 2

@ Using signal space with orthonormal functions
¢1(t),, dn(t), we can rewrite the waveform model

r(t) = sm(t)+n(t)

as

T T

.
= [sm1 = S ] +[m - ]

1. M
2

The joint probability density function (pdf) of n is given by

[ o ]

with

B[] - EH [ nood

f(n) = _ Nexp(— H”H2 )
/27 (No/2) 2(No/2)
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Bopt(r) (= gMAP(r))
= arglgnixA/,[me(dsm)]

=arg

= arg

= arg

= arg

= arg

Digital Communications. Chap 04

maX
1<m<M

maxXx
1<m<M

maxXx
1<m<M |

maxXx
1<m<M |

maxXx
1<m<M |

e ) (5]

log(Pr) I” sm||2]

/v0 |

> |0g(Pm)— ~|r-sul ] Will be used later!)
[ N,

S log(Pr) - 517 + s - 3E]

[ No

Iog(Pm) +r's, - —5 ]
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Theorem 3 (MAP decision rule)

N, 1
M = arg max [—0 log(Pn) — 55,,, + rTsm]

arg max [Mm + r'Sm]

where 1, = & log(Pm) — 5Em is the bias term.

A\

Theorem 4 (ML decision rule)
If Py = =, the ML decision rule is

3>
I}

N 1
arg max [70 log(Pm) = 5 |Ir - sm||2]

. 2 _ . _
arglsrggw [r—sm|” =arg lgmsnM lr = sml

also known as minimum distance decision rule.
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When signals are both equally likely and of equal energy, i.e.
2
Pn=— and |[su,|° = &,

the bias term 7, is independent of m, and the ML decision
rule is simplified to

o T
M = arg max r's,,.
glsmsM m

This is called correlation rule since

sy = [0 " H()sm(t) dt.
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Signal space diagram for ML decision maker for one kind of
signal assignment
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Alternative signal space assignment
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@ There are two factors that determine the error probability.

@ The Euclidean distances among signal vectors.

Generally speaking, the larger the Euclidean distance
among signal vectors, the smaller the error probability.

@ The positions of the signal vectors.

The two signal space diagrams in Slides 4-30~4-33 have
the same pair-wise Euclidean distance among signal vec-
tors!
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Realization of ML rule

. 2
arg min |7 - s,

3>
Il

. 2 2
- arngrmSnM(HrH —2r" s+ Sm”)
= arg max |r's, - E |Sm]?

- A IR moo

~ arg max (fOTr(t)sm(t)dt—%fOT|sm(t)|2dt)

1<m<M

@ The 1st term = Projection of received signal onto each
channel symbols.

@ The 2nd term = Compensation for channel symbols with
unequal powers, such as PAM.
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Block diagram for the realization of the ML rule

Recetved
signal r(r)

Digital Communications. Chap 04

"
—-é——» IO( Yd i

fix jﬂr( yd it

"
_bé_> jl] { )G‘f

Ver. 2018.11.06

Sample
atr=T

o —
3

Select
the
largest

m

2

—

Po-Ning Chen

Output

decision
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Optimal detection for binary antipodal signaling

Under AWGN, consider
@ si(t) =s(t) and sp(t) = —s(t);
@ Pr{si(t)} =pand Pr{s(t)} =1-p
@ Let s; and s, be respectively signal space representation
of s1(t) and s,(t) using ¢ (t) = 20

Isi(2)]

@ Then we have s; = /& and s, = —/&; with & = &

Decision region for s; is

Dy = {reRimp+r-ss>m+r-s}

{re]R:%Iog(p)—%+r\/8_b>%Iog(l—p)—%—r\/?b}

No ].—P}
= treR:r> log —
{ 4v/Ep p
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Threshold detection

To detect binary antipodal signaling,

1., !f r i I'h Ny 1 _p
8opt(r) = < tie, ifr=ry , wherery, = log
2, if r<ry 4V E P
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Error probability of binary antipodal signaling

Pe = P Z/ f(r|sy,)dr

m'=m

= pr s— Sb dr+(1 p)/ (rs \/E_b)dr
= pf:h dr+(1 p)/ f r|s= \/E_b)dr

_ VEp - +(1- VEb + reh
o[ )“ B No/z)

‘Pr{./\/'(m,a2) <r}= Q(%)
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ML decision for binary antipodal signaling

For ML Detection, we have p=1-p= %

L ifr>n Ny l1-p
gML(r)—{2 i r <y where ry, = Ih—— =0

4/ P

Y
)

and

_ V& — (11— VEb + Ieh _ 2_513
- oot ) oo i) - o V)
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001 | —

0.001 |- 4

10001 | —

le-05 -

le-06 L L L L 1
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Binary equal-probable orthogonal signaling scheme

e For binary antipodal signals, s;(t) and sy(t) are not
orthogonal! How about using two orthogonal signals.

o Assume Pr{s;(t)} = Pr{s(t)} =1
@ Assume tentatively that s;(t) is orthogonal to s(t); so
we need two orthonormal basis functions ¢;(t) and ¢»(t)

@ Signal space representation s;(t) — s1 and s(t) — s>
Under AWGN, the ML decision region for s is
D = {reR? : |r-s| <|r-s|}

i.e., the minimum distance decision rule.
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Computing error probability concerns the following
integrations:

f f(r|sy) dr and/ f(rlsy) dr.
'Dl DZ

For Dy, given r = s, + n we have

[r=si| <[r-s2] = [s2+n-s:1|<|nl]

—  [s2-s1+n|*<|n|’

—  [s2-s1|*+[n]*+2(s2 - s1)"n < |n|?
1

E (Sz—Sl)Tn<—§ H52—51H2

Recall n is Gaussian with covariance matrix K, = %lg; hence

(s2 — s1)"n is Gaussian with variance

N,
E[(s2~-s1)'nn"(s2 - s1)] = 70 Is2 - s1]?
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Setting

di, = |s2-si|
we obtain
f f(rlsy) dr = Pr{N(O %dz ) <—1d2}
o, 2 ' di2 5di2
d2
o2 Q( d_)
o/ % 2No

Similarly, we can show

[sz(rysl) dr = Q(\/;—;\Z)

The derivation from Slide 4-42 to this page remains solid even
if s1(t) and sy(t) are not orthogonal! So, it can be applied as
well to binary antipodal signals.
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Example 2 (Binary antipodal)

In this case we have s; = /&, and sy = —/&}p, SO

d = VE| = 4k

_ di, | _ 2
- alVak) - o)

Hence
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Example 3 (General equal-energy binary)

In this case we have |s1||? = ||s2]]? = &, so
d, =|s2=s1]? =|s2[* + [s1]? - 2(s2, 51) = 26,(1 - p)

where p = (s, s1) [(||s2]||s1]). Hence

- of ) o

* The error rate is minimized by taking p = -1 (i.e., antipodal).

4

Digital Communications. Chap 04 Ver. 2018.11.06 Po-Ning Chen



Binary antipodal vs orthogonal

For binary antipodal such as BPSK

| fE
Puepsk = Q( Wo)

and for binary orthogonal such as BFSK

Eb
P - Q[\/=
b,BFSK Q ( No )
we see

e BPSK is 3 dB (specifically, 10log;o(2) = 3.010) better

than BFSK in error performance.

@ The term i—g is commonly referred to as signal-to-noise

ratio per information bit.
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T T T T
BPSK ——
BFSK ——
01| .
o001 |- .
Pe
0001 | ~\ 1
AN
\
00001 |- J
le0s |- B
1606 . 1 . 1 . I
0 2 4 6 8 10 12 14
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4.2-2 Implementation of optimal

receiver for AWGN channels
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Recall that the optimal decision rule is
r) = +r'
8opt(r) = arg max [nm +r'spy]
where we note that
-
Fism = f F(£)sm(t) dt
0

This suggests a correlation receiver.
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Correlation receiver

Received

signal r(1)

Correlator

P8y

M

Select
the
largest

Output
decision
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Correlation receiver

Received

signal r(1)

5,(1)

5,(1)

Spll)

Select
the
largest

Output
decision
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Matched filter receiver

Fs, = /OTr(t)sm(t) dt J

On the other hand, we could define a filter h with impulse
response

hm(t) = sp(T -1)
such that

F(t) % hn(£)]._r = f: F(T)h(T=7) d7 = foTr(t)sm(r) dt

This gives the matched filter receiver (that directly generates
r'sm,).
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Optimality of matched filter

Assume that we use a filter h(t) to process the incoming signal
r(t) =s(t)+n(t).

Then

y(t) = h(t)*r(t) = h(t)xs(t)+h(t)xn(t) = h(t)*s(t)+z(t)

Hence the noiseless signal at t = T is

h(t) * s(t)],_, = f: H(F)S(F)e 2" df

t=T
The noise variance 02 = E[z?(T)] = Rz(0) of z(t)|,_+ is

2 * 2 Ny e 2
o2 = [ SuOIHOR I = 2 [ IH(FP o
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Optimality of matched filter

Thus the output SNR is

/22 H(F)S(F)er>~T df|"
N [ IH(f)R df
[ H(A)P df - [21S(F)er> T df
N [ H(f)P df

2 o
_ NOLQ S(F)e> ™[ df.

SNRo =

The Cauchy-Schwartz inequality holds with equality iff
H(f) = a-S*(fe ™ = h(t) = as*(T-t)

f_o; S*(T — t)e*l27rftdt = (j_o; S( T - t)eZZ'n'ftdt)*
= ([—0:0 S(tl)e—z27rf(t’_T)dtl)x- _ S*(f—)e_l%rﬂ-
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4.2-3 A union bound on the

probability of error of maximum
likelihood detection
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Recall for ML decoding

1 M
— f m)d
Mmz_:l—[?& (rlsm)dr

where the ML decoding rule is

P, -

gmi(r) = arg max f(rlsn)

Dy, = {r : f(r|sy,)>f(r|sk) forall k+m'}

and

R
Il

° {r : f(r|sm)<f(r|lsk) for some k + m.}
{r : f(r|sm)<f(rlsy) or-orf(r|sm)<f(rlsmi)
or f(r|sm) < f(r|Sme1) or - or f(r|sy,)<f(rlsy)}
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Define the error event &£,
Emom = {r : f(r|lsm)<f(rlsm)}

Then we note

U 5m—>m’-

1<m’<M
m'+m

Hence, by union inequality (i.e., P(Au B) < P(A) + P(B)),

1 M
Pe = —pr F(rlsm) dr

1 M
= MZ r|sm{Dm}
1 M
= 7 gm%m
Mm=1 fsm{ 1<E7J<M }
1 M
< = Prisy{€m=m} (Union bound)
M m=1 1<m/<Mm
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Appendix: Good to know!

