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7. Linear Second-Order Ordinary Differential Equations

In engineering, P-order ODEs have been widely adopted to describe
dynamic systems, such as an inverted pendulum andbgect in simple
harmonic motion. A#-order ODE is generally expressed as

(7-1) F(x.y.y.y)=0

For example, ¥y + y?y' = x> = Oand xy" - ye* = 0 are 2%order ODEs.

For the 2%order ODE (7-1) on an interv4] if there is a function¢(x)
that satisfies
(7-2) F(x,0,¢'.¢")=0 forallxin |
then y=g¢(x) is a solution of (7-2). For example,
(7-3) #(x) = xcos2x
is a solution of
(7-4) X2y = 2xy +2(2x2 +1)y =0

for x>0. This can be verified by substituting= ¢(x) into (7-4).

Since it is more complicated to solve-8rder ODE than Storder, this
topic will only focus on the simpler case, the #n€"*-order ODEs.

In general, a linear"2order ODE in an intervdlis often represented by
the following form

(7-5) W(x)y" + P(x)y +Q(x)y = R(x)

where W(x) #0 andW(x), P(x), Q(X) andR(x) are continuous in the intervial
Taking monic process on (7-5) results in

(7-6) y'+ p(x)y +a(x)y =r(x)

and in what follows, (7-6) will be adopted for dission.

Similar to f-order ODE, it is required to ensure the existenoe
uniqueness of the solution of (7-6). Let's consither following example
(7-7) y' = 6x
whose solution is
(7-8) y(x)=x* +Cx+K

whereC andK are two arbitrary constants. Clearly, this is etiéint from the
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1*-order case whose solution only has one arbitranstant. If we are given
one initial condition, such ag0)=3, therkK=3, i.e.,

(7-9) y(x)=x*+Cx+3

To determineC, obviously, we require an extra condition, suchya®) = -1,
which results inC=—1. That means under the conditi(8)=3 and y'(0) = -1,
the solution (7-8) can be uniquely determined as

(7-10) y(x)=x*-x+3

Since bothy(0)=3 and y'(0)=-1 are given at the initial poine0, the above

problem is known as an IVP. On the other hand,afave giveny(0)=3 and

y(1)=6, therK=3 andC=2; clearly, the solution is still unique and obtd as
(7-11) y(x)=x® +2x+3

Since the conditiog(1)=6 is not given at the initial point0, it is not an IVP;
instead, we call it the boundary value problem ¥PBor short.

Next, let's discuss the existence and uniquenegbeoflVP of a linear
2"%order ODE, described as below:

(7-12) y+p(x)y +alx)y=r(x). y(x)=y and y(x)=Y,
Consider the simpler case thgtx)=0 for all x and the initial conditions
y(x%)=Y, and y(x,)=y, are neglected. Then, we have

(7-13) y'+p(x)y +a(x)y =0

which is known as the homogeneous equation of §7-A8sume y,(x) and
yz(x) are two nonzero solutions of (7-13) and they areakly independent,
i.e., y,(x)#ky,(x) for k#0.Hence, we have

(7-14) v+ p(x)y, +a(x)y, =0, i=1,2

Let ¢(x)=cy,(x)+c,y,(x), which is a linear combinations of;(x) and

y,(x) with constant coefficients, andc,. It is easy to check that

(7-15) #"+ (e + o) =3+ ply. +al)y) =0

i=1

Therefore, #(x) = ¢ y,(x)+c,y,(x) is the homogeneous solution of (7-13).

To use the linear combinationg(x) = c,y,(x)+c,y,(x) as the solution, it

is required thaty,(x) and y,(x) are independent. There is a test, called
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Wronskian Test, to tell whethey,(x) and y,(x) are linear independent or

not. Let's define the Wronskian of;(x) and y,(x) as below:

yi(x) y,(x)

(7-16) W= 000 v

=Y (X)ylz (X) ~ Y (X) i (X)

and its derivative is
W(X)= yi¥s + WaYs = VoYe = Vol = Vi¥s — Yo
(7-17) = y,(= p(3)ys —a(¥)y,) - vu(= p(x)y; - alx)y.)
== p(x)(y2y5 = ¥,%) = = p(W(x)

Hence,

(7-18) W(x) = Ae 1P

whereA is a constant anda_I Pl #0 for all x in I. Clearly, if there exists
W(x,)=0 at a pointx=Xx, in I, then we havé\=0 which meansw/(x)=0
for all x in I. On the other hand, if there exist§¥(x,)# 0 at a point x=x, in
|, then we havé\#0 which meansw(x)# 0 for all x in I. Hence, the above

analysis comes to the conclusion: Eitigx)=0 or W(x) #0 forallxinl.