N N
e Union bound (Boole's inequality): Pr(U Ak) < Y Pr(Ag).
k=1 k=1

N N
e Reverse union bound: Pr (A -U Ak) > Pr(A) [1 - > Pr (Ak|A)] :

k=1 k=1
Proof:

Pr(A—IQIJlAk)

Pr (A - Q(A n Ak))

> Pr(A)—Pr(LNJ(AnAk))
k=1
> Pr(A)- é\l: Pr(An Ax) (Alternative form)
k=1
_ Py by N Pr(AnAy)
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Appendix: Good to know!

e Union bound is a special case of Bonferroni inequalities:

Let

51

N
; PF(A,')

Sk > Pr(Apn-nA,)

i1<i2<~-~<ik

Then for any 2u; —1 < N and 2up < N,

2up i N 2u1-1 i
z(_l)l—lsi < Pr(UA,) < Z (—1)’—15i
i=1 i=1

=51-S2++S2u,-1=S2u, =51-S2+=Sauy—2+S2uy -1
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Pairwise error probability for AWGN channel

For AWGN channel, we have

7

d2
P,|sm{8m_,m/} = fgmﬁm, f(rlsm)dr = Q( %)

where dp mr = |Sm — Spr |-

A famous approximation to @ function:
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0.6 . : .

Q(x)
L(x)
L2(x)
L4(x)
L6(x)
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Four union bounds

X

Using for simplicity, we employ Q(x) < U(x) = %e 2 and obtain

N

2 M 2
1 M dm m 1 dm m
Pes—E ZQ S—E Zexp—
M m=1 Lsm’<M 2No 2M m=1 Lm'<m 4No
m'+m m'+m
bound 1 bound 2
Define dmin = Min dm = min ISm — Snr|l
m+m m+m

Then we have

d? d2. d2 d2.
Q 1< Q MR 1 and exp —4mNm Sexp(—ﬁ)

2N 2N b 4N
and hence
d2. M-1 d>.
P. < M-=1 min < _ “min
< (M-1QIN\ 35| = 2 eXp( 4/\/0)

bound 3: minimum distance bound bound 4: minimun distance bound
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5th union bound: distance enumerator function

Define the distance enumerator function as

M
T(X)=Y 3 X = 3 agX?,

m=1 1<m’<M all distinct d
m'+m

where a, is the number of d,, v being equal to d.

[hen, .
bound 2 = — T (e Y/(*No)Y |
oun 2M (e )

bound 5
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Lower bound on P,
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Ly
P. = — f f(rism)dr
‘ M m=1 D5, "
1 M
> Mmz_119?,";a<)§”/5m_>m/ f(rlsm)dr
1M a2
= — Z max @ mm
M m=1 15r;1;<M 2N0
1M Denin.m)? _
> NminQ dfﬁn
M 2Ny

where Npyin < M is the number of m (in 1 < m < M) such that
rmin,m = dmin (the textbook uses d  instead of dmin,m)-
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Example 4 (16QAM)

Among 2(126) = 240 distances,
48 dmin

36 \/2dmin Ao 4
32 2dpin T
48 \/E_)dmin
there are { 16 \/8dmin ! | !

16 3dmin | | |

o R
16 \/ﬁdmin I | I
4 \/Edmin * *

T(X) = A48X%in +36X2%min + 32X*%min 1 48X5%in + 16X 3min

+16X%min + 24X10%min 4 16X 3% 4 4X18%mn

P, < ﬁ T (W) - 3i2 T (W),
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Example 5 (16QAM)
For 16QAM, N, = M; hence,

Nmin dn2'1|n _ dn2'1|n
Pez =y Q(\/ZNO)_Q(\/ZNO)'

From Slide 3-29, we have

M-1
g = =, 6 Gl = 2L
b = Slog, M " ¢
S0, dmin = \/2&; =/ 21 E g¢
O, Umin g bavg = bavg:
4'(-c"bav
Pe > \/
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Example 6 (16QAM)
The exact P, for 16QAM can be derived, which is

2
_ 4"S‘bavg _9 46bavg
VS le(Vse)

Hint: (Will be introduced in Section 4.3)

@ Derive the error rate for m-ary PAM:

2(m—1)Q i

'De,m—ary PAM = N,
0

@ The error rate for M = m2—ary QAM:

2 2
P.=1- (1 - Pe7m—ary PAM) = 2'De,m—ary PAM — Pe,m-ary PAM
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16QAM

bound 1

bound 2

bound 3

1 2 a2 &2
48 min |, 36 p%min |, 30 4 Smin
16( Q( 2/v0)+ Q( 2N0)+ Q( 2N0)
&2, &2, &2,
48 5omin | 16 gmin |, 16 9 min
" Q( 2N0)+ Q( 2/v0)+ Q( 2/v0)
&2 &2 &
24 10min |, 160 [ 13| Smin | 1 4 18 Zmin
, Q( 02N0)+6Q(3 2N0)+ o( 82%))

1 (4 ma 410 . 3625/ (416) . 39=405n/ (410

+48 e 5%min/ (4N0) | 16 8%min/ (4No) | 16 9%min/ (4No)
12471000/ (4No) | 16 13dmin/(4N0) | 4o —13d§.."/(4N0))

( dr%nn) dr%wm _ §gban

4Ny No 5 Ny

d2. 1
15Q( 2'“/\}2), bound4—?5exp
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16QAM bounds

10 - T T T T T
- exact
B lower bound
1k bound 1 —— |
S N bound 2 & bound 5
— = ~ bound 3
01k == ~ bound 4 E
001 |
P 0001 |
e
00001 |
1605 |
1e-06 |
1607 |
1008 L L ! 1 1 1
0 2 4 6 8 10 14 6

gav
Eoes (dB)

Ver. 2018.11.06
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16QAM approximations

Suppose we only take the first terms of bound 1 and bound 2.
Then, approximations (instead of bounds) are obtained.

10 T T T T T T T
exact

bound 1 (first term)
1 bound 2 (first term)

01|

001

Pe 0.001
0.0001

le-05

le-06

1e-07

1e-08

6

Eban
25 (dB)

8

73 / 218
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4.3 Optimal detection and error

probability for bandlimited signaling
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ASK or PAM signaling

@ Let dn;, be the minimum distance between adjacent PAM
constellations.

@ Consider the signal constellations

1 3 M-1
S = {iEdmim iEdmim T demin}

d

min

@ The average bit signal energy is

M2 -1
s~ Ty 5T = Tog a7y

The average bit signal energy of m?*-QAM should be equal to that of
2

- — 2_
m-PAM. From Slide 3-29, Enavg,m2-QAM = 3ian(n7y Ee = Tiags {7y (29min)-
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There are two types of error events (under AWGN):
@ Inner points with error probability P,;

Pr{|n| > %} = 2Pr{n < —%}
20l < 20 )

@ Outer points with error probability P.,: only one end
causes errors:

d: d.: d.:
Peo — P {n> m|n} — P {n<_ mln} — min
"> r 2 | = N aw

Pei
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Symbol error probability of PAM

The symbol error probability is given by

1 M
P. = — > Pr{error|m sent}
M m=1
1 dmm dmin
= — +2-
Ml ( 2/\/0) Q(\/2/Vo)]

= 2(—Q \/d'f“” (Note &, = ML o )
M 2Ny avg = 12log, (M) “min

] 2(M1)Q( 6|og2(l\/l)8bavg)

(M2-1) N,
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@ To increase rate by 1 bit (i.e., M - 2M), we need to

4

double M.
@ To keep (almost) the same P., we need &payg to
quadruple.
M |2 4 8 16
6log, (M) ‘2 4 2 8
(M2-1) 5 7 85
2—4 ‘ 4-8 ‘ 8—16 ‘ ‘ M —2M as M large

25 28| 30 |-

(new)
6logy (M) Ebavg N 6 log,(2M) Ebavg ., ) 48,
= avg

(M2-1) Ny  ((2M)2-1) N bave

@ Increase rate by 1 bit == increase &,y by 6 dB

Po-Ning Chen 78 / 218
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PAM performance

The larger the M is, A
the worse the symbol performancel s | VN
At small M, increasing by 1 bit i \ \\ \ e

only requires additional 4 dB.

The true winner will be more ;
“clear” from BER vs. £,/ Ny plot. , wery |\

s
-6 -4 -2 0 2 4 6 B 10 12 14 16 18 0 2
SNR per bit, v, (dB)
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PSK signaling

Signal constellation for M-ary PSK is

S = {sk:ﬁ(cos(%),sin(%)) : k:O,l,---,M—l}

@ By symmetry we can assume sg = (\/E,O) was
transmitted.

@ The received signal vector r is

r = (\/E+ ny, n2)T
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o Assume Gaussian random process with R,(7) = 224(7)

1 2 n? + n3
Flm, ma) = (\/271'(N0/2)) eXp(_2(No/2))

@ Thus we have

f(r=_(n,n)so) = WLNOeXp (_(ﬁ - \7\/?0)2 + 13 )

r
@ Define V = r1 + r2 and © = arctan =
n

v v2+E—-2v/Evcosh
f(v,0so) = —NoeXP (— N )
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The ML decision region for sq is

s s
Doz{r:—ﬂ<0<ﬂ}

The probability of erroneous decision given sy is

Pr{error|sy}

1—ff F(v,0]s0) dv do

v2+ E-2/Evcosh
1/:7[ W—NOexp( No )dvd0

f(0)so)
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() 2 _
F(Olso) = ‘/; v ep(_v +& 2\/§vcos«9) dv

7TNO NO
~ f°° (v- VE cosh)? + Esin? b dv
- 0 7TNO No
1 () _ /2 2
= —exp(—7ssin®0) [ texp | s cost) dt,
2T 0 2

where v = E/Ny and t = v/\/No/2.
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The larger the ~s, 125
the narrower the f(f|sg), &
and the smaller the P,.

_1- f f(Olso)dd "

§\=‘
=
>

036

018

1 1 ]
=3.14=251—1.88—1.26-0.63 0.00 0.63 126 188 251 314
o
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@ When M =2, binary PSK is antipodal (€ = &):
28
el (v m)
@ When M =4, it is QPSK (& =2&,).

el

@ When M > 4, no simple Q-function expression for P,!
However, we can obtain a good approximation.

Digital Communications. Chap 04 Ver. 2018.11.06 Po-Ning Chen



f(0]so)

v

ie—vssinzof texp( (t_\/2'YsC°59)2)
2m 0

1

- Jyssin26‘ fm /2 0 7x2/2d
27re _\/2_%&50()( \/27scosf)e Ix

(Let x = t —\/27scosb.)

1 . .2 o0 2
e ssin 0(/ XeX/ZdX
21 —/27s cosf

++/47ys cosf f

ie—X2/2 dX
/275 cos 0

%e—vssinza(e-%cogh /_47r'ysc059[1—Q(\/2_’y5c050)])

1 .2 2 1 2
_e—wssm [ e—%cos [ 4 /471' cos@|1- e—wscos (%
27 ( s VATys cos(6)

where we have used Q(v) < Ul(u) = ﬁe’“z/z for u>0.
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f(@’SO)

1 -2 2 1 2
_e—fyssm [} e—'yscos 0 + /471' cosf|1 - e—wscos 0
27 ( s VATys cos(6)

a2
= \/Ee Vssin70 650,
T

Thus

I\

o0
Il

1-[” £(6]so)d6

1‘fﬁ\/ke_%5i"296059d0
_% T

V2yssin(r/M) 1 >
1—[ e P4y (u=+/2 <sin@
—Fsin(xIM) /27 ( 1ssinf)

2Q (v/2ssin(x/M))

SE

IN
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Efficiency of PSK

For large M, we can approximate sin(7w/M) < /M and
Vs = N% = |0g2(/\/’)%’;,

N 2Iogzl\ﬂé
P“({i )QQ( M N,

@ To increase rate by 1 bit, we need to double M.
@ To keep (almost) the same P., we need &yayg to

quadruple.
M 2 4 8 16
logo(M) |1 1 3 1
M? 4 8 o4 o4
24 | 48 | 816 | - | M > 2M as M large
2 [267] 3 [-] 4

°
Increase rate by 1 bit == increase &p,.g by 6 dB as M large
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PSK performance

1
5

T
3;\\ NN
m--\\ N M= 16
s PAM: b
ame as : \ \ \\ M=32

L o

The larger the M is,
the worse the symbol performance! =

5
| —
L1

At small M, increasing by 1 bit
only requires additional 4 dB
(such as M =4 - 8).

Difference from M =2 to 4 is
very limited!

Probahility of a symbal error P,
s
-
g ]
[ ——
ﬁ%/
—
| —
| "

w
-
=
]
o —
Y —
| —

3

w
—
| ——t

|
The true winner will be more 5 \
“clear” from BER vs. £,/ Np plot. \ \ \
HANANE
—4 a - 8 12 16 20 24
SNR per bit, y, (dB)
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M-ary (rectangular) QAM signaling

@ M is usually a product number, M = M; M,

@ M-ary QAM is composed of two independent M;-ary
PAM (because the noise is white)

1 3 M; -1
P _dmin; _dmina ) Armin
Spam, {i2 i2 + > }
SQAM = {(X,_)/) P XE€ rS,DA/\//1 and yE€ S,DAMQ}
From Slide 4-75, we have
M2 -1 M2 -1
E 2 = 1 2. E 2 - 2 2
[|X| ] 12 dmln and [|y| ] 12 dmm

Thus for M-ary QAM we have

o _EPICEE] (M- (MB-D) ,
bave log,(M) 12log, M mn
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Hence

Permqam = 1= (1= Pemypram) (1 = Pepy-pam)
= Pem-pam + Pe mp-pam — Pe vty -pAM Pe,m,-PAM

Since (cf. Slide 4-77)

1 i i
Pe ~ — 2(1_ ) min min
e M Q(w—wo) Q(ﬁ—wo)
we have
P < P +P < 4Q [ Gmi
e,M-QAM S e,M;-PAM e,M>-PAM S \/m

6log, M\ &bavg
4
@ \l (M12+I\/I22—2) No

Po-Ning Chen
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Efficiency of QAM

When M1 = M2,

3log, M\ Epay
Pe,M-QAM < 4Q \I( Mgzl ) 7\/8;
- 0

@ To increase rate by 2 bit, we need to quadruple M.
@ To keep (almost) the same P., we need Epayg to double.
M |4 16 64

log, (M) ‘ 2 4 2

M-1 3 15 21
4-16 ‘ 1664 ‘ ‘ M — 4M as M large
25 | 28 || 4

@ Equivalently, increase rate by 1 bit == increase &,y by
3 dB as M large.
@ QAM is more power efficient than PAM and PSK.
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QAM Performance

S AN B NN

5 \ \ qam |
; M

ay \
:Ejisr \ \ \
:E 2 Q \\ \ \
: AR
- L
3 [T

; | \

-
, |
: | [
I u e LA

—6—4-20 2 4 6 8 101214161820
SNR per bit, y, (dB)
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Comparison between M-PSK and M-QAM

Pem-psk <2Q (\/2 S|n2(7r//\/l) |og2(M)gbavg)

Ebav
Pe,M-QAM < 40(\/(/\/]3 1) |og2( ) b Og)

Since (from the two upper bounds)

3/(M-1)
2sin?(7/M)

M-QAM (anticipatively) performs better than M-PSK.

>1for M>4 (and 1<M<3),

M 4 8 16 32 64
10log,,(3/[2(M - 1)sin’(x/M)]) | 0 1.65 420 7.02 9.95
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16PSK 32PSK 64PSK

0-1 'L ¢ 4QAM
16QAM
32Q0AM
64QAM

0.01 4PSK
16PSK
32PSK
64PSK

0.001

0.0001 4pSK —

le-05

1e-06 | :
o 4 6 8 10 12 14 16 18 20 22 24 26 28 30

e 4PSK = 4QAM

@ 16PSK is 4dB poorer than 16QAM

@ 32PSK performs 7dB poorer than 32QAM
@ 64PSK performs 10dB poorer than 64QAM

Digital Communications. Chap 04 Ver. 2018.11.06 Po-Ning Chen



4.3-4 Demodulation and detection

For the bandpass signals, we use two basis functions

a(t) = (/= g(t)cos(2rtt)
gg
bo(t) = @ g(t)sin (2nf.t)
g
forO<t<T.
Note:

@ We usually “transform” the bandpass signal to its
lowpass equivalent signal, and then “vectorize” the
lowpass equivalent signal.

@ This section shows that we can actually “vectorize” the
bandpass signal directly.
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Transmission of PAM signals

We use the (bandpass) constellation set Spam

1 3 M-1
Spam = {iidminaiidminu"'ademin}

where

M2 -1
Hence the (bandpass) M-ary PAM waveforms are

121 M
dmin = \/&gba@;

(M 1)dm|n

Soam(6) = {=52201(1), 2501 (1), - a(0)
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Demodulation and detection of PAM

Assuming (bandpass) sp,(t) € Spam(t) was transmitted, the
received signal is

r(t) = sm(t)+n(t)
Define -
r = (HB.0(0) = [ (o0 de
The (bandpass) MAP rule (cf. Slide 4-27) is

N 1
M = arg max [r-sm + 70|og P, - 5 |sm|2]

1<m<M

where P, = Pr{s,,}.

Now we in turn “implement” the MAP rule in baseband!
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Alternative description of transmission of PAM

Define the set of baseband PAM waveforms

Seam,e(t) = {Sme(t) = Smed1(t) : Sm € Spam}
where ¢y 4(t) = \/g g(t) and spy = V25
Then the bandpass signals are

SPAM(t) = {Re [Sm,g(t)elzﬂ-fct] : Sm7g(1.') € SpAM’K(t)}
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For (ideally bandlimited) baseband signals (cf. Slide 2-102), we
have

(00 = (R fu()e 4} Re (11
“Re ((x(0).0(0)}

Hence, the baseband MAP rule is

m = arg max_ [2r - s+ No Iong—|sm\2] (passband rule)

1<m<M

= arg max [Re{/wrg(t)s,ﬁ,yf(t)dt}+No log P,

1<m<M
1

1
= arg max [Re {ro-sme} + Nolog Py, — 3 |5m74|2]
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Transmission of PSK signals

(Bandpass) Signal constellation of M-ary PSK is

2rk\ . (2mk\]"
S,DSK = {Sk=\/E|:COS(%),SIn (%)] : kEZM},

where Zy = {0,1,2,...,M~1} .
Hence the (bandpass) M-ary PSK waveforms are

Spsk (1)
- {sm(t) = \/E[cos(%) ¢1(t) +sin (%)%(t)] ke ZM}

where ¢1(t) and ¢,(t) are defined in Slide 4-96.
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Alternative description of transmission of PSK

Down to the baseband PSK signals:
2k

SPSK,@ = {Sk,é = \/ﬁe’ Mook EZM}

The set of baseband PSK waveforms is

Spsk(t) = {Sk,z(t) =V2E et e(t) :kEZM}

le(®)]

——
basis

Note: It is a one-dimensional signal in “complex” domain, but a
two-dimensional signal in “real” domain!

Then the bandpass PSK waveforms are

SPSK(t) = {Re [Sk’g(t)eﬂmcct] : Skvg(t) € SPSK,Z(t)}
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Demodulation and detection of PSK signals

Given (bandpass) s,,(t) € Spsk(t) was transmitted, the
bandpass received signal is

r(t) = sm(t)+n(t)

Let ry(t) be the lowpass equivalent (received) signal

I‘g(t) = Sm’g(t)+ng(t)

Then compute

o 2® g(t)
o= ) = L o g
The baseband MAP rule is

arg max {RE{I’gS b+ Noln Pm—1(25)}

m

arg _max {Re{rgsme} +Noln Py, }

1<m<
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Transmission of QAM

(Bandpass) Signal constellation of M-ary QAM with
M = M1M2 is

2 2
{(X,y) : XESPAM1 and )/ESPAMQ}

1 M. -1
Spam; = {i_dmina i§C/min, Y :tlemin}

Soam

where from Slide 4-90

12 log, M
dmin = ——E av
\//\/112 + M2 -2

Hence the M-ary QAM waveforms are

Sqam(t) = {x¢1(t) +yd2(t) : x € Spam, and y € Spam, }

Demodulation of QAM is similar to that of PSK: hence we
omit it.
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In summary: Theory for lowpass MAP detection

o Let Sy ={s1,--,Sme} c CN be the signal constellation of
a certain modulation scheme with respect to the lowpass
basis functions {¢,¢(t):n=1,2,---, N} (Dimension = N).