Moreover, it is easy to check that i;,(x) and y,(x) are linearly
dependent, i.e.,y;(x) = ky,(x), then y;(x) =ky,(x) and

) v.(x)

(7-19) ()= ;&) 097 I Y =0

Hence, if W(x)Zz0 then y,(x)#ky,(x), or y,(x) and y,(x) are linearly
independent. Conversely, itNV(x)=y,y,-y,y,=0 then yy,=y,y, or

Y :ﬁ, which is equivalent tdny, =Iny,+c or vy, =ky, with k=¢" .
i Y.

That means ify,(x) # ky,(x) then W(x)# 0.

To sum up, the linear independency ¢f(x) and y,(x) can be
checked by the Wronskiakiv(x,) at any specific pointx = x,. If W(x,)#0,

then yl(x) and yz(x) are linearly independent, otherwise they are liyea

dependent.
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Consider y' —4y = Q which has two solutionsy, =€ and y, =e™.

The Wronskian is

( ) e2x e—2x
7-20 W(x)= =-2-2=-4%£0
( ) 2e2x _ 2e—2x

which meansy, =€ and y,=€¢?* are linearly independent. Thus, their

linear combinationg(x) = c,e® +c,e *with constant coefficients, andc, is

also a solution ofy" -4y = 0

Further considery” —xy = 0lt seems simple, but actually it is not easy

to get the solution. Under such situation, we oftelve it by the power series

method, which will be introduced later, and obtEwo solutions

(7-21) y)=1+ 3 U('él'(()fk “2)
(7-22) Y, (X) =+ i 2 [5([:;8k+(5|'( —1) 3K+

It is not so easy to evaluate he Wronskianypfx) and y,(x) at anyx in I.
However, if we calculate the WronskianxaD, we will find that

(7-23) W(0) = y;(0)y4(0) - v,(0)y(0) =1x1-0x0=1#0

Since W(0)# 0 implies W(x)# 0 for all x, we know thaty,(x) and vy,(x)

are linearly independent.

Next, consider the case af(x)#0 in (7-12) and neglect the initial
conditions y(x,)=y, and y(x,)=y,. Then, we have
(7-24) y' + p(x)y +a(x)y =r(x)
which is called the nonhomogeneous equation. Sintilahe f-order linear

ODE, first we determiney,(x) and y,(x) for r(x)=0 and obtain the

homogeneous solutiory, (x) = ¢,y,(x) + ¢, y,(x), which satisfies

(7-25) Yo+ p(x)y, +alx)y, =0
Then, find a particular solutiory, (x), which satisfies
(7-26) Yy + p(x)y, +alx)y, =r(x)
From (7-25) and (7-26), it can be obtained that

(7-27) ¢" + p(x)¢' +a(x)g =r(x)
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where
(7-28) #(x) = v, () + y, (x) = cy,(x) + ¢, y,(x) + v, (%)

Clearly, ¢(x) is the solution of the nonhomogeneous equatic2v7-

Order Reduction M ethod for Homogeneous Equations

For a 2%order linear homogeneous ODE, there are two inudgret
solutions. Most importantly, if a solution is obtad first, then the second
solution can be determined by the order reducticethod, which will be
introduced below.