@ The lowpass equivalent signals are
N
Sme(t) = D SmnePne(t)
n=1
where Spp = [Smie - Sm7N’g]T.

@ The corresponding bandpass signals are

sm(t) = Re {sm,g(t)e””“}
Note

1 1 1
Em = lsm(t)]” = §\|5mﬂe(t)H2 - E\Ism,f\|2=§5m,z
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Given s,,(t) was transmitted, the bandpass received signal is

r(t) = sm(t)+n(t).

Let r,(t) be the lowpass equivalent signal
I’g(t) = Sm7g(t) + ng(t)
Set for 1<n<N,
-
e = (0(©),000(0) = [ n(©)05 ()
T
Mo = Am(£),0ne(8)) = [ m(0)}, (1) ot

Hence we have
rp = Smet+ 1y
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The lowpass equivalent MAP detection then seeks to find

o

Since ny is complex (cf. Slide 4-11), the multiplicative constant a on o2 (in
the below equation) is equal to 1:

X . 1
Mm = arg lggqa;;/,{Re {rgsmj} + Ny log P, — 5 |Sm,el

2
U - Ire = Sml
A= arg max Prf(rism) =arg max Pmexp (

* ]- 2 ]. 2
arg max (Re{risi, ) + 320108 P~ 5 lsmel)

o2 .. 0

where o2 = 2NNy (for baseband noise) and E[nyn!'] = oo
0 - o2
Same derivation can be done for passband signal with a = 2 and o2 =
(cf. Slide 4-27). This coincides with the filtered white noise derivation on

Slide 2-72.

No

N
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Appendix: Should we use E[|ny|?] = 0% = 2Ny when doing baseband

simulation?

@ &,/Np is an essential index in the performance evaluation of a
communication system.

@ In general, &, should be the passband transmission energy per
information bit, and Ny should be from the passband noise.

@ So, for example, for BPSK passband transmission,

t) = i@i:; cos(2rf.t) + n(t) with S,(f) = %

- Vectorization using ¢(t) = \/5”5(3” cos(2mf.t) yields

r=(r(t), (1)) = (/285 cos(2rfet), 6()) + (n(t), 6(1))
€5+ n with E[n f f 220(t = 5)9(£)9(s) deds - N
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Appendix: Use E[|ng|?]

- This is equivalent to

R O e R O}

lg(D)]

Smet g == 25b+ ny

g(t)

lg(D)]

= g2 = 2N when doing baseband simulation?

>+ (”‘(”’ ||§8u>

Equivalently since only real part contains info,

]

where ]E[(

- In most cases, we will use

5)%1=3E[n}

gb-l-

1
%nx,&

as Ny ="nNxg+ 1nyy

73 GE[ne?])=3 (3(2No)) = 3

r=+

5b+n

directly in both

analysis and simulation (in our technical papers) but not the

baseband equivalent system

Digital Communications. Chap 04

Ver. 2018.11.06
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Appendix: Use E[|ng|?] = 02 = 2Ny when doing baseband simulation?

@ For QPSK, the simulated system should be
I+ 1r, = {ﬂ: g, :tZ\/(‘_:}+(nX+ 1ny)

with E[n?] = E[nﬁ] = % where n, and n, are the passband

projection noises.

- Rotating 45 degree does not change the noise statistics
and yields

rctur, = :t\/gzl:z\/§+(nx+lny) = £\/Ept 1/ Ept(nxtany).
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4.4 Optimal detection and error

probability for power limited
signaling
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Orthogonal (FSK) signaling

(Bandpass) Signal constellation of M-ary orthogonal signaling
(0S) is

Sos = {Sl = [\/E,O,"',O]T,"',SM = [07"'707\/E]T}7

where the dimension N is equal to M.

Given s; transmitted, the received signal vector is
r =s;+n
with (n being the bandpass projection noise and)

n = \/E+n1

rn = Ny

v = nNpm
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By assuming the signals s, are equiprobable, the (bandpass)
MAP /ML decision is

N T
M = arg max r's
g13ms/v/ m

Hence, given s; transmitted, we need for correct decision
(r,s1) =E+VEn > (r,sm)= Veén, for2<m<M
It means

Pr{Correct|s;} = Pr{\/z+ m >y, NVE+n > nM}.

By symmetry, we have
Pr{Correct|s;} = Pr{Correct|s,} = --- = Pr {Correct|sy };
hence

Pr{Correct} = Pr{\/z+ n > Ny, NE+n > nM}.
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o0
Il

Pr{\/g+ n > ny, o NVE+ >nM}
fooPr{\/§+ n > Ny NE + 0y > nM|n1}f(n1) dny

[°° (Pr{\/g-f- n > n2| n1})M_1 f(nl) dny

o0

el (o= m +¢E))]Ml )
_ Q| VN £ (ny) dm
( [oo ( /% 1
© m +\/E)j|
[oo i ( /%

Pr{N (m,c?)<r}= Q(’"_r)

g
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Hence

S (-m-Qe) o=e T ax

where x = an/\//i' and v, = Ep/No, and k = log,(M).
0
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Due to the complete symmetry of (binary) orthogonal
signaling, the bit error rate P}, (see the red-color equation
below) has a closed-form formula.

{Pr{rﬁ=i}=Pc if i=m (e=[0bit error])

Prim=i}=:= ifi+m (e =|1~ k bits in error))

where k =log,(M).

We then have
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1!

Different from PAM/PSK: :
The larger the M is, 2 \\

the better the performance!!! E W'g '\\%\\\ 0

For example, to achieve Py, = 10_5,;1 N “'“\\\\ \“"
one needs v, = 12 dB for M = 2; ;_‘: m-: - -*-——]I‘&\\\\\ \l\l \

but it only requires v, =6 dB i m \-—— M=4
for M = 64; .t Y

a 6 dB save in transmission power! i |

u
| i
IAEEI

- 0 4 8 2 16 20
SNR per bit, y;, (dB)
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Error probability upper bound

Since P, decreases with respect to M, is it possible that

lim P.= lim P,=07
M— oo M—oco

Shannon limit of the AWGN channel:
Q If 5 > log(2) ~ —1.6 dB, then
liMpo o0 Pe = infps1 Pe = 0.
@ If v <log(2) ~ —1.6 dB, then infy1 Pe > 0.

@ For item 1, we can adopt the derivation in Section 6.6:
Achieving channel capacities with orthogonal
signals to prove it directly.
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For xg > 0, we use

1-[1- Q(x)] {1 x<xo<{1 X < Xp

(M-1)Q(x) x>x0 |Me™2 x>x

Proof: For 0 < u <1, by induction, 1 - (1 —u)" < nu implies
1I-(1-u)™ =(1-uv)(1-(1-u)")+u<(1-u)-nu+u<nu+u.
Then,

o [ ar) e T
) /0(1 [1-Q(x )Ml)\/%e VoS,
+/X'O°°( ~1-Q(x )]Ml)\/lz—ﬂe ST
< [::\/%e (x\/W)2dX+/ (M- 1)Q(x)\/_ X*\/’;Wbﬁ
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16
(x,16) ——
9(x16) —
h(x16)

wl H(x16)*(e>=T(16))+(x<T(16)

2|

wf

sk

\\
N

6 \

sk

2 ~

. —

0 1 2 3 4 s

F(x,M)=1-[1-Q(x)]"*
g(x,M)=(M-1)Q(x) with T(M) = /2klog(2) = \/2log(M)
h(x, M) = Me™"12
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Hence,
_ (x—+ /2k'yb)2 d

(x—/2k~p)? oo
P. < f e e dx + Mf e”yzie 2 Ix
X0 V2T

1 X0 7(x—,/2k’yb)2 [} ) 7(x—,/2k'yb)2
= P, < ——min f e 2 dx+Mf e 2 2 dx
X0

\/ 27 X%0>0 o0

9 X0 (x=/Top)? ey _ (x=/Fp)?
f e 2 x+Mf x[2¢ 2 dx

8X0
*
X > X0

xq—+/2k 2 x0—+/2k 2
(0 \/2 b) B Me_xg/ze_( 0 \/2 Vb) > 0,

= e
<0, 0<x<x3

where x§ = /2k log(2).
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V2klog(2) 1 (x-/7Fp)?

P. < f e 2 dx
—00 V2T

[ 1 —X2/2 _(xf\/2kwb)2

—c€ e 2

V2klog(2) /2T
2klog(2) 1  (=/ZF7p)?
[ Ly,
—o0 2T

X

Me kb/2 [ (x—wﬂ "
V2klog(2) \/W
(Jzkvb ~\/2k10g(2))
Me—ks/2 [1 o ( Vk7/2 - /2K 10g(2) )]
V2 1/2

+

Pr{j\/(m,az) < r} = Q(%)
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o0
A

Q (V/2ks - /2Kk10g(2))
Me=k1/2 [ /2klog(2) - \/kVb/2
+ Q
V2 1/2
1 o-(V2kvo-\/2klog(2))?/2 . ﬂe*\/“k log(2)~v/k75)?/2
2 2/2 ;

if log(2) < vp < 4log(2)
1e—(\/2k'yb—\/2klog(2))2/2 + 2’<e:/kgb/2 1,

IA

if vp > 4log(2)
_e—k(\/_—\/log(2 N? 4 b_ e~k =V/1og(2))?,

if Iog(2) <yp < 4log(2)
- Lek(vm-iog(2) ) 4 \/_ e~ k(15-2log(2))

if v > 4log(2)

Thus, 7vp > log(2) implies limg_ 0, Pe = 0.
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The converse to Shannon limit

Shannon'’s channel coding theorem

In 1948, Shannon proved that

e if R< C, then P, can be made arbitrarily small (by
extending the code size);

e if R> C, then P, is bounded away from zero,

where C = maxp, /(X; Y) is the channel capacity, and R is the
code rate.

v

@ For AWGN channels,

C = Wlog, (1 + ) bit/second (cf. Eq. (6.5-43)).

No W

Note that W is in Hz=1/second, Ny is in Joule (so NoW
is in Joule/second=Watt), and P is in Watt.
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Since P (Watt) = R (bit/second) x &, (Joule/bit), we have

Rgb R 2RIW_q1
R>C-= Wlog2(1+ NOW): Wlog2(1+W7b)‘© o < Ty

For M-ary (orthogonal) FSK, W = 4 and R = w.

Hence, R/W—2|°g2(M) %

This gives that

2k /2K _

If vp < lim

) T/Zk =log(2), then P is bounded away from zero.
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92k/2K 4
2k/2F

log(2) |- B

If v < infrs1 S5mrt 2k/2 =log(2), then P is bounded away from zero.
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Simplex signaling

The M-ary simplex signaling can be obtained from M-ary FSK
by
SSimplex = {S - E[S] 'S¢ SFSK}

with the resulting energy

M-1

Esimpies = |s—E[s]|" = —

Ersk

Thus we can reduce the transmission power without affecting
the constellation structure; hence, the performance curve will
be shifted left by 10log;o[M/(M -1)] dB.

M | 2 4 8 16 32
10log,o[M/(M-1)] | 3.01 125 0.58 028 0.14
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Biorthogonal signaling

(Bandpass) Sgo = {[i\/z’()?"'ao]Ta"'a[07"'707:|:\/E:|T}
where M =2N.

For convenience, we index the symbols by
m=-N,....-1,1,... N,
where for s, = [s1,...,sn]7, we have

sm=sgn(m)-VE and s =0forizmand1<i<N.

Note that there are only N noises, i.e., ny,no, ... ny.

Given s; = [\/E,O, -+,0]7 is transmitted, correct decision calls for
(r,s1)=E+VEm>(r,s 1)=-6-VEn
(r,s1)=E+Eny2(r s,y =sgn(m)/Enpm=V/E|nm|, 2 <|m| < N
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a0
1l

Pr{\/§+ n>0,VE+ny > |, VE+n > |nN|}
[ Pr{VE > Il VE > o my} ()

[;(Pr{\/z+ ny > ]n2|‘ nl})N_l f(ny)dm
/:\o/og(l —2Pr{n2 < _(\/§+ nl)‘ nl})Nil f(ny)dm

N-1
oo 0+ (n +VE)
[\/Ell_zQ(T/Q)] f(nl)dnl

Pr{]\/(m,az) <r}: Q(mo_r)
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P. = 1-P,

oLl )

_ (x— /2I<'yb)2
2

M/2-1

S S -
1-Q(v/2k7p) /(; \/%e dx

oo 01 eeveew?
- 1-2Q(x M1 _Z o5 dx
J, 20601
1 (x=y/2k7p)>

= - M/2-1 )
- .[0 (m_[l_zQ(X)] )\/—2_7Te 2 dx

where x = % E= kgb and Yb = gb/NO
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Similar to orthogonal signals: 2
102
The larger the M is, 5 I\
the better the performance N \\\
except M =2, 4. £ \\\\Q\“_H_MHK]
Note that P, comparison E \\\\EK_Mi 1[,,Si,(,
does not really tell the winner £ 2 \\\‘H_”l :
in performance. ;—E:'”-: wr= 16— [\
E.g., Po(BPSK) < P.(QPSK) & | lu-alf)
but P,(BPSK) = P,(QPSK) - \\\ \\h
The Shannon-limit remains T GYP:J,- \ H
the same. 2 s dy IR

a A 8 12 16 20
SNR per bit, y, (dB)
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4.6 Comparison of digital signaling

methods
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@ Signals that are both time-limited [0, T) and
band-limited [- W, W] do not exist!

@ Since the signal intended to be transmitted is always
time-limited, we shall relax the strictly band-limited
condition to 7)-band-limited defined as

LwX(HP df
[ X(OF of

for some small out-of-band ratio 7.

@ Such signal does exist!
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Theorem 5 (Prolate spheroidal functions)

For a signal x(t) with support in time [-Z, 2] and
n-band-limited to W, there exists a set of N orthonormal
signals {¢;(t),1<j < N} such that

[ Ix(0) = S x(0), ¢(0) ()] e
JSIX(O)P df }

12n

where N =|2WT +1].
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Why N = [2WT +1] ?

@ For signals with bandwidth W, the Nyquist rate is 2W
for perfect reconstruction.

@ You then get 2W samples/second.

= 2W degrees of freedom (per second)

@ For time duration T, you get overall 2WT samples.
— 2WT degrees of freedom (per T seconds)
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Bandwidth efficiency (Simplified view)

N=2WT = % = 2W J
Since rate R = % x log, M, we have for M-ary signaling
R log,(M)2T 5 log,(M)
w T N N
where

@ log,(M) is the number of bits transmitted at a time

e N is usually (see SSB PAM and DSB PAM as
counterexamples) the dimensionality of the constellation

Thus % can be regarded as bit/dimension (it is actually
measured as bits per second per Hz).

R/W is called bandwidth efficiency.
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Power-limited vs band-limited

Considering modulations satisfying W = % we have:

@ for M-ary FSK, N = M, hence

(ﬂ) _ 2logy(M) <1
W/ Fsk M B

FSK improves the performance (e.g., to reduce the required SNR
for a given Pe) by increasing M; so it is good for channels with
power constraint!

On the contrary, this improvement is achieved at a price of in-
creasing bandwidth; so it is bad for channels with bandwidth
constraint.

Thus, R/W < 1is usually referred to as the power-limited region.
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Power-limited vs band-limited

Considering modulations satisfying W = % we have:

@ for SSB PAM, N =1; hence
R

(W)pAM = 2logy(M) > 1

@ for PSK and QAM, N =2; hence
R R

(W) e = () gy = om0 > 1

PAM/PSK/QAM worsen the performance (e.g., to increase the
required SNR for a given P.) by increasing M; so it is bad for
channels with power constraint (because a large signal power
may be necessary for performance improvement)!

Yet, such modulation schemes do not require a big bandwidth;
so they are good for channels with bandwidth constraint.
Thus, R/W > 1 is usually referred to as the band-limited region.
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Power-limited vs band-limited

Personal comments:

@ It is better not to regard N as the dimension of the
constellation.

@ It is the ratio N = 1/(‘/2'/T).
@ Hence,
e for SSB PAM, N =1.
o for QAM/PSK/DSB PAM as well as DPSK, N =2.
e for orthogonal signals, N = M.
e for bi-orthogonal signals, N = M/2.
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Shannon's channel coding theorem

Shannon's channel coding theorem for band-limited AWGN
channels states the following:

Theorem 6

Given max power constraint P over bandwidth W, the
maximal number of bits per channel use, which can be sent
over the channel reliably, is

1
C=—Iog2(1+

> ) bits/channel use

WN,
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Thus during a period of T, we can do 2WT samples (i.e., use
the channel 2WT times).

Hence, for one “consecutive-use” of the AWGN channels,

C

1 P
Elog2 (1 + WNO) bits/channel use

x  2WT channel uses/transmission

P
= WTI 1
ng( + WN.

) bits/transmission
0

Considering one transmission costs T seconds, we obtain

P
C = WTlog, (1 + W—NO) bits/transmission
1
X transmission /second

P :
= Wilog, (1 + W_NO) bits/second
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Thus, R bits/second < C bits/second implies

£<Iog2(1+ P )

w NoW
With
£ PT P
gb = = = 5
log, M log,(M) R
we have
E < lo (1 + éE)
w S 8\ T w )
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Shannon limit for power-limited channels

We then obtain

as previously did
Ep 2RIW_1 2f/W 1
WO R/W R/IW

R/W
For power-limited channels, we have 0 < % < 1; hence

2w — 1
& lim = = log2 = ~1.59 dB

which is the Shannon Limit for (orthogonal and bi-orthogonal)
digital communications.
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Channel
capacity limit

M= 16 QAM
M= 4 PAM
(S5B)

C - C/W =log,(1+(C/W)y,)

M =64 QAM --— log, (M)
M= 8PAM (SSB) 40— 2lag, (M)

psk ~—— log,(M)
M=16
DPSK --— log,(M)

(1] 4
s |
= s
<
Z
&
=
= 3

)
16

Asympiote »

.

.

" L
\
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:
gt
H ]
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Band-limited
region: R/IW =1
EOET:
Mes SNR per hit, ¥, =, /N, (dB)
M= 16 Power-limited
region: R/W <1

M=32

-—2log,(M)/M

M=64

Orthogonal signals

Coherent detection




4.5 Optimal noncoherent detection
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@ Earlier we had assumed that all communication is well
synchronized and r(t) = sp,(t) + n(t).

@ However, in practice, the signal s,,(t) could be delayed
and hence the receiver actually obtains

r(t) =sm(t—tqy)+n(t).

e Without recognizing t4, the receiver may perform

(0,60 = [ salt- oo [ a(oo(d
+ [OTsm(t)</5(t)dt+/OTn(t)qS(t)dt

Digital Communications. Chap 04 Ver. 2018.11.06 Po-Ning Chen 146 / 218



@ Two approaches can be used to alleviate this
unsynchronization imperfection.
o Estimate ty and compensate it before performing
demodulation.

e Use noncoherent detection that can provide acceptable
performance without the labor of estimating ty.

@ We use a parameter 6 to capture the unsyn (possibly
other kinds of) impairment (e.g., amplitude uncertainty)
and reformulate the received signal as

r(t) = su(t;0)+n(t)
The noncoherent technique can be roughly classified into two
cases:
@ The distribution of # is known (semi-blind).
@ The distribution of 6 is unknown (blind).
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@ In absence of noise, the transmitter sends s, but the
receiver receives

(sm(£:6). 61(0))
(sm(t:0), on(£))

Smo =
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MAP: Uncertainty with known statistics

r = smptn J

3>
I

arglg;aS);\/lPr{smV} = arglg:nastme(dsm)
Pm | f mo) fo(0)do
arg max Pm | f(rlsms) fo(6)

arg max Pon | fo(r = smg)fo(0) df

The error probability is
M
Pe= > Pn [ (/ fn(r—sm7g)f9(9)d0) dr
m=1 D5 ©

where D,, = {r . P, fe o (r = Sma) fo(6) d6

> Ppy fe fo (r—Smo) fo(6) do for all m' # m}.
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Example (Channel with attenuation)

r(t) = 0-sn(t)+n(t)

where 6 is a nonnegative random variable in R,
and s,,(t) is binary antipodal with
s1(t) =s(t) and sy(t) = —s(t).