Suppose that we have found a homogeneous soqu'()()# 0 for the

2"order ODE

(7-29) y'+p(x)y +a(x)y=0

Then choose the second solution as

(7-30) Y (x) = u(x),(x)

whose first and second derivatives are

(7-31) Yo = My, t 1y

(7-32) Yo = 1Y+ 21, + Ly

Since y; + p(x)y, +q(x)y, =0, we have

(7-33) (kry,+ 20y, + 1) + p(X)(tys + 18,) + alx)ay, = 0
ie.,

(7-34) 1y, + 12y, + p(x)y.) + vy + p(x)y; +a(x)y,) =0
Due to the fact thaty, + p(x)y, +q(x)y, = 0, (7-34) can be written as
(7-35) Y, + 1 (2y; + p(x)y,) =0

Since y, #0, it can be changed into

(7-36) H+ B =0

where B(x)= p(x)+2§i. Let z(x)=4/(x), then

(7-37) Z+p(x)z=0

Clearly, the #-order ODE (7-29) is reduced to th&-drder ODE (7-37). That
is why we call the above process as the order-temumethod. The solution

of (7-37) can be solved as
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(7-38) z(x) = Ce A

with C constant. Sincez(x) = #/(x) and y,(x) = #(x)y,(x), we have
(7-39) U= J' z(x)dx =C J' o TP g

(7-40) V(%) = Hx)w(x) = Cy ) ¢ e

Here, y,(x) and y,(x) are linearly independent since the Wronskian is
(7-41) W(X)= Va5 = %i¥s = iy, + o) = vilewn) = 12 = 7

Clearly, W(x)# 0 becausez(x)= ce 1% 40 and y, 0. Thus,y,(x) and

Y»(X) are linearly independent.

Consider the ¥-order CODE y" + 2wy + o’y = Owhich has a repeated

aX

eigenvaluewand two homogeneous solutiong(x) = e and y,(x) = xe™™

aX

Here, we assumey,(x)=e™“ is given and then use the order-reduction

method to determine the second solutigs(x) = xe™

According to the order-reduction method, the secswldtion is defined

aX

as y,(x)= u(x)y,(x) = u(x)e™ . Then, its first and second derivatives are
obtained asy, = iy, + iy, and y, = 'y, + 2/y; + pyy . Substitute them into
the CODE y" + 2wy + w’y = 0 and we have

(7-42) Y, + 210y, + 2ady, = [y, = 2ady; + 2aql’y, =0

i.e., /y,=0. Since y, 20, we have 4"= 0 Then, u(x)=cx+d and the
second solution is

(7-43) Y>(%) = u(x)y, = p(x)e™ = oxe™ + de™*

Since only the term not in the form of,(x)=e™* is needed, we choose1
andd=0, i.e., the second solution is shown as below:

(7-44) y,(x) = xe™

The Wronskian is

(7-45) W(X)= iy, = iy, = € (€ — axe™™) + axe®* = 2> 2 0

aX

for all x. Hence, y,(x)=e™ and y,(x)=xe™* are linearly independent, and

form a fundamental set of solutions for all Finally, the solution of the
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homogeneous equation is
(7-46) y(X)= e +c,xe™

with arbitrary constants, andc..

Let’s consider the other examplg' — 1 y + ! y=0 for x>0,
x+1 x(x+1)

which has a solutiony,(x) = x. The other solution is defined ag,(x) = 1(x)x.

Then, y, = /x+u and y, = (/'x+ 24 . Substituting them into the ODE

yields (u/'x+ Zy')—%l(;/x+ ,u)+L,ux =0. Letz= 4/, then we have
X

x(x+1)
(7-47) zZ+ (Z - ijz =0
X X+1
which results inz= x?(x+1)™ :iz 11 and
X X X+1
(7-48) U= I zx=-1+ In(1+£j
X X
Therefore, the second solution is
(7-49) v,(x) = p(x)x = -1+ xln(l+ i)
X

Since y,(x)=x and y,(x)=-1+ xln(1+§j are linearly independent. The

homogeneous solution is

(7-50) y(x)=cx + cz(—1+ x| nXTJrlj
with arbitrary constants, andc..

Cauchy-Euler Differential Equations

A Cauchy-Euler equation, or simply called Euler &ipn, is generally
expressed as

2.

(7_51) anxny(n) + aﬁ—lxn_ly(n_l) +...4+ Xy + aixyl + ay = 0
which is defined on the half line>0 or x<0. In this section, we will focus on

the 2%order case, given as
(7-52) X’y +axy +a,y=0
and defined on the right half line0.
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The most common way is to transform (7-52) into @QDE by setting
x=¢ and y(x)=yle')=z(t). Then, the first derivative o{x) is

_ _dy _dydt _dz /o ey e
(7-53) y (%) T w o d d =Z(t)/e = Z(t)e

i.e.,

(7-54) xy (x) = €'y (x) = Z(t)

The second derivative is

V=5 2= 2 ee)- dlz(t)e) dt _ d(zle)..