Rewrite the above in vector form

r = Os+n, where s = (s(t), o(t)) = \/Eb.
Then

0o (r-6/Fp)? 00 (r+0,/8p)?
D, = {r : [ e M f(6) d9>f e M f(0) d9}
0 0
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o (r- 0\/72 o r+0\/7)2
Since f £(0)d6 > f e £(0) do
0

e
oo (r— 6\/7) (r+6\/7)

- f [ o ]f(e)d9>0
0

oo 2402 Eb 29\/7 729\/87
< f e ™ [em "—e "1£(6)do>0
0

>0 iff r>0

< r>0,

we have
Dy = {r:r>0}=Df = {r:r<0}

The error probability

o0 o 1 (ref2 22&p
Pb:fo [[mme dr]f(@)d& E[Q( em)]

Pr{N (m,c?)<r}=Q
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4.5-1 Noncoherent detection of

carrier modulated signals
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Noncoherent due to uncertainty of time delay

Recall the bandpass signal s, (t)

sm(t) = Re{sp(t)e'? !}

Assume the received signal delayed by t,

r(t) = sm(t-tg)+n(t)
= Re{sm(t-ty)e > (=t 4 n(t)
= Re{[sme(t - tq) exp{1 (-2mfcty)} + ny(t)]e' >t}
=6

Hence, if ty << T, then (smo(t = tq), @i o(t)) » (Sme(t), Pie(t)).

I’g(t) = sm7g(t—td)e7'®+ng(t) — rgze“‘bsm’g-i-ng
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When f; is large, ¢ is well modeled by uniform distribution over
[0,27). The MAP rule is

2r 1

. é
Mmoo = arglgni);\/le ; gfng(rz—sm,zeZ ) d¢

2

P, 1 on _[ree’Peml
= - 2N, d
8 | oM 27 (m(2No )N fo y ’

(The text uses 4N instead of 2Ny, which does not seem correct! See (4.5-18) in text and Slide 4-11.)

o Re[rzsm’[e“b]

_&m
= arg max Ppe M f e No do
1<m<M 0
m o Re[rzsm’ee me“i’]
= arg max Ppe M / e No do
1<m<M 0
1
Em 2 |’esm,€|
- cos(Om+
= arg max Pphe M / e M (Om+¢) do
1<m<M 0

where O, = 2 (Flsmy) and Em=[sm(t)[2=2 [sme(8)]* =3 |sme|”.
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3
|

t

Em 27 |’z‘m,£|

- Ccos

= arg max Pphe M / e (@) do
1<m<M

_Em ‘rgsmﬂ‘

= arg max Ppe Moy
1<m<M

where Ih(x) = % f027r e*<(9) d¢ is the modified Bessel function of
the first kind and order zero.

15 -
'
! - ;
f 7 P / / v 7!
NN = - E
I,0x) / I £
on ’ i
. (%) e / b i
25 N 7
LI p— / 7
i
24 7 e 7
s / Vi
15
S ¢
¢
1 — -
- L #
ol - -
5 —
- -
T
& =
1 2 4
X
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.I.
_&m ‘rgsm,€|
= N ———1
gmap(re) = arg max Prne %l m

For equal-energy and equiprobable signals, the above simplifies to

m

arg max |r}sm,g|

wos | [ O]

arg max
1<m<M

since lp(x) is strictly increasing.

(1) is referred to as envelope detector because |c| for a
complex number c is called its envelope.
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Compare with coherent detection

For a system modeled as

rﬁ(t) = Smj(t) + ng(t) —— re=Sme+ng

The MAP rule is

m = arg max P,f,, (r,—s
g1Smgl\/l mnl( ¢ m’e)

2

= arg max L exp e smel”
g1£msl\/l (47TN0)N 4N0

- 1

= arg max Re[rgsmj]

if equiprobable and equal-energy signals are assumed.
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Main result

Theorem 7 (Carrier modulated signals)

For equal-probable and equal-energy carrier modulated signals
with baseband equivalent received signal r, over AWGN

@ Coherent MAP detection

f
m=arg max Re|r;s
g1<m<M [E mZ]

@ Noncohereht MAP detection

(Sm,e(t—tq), i e () ~ (Sm, e (1), P 0 (t))

and ¢ uniform over [0, 27)

m= arg max |I‘£Smg| :f{
1<m<

Note that the above two r,'s are different! For a coherent
system, ry = Sp, ¢+ ng is obtained from synchornized local
carrier; however, for a noncoherent system, r, = e“bsm,,g +nyis
obtained from non-synchronized local carrier.
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4.5-2 Optimal noncoherent

detection of FSK modulated signals
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Recall that baseband M-ary FSK orthogonal modulation is
given by
Sm,Z(t) - g(t)ez27r(m—1)Aft

for1<m< M.

Given s, ,(t) transmitted, the received signal (for
non-coherent due to uncertain of time delay) is

re=smee'’+ny
or equivalently

re(t) = sme(t)e™® +ny(t)
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Non-coherent detection of FSK

The non-coherent ML (i.e., equal-probable) detection
computes

[ @smao o

- | [ s 0 e

- [ (om0 e n®) s

= e [ smesi e [T nosi (o d

e
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Assuming g(t) = \/T%[Uq(t) —uq(t-T)],
JAEGERGL

255 T 12r(m=-1)Af t ;=127 (m'-1)Af t dt

= e e
T Jo
26, [T Lo
_ 12n(m-m')Af t d
= e t
T Jo

28, [ er2r(m-mHAFT _
T( 12t(m—m')Af )

= 2&e'™m=m)Af Tsine [(m— m')Af T
Hence, if Af = £,

Fismd] = [e70 i sme(t)st, (8) dt + [T me(t)st, () dt
e'?(28,) + [ m(t)ss (t)dt|, m'=m
) Mﬂﬂﬂﬁﬂﬂmﬁ m £ m
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Coherent detection of FSK

re(t) = Sme(t) +ng(t) J

3
I}

T
arg max Re|r)s,,
g1£m’sl\/l [ £ ’"’Z]

T T
arg max Re [[ sme(t)sn (t)dt + f ne(t)sy, ,(t) dt]
0 ’ 0 ’

1<m’<sM

Hence, with g(t) = \/g[uq(t) —uq(t-T)],

Re[ fo " sme(B)si (1) dt]
2Escos (m(m—m")AfT ) sinc((m—-m")AfT)
2Essinc (2(m—m")AfT)

Here we only need Af = % and E{Re[rlsm«j]} =0 for
m’ £ m as similar to Slide 3-35.
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4.5-3 Error probability of

orthogonal signaling with
noncoherent detection
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For M-ary orthogonal signaling with symbol energy &, the
lowpass equivalent signal has constellation (recall that &; is
the transmission energy of the bandpass signal)

sie= (V28 0 0
= ( 0o Vo2& - 0o )

T

Soy =

sme= (00 V28 )

Given s,,1 transmitted, the received is

ry = e“i’su + Ny.

The noncoherent ML computes (if Af = £)

el = (B
’ |sm€ng, 2<m<M
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Recall ny is a complex Gaussian random vector with
E[ngn;] = 2N.

Hence S]:neng is a circular symmetric complex Gaussian

random variable with

E[SL,En(nlsm,ﬁ]: 2/\/0285 = 485/\/0

Thus
Re [sbrg] ~ N (2 cos ¢, 2ENy)
Im[s!,re] ~ N (26 sing,28,No)
Re sfmzr@] ~ N(0,2ENp), m=1
Im[sfnygr[] ~ N(0,2ENy), m#1
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Define Ry = ‘shrg : then we have that R; is Ricean
distributed with density

2.2
n Sr _nts
le(I’l) = ;/0(;)6 202, r1>O

where 02 = 26Ny and s = 2&,.

Define R,, = ‘sfn’zrg‘, m > 2; then we have that R, is
Rayleigh distributed with density

2
'm
o2

frR (rm) = 26_2 o> 0
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o0
Il

PF{RQ < Rl,"', RM < Rl}
/ Pr{R2<r1,---,RM<r1|R1:r1} f(l’l) dl’l
0

M-1

foo [/ 1f(r,,,) drm] f(n)dn
0 0
oo 2 M-1
f [l—eﬁ?] f(n)dn
OoM 1 nr2 r2+s2
E o ) e
M-1 (n+1)r2+s2
(M 1)( 1) f —/Q(Srl) 1 drl
n=0
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Setting

s
s = —— and r'=nvn+1
vn+1

0o Srl (n+1)r12+52
f /0( ) 202 dl’l
0
© oyt S'r'\ _Peen)s?
T (e
0 a(n+1)

1 ns/2 r 5/ rl r’ +s
= e_ 202 [ — /0 - dl’
1 2
n+ 0 o g

gives

~

=1
1 _,,5’2 1 _ ns2
- e 2.2 = e 20%(n+1)
n+1 n+1
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Hence with 02 = 26,Ng and s = 2&,
M-1 n M- n
po - ¥ L (M) - 5 () (M)
n

= n+1l n = n+1

M-1/_1\n . o e
s Zﬂ("/’ 1)e—<m>ﬁo

= n+1 n

Thus

I\/IZ: )n+1(M 1) (2 Ebllc\alizM

n+1 n

For M =2, the above shows

1 _2&
Pe = Ee 2,\?0 > Pe,coherent= Q( é)
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4.5-5 Differential PSK
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Introduction of differential PSK

@ The previous noncoherent scheme simply uses one symbol
in noncoherent detection.

@ The differential scheme uses two consecutive symbols to
achieve the same goal but with 3 dB performance
improvement.

Advantage of differential PSK
@ Phase ambiguity (due to frequency shift) of M-ary PSK
(under noiseless transmission)
o Receive cos(27f.t +6) but estimate 6 in terms of f!
— Receive cos(2rf.t + 27 (f. — f!)t + 0) but estimate

6 in terms of f!
= O=2m(fc-f)t+60=0+6.
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Differential encoding

e BDPSK
e Shift the phase of the previous symbol by 0 degree, if
input = 0
e Shift the phase of the previous symbol by 180 degree, if
input =1
e QDPSK
e Shift the phase of the previous symbol by 0 degree, if
input = 00
o Shift the phase of the previous symbol by 90 degree, if
input = 01
e Shift the phase of the previous symbol by 180 degree, if
input = 11
e Shift the phase of the previous symbol by 270 degree, if
input = 10

@ ... (further extensions)
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The two consecutive lowpass equivalent signals are
sék_l) =\/2&e'  and sfﬁ = /2E e Omtdo),

Note: We denote the (k — 1)th symbol by sékil) instead of sf:f;) because m’ is not the digital information to be

detected now, and hence is not important! sgkil) is simply the base to help detecting m.

The received signals given s'* ™ and SE:% are
(k-1) (k-1) (k-1)
r s n
? = L — ebﬁb V4 + YA — ez¢§m +F,
L s®) n(® R
L)
= 8! Fo = [V2E,em 100 J2E e (Omio0)] i(k)
¢

= 2€5e"¢0(r§k_1) + rék)e‘“’m)
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A -t = _ ‘ —1¢9 (k-1) (k) -0
m = arg max |S' ,r;| =arg max 2E.e r +r, e tvm
ngm§M| m,¢ K| glsmsM s ¢ £

2
(k-1) (k) -6
= arg max ‘r +r, e tom
glsmsM ¢ ¢
k-D\* (k) -
= arg max Re{(rg )) ré e 19"7}
1<m<M
(k) (k-1) )
= arg max cos(Ar —zr -0
glsmsM £ £ m
: (k) (k-1) ’
= arg min ‘Ar —zr -0
g1$msM ¢ ¢ m

The error probability of M-ary differential PSK can generally be
obtained from Pr[D < 0], where the random variable of the general
quadratic form is given by

L
D= (AXk + BIYi[* + CXk Vi + C* X5 Yk)
k=1

and {Xx, Yk}i:l is independent complex Gaussain with common
covariance matrix. (See Slide 4-181.)
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Error probability for binary DPSK

In a special case, where M =2, the error of differential PSK can be
derived without using the quadratic form.

Specifically, with M =2,
. vao | 1 . o | 1
S1.0= 2556 0 1 and So 0= 2556 0 1

We can perform 45-degree counterclockwise rotation on the received

signals given sékil) and sf:)[:

D)  [skD (k-1)
R, =R| ¢ = e"R| oy [+R] 4 =" "RS, + Ry
(k) ) (k) ,
ry m, e n,

_va|l -
where R = > [1 1].

This gives
e | 0 L [V2(28) ;o
Rs1e= [\/m] and Rsz = [ 0 and set &, = 2¢;.

Notably, the distribution of “rotated” additive noises remains the same.
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The decision rule on Slide 4-176 becomes

A -1 — ‘ | - 1 -
m = arg max ‘s ry| = arg max |[(Rs Rr |
glsmsz m, " glsmsQ ( m’é) ¢

The same analysis as non-coherent orthogonal signals (cf.
Slide 4-170) can thus be used for BDPSK:

P &1 _ee 1 _& 1 &
e.BDPSK = —€ M = —e M =—-e M = —e N
2 2 2 2

For coherent detection of BPSK, we have

13
Pe gpsk = @ (\ / ZWE;) < 567"’73.
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The bit error rate (not symbol error rate) for QDPSK under
Gray mapping can only be derived using the quadratic form
formula (cf. Slide 4-181) and is given by

1
Pb,QDPSK — Ql(a, b) _ E/O(ab)e—(a2+b2)/2

where Qy(a, b) is the Marcum Q function,

azdz%(l_%) andbziz%(l%).
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RN
- NAN

; NN

E mj | Two=and four- \ \

z . phase PSK \ \
BDPSK is in general 1 dB s \\
inferior than BPSK/QPSK. = 2 Two-phase I\

E 0 DPSK _\""\ \
QDPSK is in general 23 dB 2 YA
inferior than BPSK /QPSK. i \

A
Q 2 4 6 B 10 12 14

SNR per bit, v, (dB)
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The ML decision is

m = arg max Re{( (k- 1)) rék)e*“” }

1<m<M

where in absence of noise,

r? v s(k Y (Bro0) | 1
E = = Z + 0
[M ¢ l &:z] 2 lezem]

26, 00
26,0 01
— (rék 1>) (k) _ 0 gtbm = !
-2& 11
=281 10
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01
11 00

Y

10

As the phase noise is unimodal, the optimal decision should be

Re (7)) (1) ) 25 the i

Re () 1) - () O} 20 e g o
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The bit error rate for the 1st/2nd bit is given by
Pr[D < 0],
where
D = AIXP+B|Y]P+CXY*+C*X*Y = AX|*+B|Y[|*+2Re{CXY "}
and

A=B=0

2C - 1- 1 for the 1st bit
| 1+4 for the 2nd bit

X =9 = (/28,61 (¢+60) e26m 4 n)

Y = rﬁ,k*l) = /2E. e (P+¢0) 4 nékil)

Digital Communications. Chap 04 Ver. 2018.11.06 Po-Ning Chen 183 / 218



4.8-1 Maximum likelihood sequence

detector
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e Optimal detector for signals with memory (not channel
with memory or noise with memory. Still, the noise is
AWGN)

- It is implicitly assumed that the order of the signal
memory is known.

Example. NRZI signal of (signal) memory order L =1

0—E, 0—V&, 0~VE, 0=VE,

INE, 1E 1HE
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The channel gives
re =S+ N == €b+nk, k:].,...,K.

The pdf of a sequence of demodulation outputs

1 1 K
f(r,...,rkls,,...,sx) = Wexp{—ﬁ Z(rk _sk)2}

0 k=1

Note again that si,...,sx has memory!

The ML decision is therefore

K
. 2
arg min Mk = Sk
(517~"’5K)€{ivgb}Kl(z::1( )
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Viterbi algorithm

@ Since s,...,5k has memory and

H 2
min e —Sk)” + min re — Sk
(s1,---,5K )€ {i\/_}KkZ:I( ) kzjlske{i\/_ ( )

the ML decision cannot be obtained based on individual
decisions.

o Viterbi (demodulation) Algorithm: A sequential trellis
search algorithm that performs ML sequence detection

o It transforms a search over 2K vector points into a
sequential search over a trellis.
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Explaining the Viterbi algorithm

There are two paths entering each node at t =2T (In the
sequence, we denote s(t) = A=+/&p.)

0/—s(t) g 0/=s(t)
Sn .
path ({f,,1,)=(0,0) or (L1) S
—node S, at7 =27, R fi( )
denoted by §,(27). s, e

0/s(1)
tr=0 t=T t=2T

0/-s(t)

So
path ([l 111) = (051) or (1’0)
—>node S, atr=2T,
denoted by §,(27). S, 5750

t=0 t=T t=2T
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t=0 (=T t=2T
@ Euclidean distance for path (0,0) entering node So(2T):

Do(0,0) = (r1 = (~V/€6))* + (2 = (-/&5))?
@ Euclidean distance for path (1,1) entering node Sp(2T):
Do(1,1) = (n = V&) + (2~ (~V/&b))?

Viterbi algorithm

@ Of the above two paths, discard the one with larger Euclidean
distance.

@ The remaining path is called survivor at t =2T.
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07s(0)
t=0 t=T t=2T
@ Euclidean distance for path (0,1) entering node $1(2T):

D1(0,1) = (n = (~V/&b))? + (2 = \/&b)*
@ Euclidean distance for path (1,0) entering node 51(2T):

D1(1,0) = (n = /€)% + (r2 - V/&b)?

Viterbi algorithm

@ Of the above two paths, discard the one with larger Euclidean
distance.

@ The remaining path is called survivor at t = 2T.

We therefore have two survivor paths after observing r».
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Suppose the two survivor paths are (0,0) and (0,1).

@) gii=st) g

S(J

t=0 t=T t=2T

Then, there are two possible paths entering Sp at t = 3T, i.e.,
(0,0,0) and (0,1,1).

0/~ s(t)

® 0/—5(2) 0/=s(2) @
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Euclidean distance for each path:

Do(0,0,0) = Do(0,0) + (r3 — (~/Ep))?
Do(0,1,1) = D1(0,1) + (r3 - (—\/&p))?

Viterbi algorithm

@ Of the above two paths, discard the one with larger Euclidean
distance.

@ The remaining path is called survivor at t =3T.

0/=5(r) _ 0/=s(r)_0/=s(t)
P BN
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Euclidean distance for each path:

D1(0,0,1) = Do(0,0) + (r3 — \/Ep)?
D1(0,1,0) = D1(0,1) + (r3 —\/&p)?

Viterbi algorithm.

@ Of the above two paths, discard the one with larger Euclidean
distance.

@ The remaining path is called survivor at t =3T.

0/—s(1)

PRLENG!

So

t=0 t=T t=2T t=3T
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Viterbi algorithm

@ Compute two metrics for the two signal paths entering a
node at each stage of the trellis search.

@ Remove the one with larger Euclidean distance.

@ The survivor path for each node is then extended to the
next state.

The elimination of one of the two paths is done without
compromising the optimality of the trellis search because any
extension of the path with larger distance will always have a
larger metric than the survivor that is extended along the same
path (as long as the path metric is non-decreasing along each
path).
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Unfolding the trellis to a tree structure, the number of paths
searched is reduced by a factor of two at each stage.

e SO 0/=5(1) 0/=5(1)
® S, 1/5(6) 1/5(1) .
SUrvivor
paths =
(0,0) and
0/s(t 0/s(z
1/7.(\-(1) 1/7,(\-(1) (©.1)
=) < K
0/=s(t ! < 0/-s(
l/s(r)( ) Ts(2) - 1/5(:)( :
oo O
. These dotted
1"/";_5_‘(;) je paths are
0/s(1) 07 removed.
1/-5(1) .. U=s()
[ ]
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Apply the Viterbi algorithm to delay modulation
@ 2 entering paths for each node

@ 4 survivor paths at each stage
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Decision delay of the Viterbi algorithm

@ The final decision of the Viterbi algorithm shall wait until it
traverses to the end of the trellis, where S, ..., 5k correspond
to the survivor path with the smallest metric.

@ When K is large, the decision delay will be large!

@ Can we make an early decision?

Let’s borrow an example from Example 14.3-1 of Digital and
Analog Communications by J. D. Gibson. (A code with L =2)

— Assume the received codeword is (10,10, 00,00, 00,...)

Trellis Corresponding to the Tree
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Time instant:

0 1 2 3 4 S

State
0 <~ 00
. ol .| minimum (Hamming)
distance associated
2 -~ 10 with each path
311
Codeword Received: 10 10

Time instant:

State
0 = 00

1 - 01
2 - 10

3 -— 11

0 1 2 3 4 5

| minimum (Hamming)
distance associated
with each path

Codeword Received: 10 1 00

Time instant:
State

0 < 00

I =01

2«10

3 —1

0 1 2 3 4 5

41 v, n

Codeword Received: 10 10 00

Digital Communications. Chap 04

Ver. 201

At time instant 2, one does not
know what the first two transmit-
ted bits are. There are two possi-
bilities for time period 1; hence, the
decision delay > T.

We then get r3 and compute the
accumulated metrics for each path.

At time instant 3, one does not
know what the first two transmitted
bits are. Still, there are two possi-
bilities for time period 1; hence, the
decision delay > 2T.
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Time instant: 0 1 2 3 4 5
State
0 < 00

I <=0l
2«10

3 ~—11

Codeword Received: 10 10 00 00 We then get r; and compute the

accumulated metrics for each path.

Time instant: 0 1 2 3 4
State N

0 - 00

I =— 01

2 - 10

3 -1 At time instant 4, one does not

3 know what the first two transmitted

Codeword Received: 10 10 00 00 bits are. Still, there are two possi-
bilities for time period 1; hence, the
decision delay > 3T.

Time instant: 0 1 2 3 4 5
State o
1 2 2 2 00 2
0 - 00

NS

| -0l
N
2«10
@
3 -1l
o
H r,
1 2 3 4 5
Codeword Received: 10 10 00 00 00 We then get r5 and compute the

accumulated metrics for each path.
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Time instant :
State
0 « 00

0

1
2

3

Codeword Received : 10 00

Time instant :
State
0 <= 00

0 1

1 01
2 «— 10

3 =11

Codeword Received : 00

Time instant : 0
State

0 <= 00

1 01
2 10
3 11

1 2
Codeword Received : 10 10

00 00

Ver. 2018.11.06

At time instant 5, one does not
know what the first two transmitted
bits are. Still, there are two possi-
bilities for time period 1; hence, the
decision delay > 4T.

We then get rg and compute the
accumulated metrics for each path.

At time instant 6, one does not
know what the first two transmitted
bits are. Still, there are two possi-
bilities for time period 1; hence, the
decision delay >5T.
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Time instant : 0 1 2 3 4 5 6 7
State N

0 < 00

1 01
2 «— 10

3 =11

We then get r; and compute the

Codeword Received: 10 10 0 00 00 X
odeword Recetve 0 00 accumulated metrics for each path.

0 1 2 3 4 5 6 7

At time instant 7, one does not
know what the first two transmitted
bits are. Still, there are two possi-
bilities for time period 1; hence, the
decision delay > 6T.

We then get rg and compute the
accumulated metrics for each path.
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At time instant 8, one is finally cer-
tain what the first two transmitted
10 10 00 00 00 00 00 00 bits are, which is 00. Hence, the
decision delay for the first two bits
are 7T.

Suboptimal Viterbi algorithm

@ If there are more than one survivor paths remaining for time
period i — A at time instance /, just select the one with
smaller metric.

Example (NRZI). Suppose the two metrics of the two
survivor paths at time A +1 are

Do(0, bo, bs, ..., bas1) < Di(1, bo, bs, ..., bas1)-
Then, adjust them to
Do(b2, b3, ..., bas1) and Dy(bo, bs,. .., bast)
and output the first bit 0.
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@ Forney (1974) proved theoretically that as long as
A >5.8L, the suboptimal Viterbi algorithm achieves near
optimal performance.

We may extend the use of the Viterbi algorithm to the MAP
problem as long as the metric can be computed recursively:

arg max f(r,...,rg|s1,...,sc)Pr{sy,...,sx}
(S1,-++5SK
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Further assumptions

@ We may assume the channel is memoryless
K
f (rl, ce rK‘sl, . 7SK) = H f (rk‘sk)
k=1

e SO S . S(K) can be formulated as the output of a
first-order finite-state Markov chain:
@ A state space S = {S0,51,...,5n-1}
@ An output function O(S*D §() =5 where S ¢S
is the state at time k.
© Notably, s1,s,...,s¢ and S©_ SO §(K) 3re 1-1
correspondence.
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Example (NRZI).
© A state space S = {5, S1}
© An output function

O(So, %) = O(51, %) = V&
0(S0,51) = 0(51,51) =&

Q s5.5,...,5¢ and SO SO SK) are 1-1

correspondence.
£ (50,51 50,50, 50) < (VEs ~VBo, /5, ~V/5y)
0E  0F oG G

S « - - - -

1HE,
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Then, we can rewrite the original MAP problem as

K

arg max_ J][f(rsc = 0(S* D, SR))Pr{SK|sk-D1]

S0) . §(K) 7

Example (NRZI).

Pr{S®) = S|S*-1) = 5} = Pr{S() = 5 S~V = 5} = Pr{J = 0}
Pr{S0) = So|sk-1) = 5} = Pr{St = 5|1 = S} = Pr {Jy = 1}
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Dynamic programming

Rewrite the above as

K
max [T1f (r|se = 0 (8%, SR pr{s¥|sk-D1]

----- 50O k=1

= r;](% STK% f (rK|@ (S(K—l)’ 5(K))) pr{s(K)|5(K—1)}

(10 (52, S00) pr{ s Vs -2

X

xmaxf (|0 (S0, 5))) Pr{s@|sM)}
< F(n]0(5@,5D))Pr{5D]SO}
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@g)xf(rz\o(_s“),s@))) Pr{s@IsMf(nlo(5©,5M))Pr{s®|s@}
Note
@ This is a function of S(® only.

o l.e., given any S, there is at least one state 5() such
that it maximizes the objective function.

o If there exist more than one choices of $(1) such that the
object function is maximized, just pick arbitrary one.
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Hence we define for (previous state) S and (current state) S
€S2

© the branch metric function
B(S,Sr) = f(r]0(S.5))Pr{5|S}
@ the state metric function

901(5)
o(5) = rggst(S,Slrk)sokfl(S) k=23,...

max B(S, S|n)

© the survival path function

Pi(5) = argmaxB(S,S|n)pia(S) k=23,...
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Dynamic programming

We can then rewrite the decision criterion in a recursive form

as
max max B(S(K‘l),S(K)|rK) max B(S(K‘Q),S(K‘1)|r;<_1)
S(K) §(K-1) S(k-2)
~max B(SM,5@)|r) max B(S©, 5W|n)
s S©)=5,

- B (S(K-1) ¢g(K) B(S(K-2) g(K-1)|,
T gre, B (S0, 50hne) o B (ST, 5 lnca)
max B (5D 5@ )

max B (5™, 5@|r)e:(SV)

= max max B(S(K‘l),S(K)|rK) max B(S(K_2),S(K_1)|r;<_1)
S(K) §(K-1) S(K-2)
pa(5@))

- B(S(K-D (k) (S(K-D)

S0 sten) (5 N |rK)90K 1(S )

- (K)

max ok (S1).
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Viterbi algorithm : Initial stage

Input: Channel observations rq, ..., rg
Output: MAP estimates 5y, -+, 8k
Initializing
1: for all S €S do
2. Compute ¢1(SM) based on B(S5© = S5y, SM|ry) for
each S €S (There are |S]| survivor path metrics)
3. Record P;(SM) for each S eS  (There are [S|
survivor paths)
4: end for
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Viterbi algorithm: Recursive stage

1: for k=2 to K do

2. forall S eS (ie., for each S € S) do

3 for all S-1) ¢ S do

4: Compute B(S*-1) SK)|r,).

5: end for

6 Pr-1(SED)

Compute o« (S()) based on {B(S<k-1>,5(k)lrk)
7: Record Py (5(9)
8: end for

9: end for
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Viterbi algorithm: Trace-back stage and output

1
2
3:
4:
5:

. Sk = arg maxsan) ik (SK)
: for k = K downto 1 do
Sio1= Py (§k)
& = 0(S1,5)
end for
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Advantage of Viterbi algorithm

@ Intuitive exhaustive checking for

arg max
S .. 5K

has exponential complexity O (|S|K)
@ The Viterbi algorithm has linear complexity O (K |S|2).

@ Many communication problems can be formulated as a
1st-order finite-state Markov chain. To name a few:
@ Demodulation of CPM
© Demodulation of differential encoding
© Decoding of convolutional codes
@ Estimation of correlated channels

@ It is easy to generate to high-order Markov chains.
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Baum-Welch or BCJR algorithm (1974)

@ The Viterbi algorithm provides the best estimate of a
sequence $i, -+, Sk (equivalently, the information sequence

/05 I17l27"' )
@ How about the best estimate of a single-branch information
bit ;7

@ The best MAP estimate of a single-branch information bit Ii
is the following:

~

K
l; = argmax Z [TIf(r|O 5(k71)75(k) Pr S(k)\S(kfl)
o 2 (o )Pt j]
z(s(=1) sy,
where Z(SUD (D) reports the information bit '
corresponding to branch from state SU~1) to state S().

@ This can be solved by another dynamic programming, known
as Baum-Welch (or BCJR) algorithm.
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Applications of Baum-Welch algorithm

The Baum-Welch algorithm has been applied to
@ situation when a soft-output is needed such as turbo
codes
© image pattern recognitions
© bio-DNA sequence detection
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What you learn from Chapter 4

@ Analysis of error rate based on signal space vector points

o (Important) Optimal MAP /ML decision rule

e (Important) Binary antipodal signal & binary orthogonal
signal

o (Important) Union bounds and lower bound on error rate

o (Advanced) M-ary PAM (exact), M-ary QAM (exact),
M-ary biorthogonal signals (exact), M-ary PSK
(approximate)

o (Advanced) Optimal non-coherent receivers for carrier
modulated signals and orthogonal signals as well as
differential PSK
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e (Important) Matched filter that maximizes the output
SNR

e (Important) Maximum-likelihood sequence detector
(Viterbi algorithm)

o General dynamic programming & BCJR algorithm
(outside the scope of exam)

@ Shannon limit
o A refined union bound

@ (Good to know) Power-limited versus band-limited
modulations
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