(7-55) dx\dx/ dx dt dx dt
=(z(t)e -Z()e e = Z(t)e - Z(t)e ™

ie.,

(7-56) xy'(x)=e*y'(x)=Z'(t)- 2(t)

Hence, (7-52) can be changed into

(7-57) Z(t)+(a -1)2(t) + at) =

which is a 2%order CODE and(t) can be solved by the methods introduced
before. Since x=¢€', i.e., t=Inx, the solution is then obtained as

y(x)=zt)_ , =z(Inx), for x>0. Next, lets use some examples for

demonstration.

Consider the B-order ODE x?y" +4xy +2y= 0 for x>0. By setting
x=¢ and y(x)=yle')=z(t), the differential equation is transformed to
(7-58) Z(t)+32(t)+22(t)=0
whose characteristic equation i& +31+2=(1+1)(A+2)=0 with roots
A=-1 and A =-2 Hence,

(7-59) t)=cet +ce™
From x=¢', we havet =Inx and then
(7-60) y(x)= z(Inx) = ce™™ +c,e?™ =g xt +¢,x72

which is the solution ofx*y" +4xy’ + 2y = Ofor x>0.

Consider the Z-order ODE x?y"' -3xy +4y= 0 for x>0. Let x=¢
and y(x)= y(e')= z(t), the differential equation is transformed to
(7-61) Z(t)-4Z(t)+4z(t)=0

8
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whose characteristic equation & —41+4=(1-2f =0 with repeated root
A =2. Hence,

(7-62) 2(t) = ce® +cte®

From x=¢', we havet =Inx and then

(7-63) y(x) = Z(Inx) = c®™ +c,(Inx)e?™ = cx* + c,x* In

which is the solution ofx*y" -3xy' + 4y = Ofor x>0.

Consider the P-order ODE x?y' - xy +2y= 0for x>0, with initial
conditions y(1)=1 and y(1)=0. Let x=¢' and y(x)=z(t), the differential
equation is transformed to
(7-64) 2'(t)-22(t)+22(t)=0
whose characteristic equation i -24+2=(A-1+j)A-1-j)=0 with
roots A =1+ j. Hence,

(7-65) z(t) = c€ cost +c,€ sint
From x=¢', we havet =Inx and then

In X Inx

y(x) = z(Inx) = c.€" cos(Iinx) + c,&"* sin(Inx)

7-66
(7-66) = ¢ xcos(Inx) + c,xsin(Inx)
According to the initial conditionsy(l)=1 and y(1)=0, we havec, =1

and c, =-1. Hence, y(x) = xcos(Inx) - xsin(inx) for x>0.
Linear Nonhomogeneous Equations

After the homogeneous solutiog, is solved, the general solution of the
linear nonhomogeneous equation
(7-67) y'+ p(x)y +a(x)y =r(x)
can be expressed ag=y, +y,, where y, is a particular solution. Here, we
will introduce the method to determine a partic@alution, which is similar to
the order-reduction method used to find the se¢mmogeneous solution.

Let y, and y, be the independent homogeneous solutions of (7-67)

We assume the particular solution is relatedytjoand y, as below:

(7-68) Yo = :ul(x)yl T4, (X)yz
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in which £4,(x) and x,(x) are two differentiable functions. Then,

(7-69) Yo =Yyt 1Yst 1Yot 1Y,
Further assume

(7-70) MY, + 1Y, =0

then (7-69) becomes

(7-71) Yo = ¥+ 1Y,

Then, the second derivative of , is

(7-72) Yo = Y1+ YL+ LY, 1LY,

Substitute these terms into (7-67) and obtain

(7-73) JLYL+ 1Y + (Ve + py; +ay,) + a4, (vs + py; +ay,) =t
Since y;+ py, +ay, =0 and y, + py, +qy, =0, (7-73) can be reduced as
(7-74) MY+ 1Y, =T

Solve (7-70) and (7-74), and achieve

| B ryz | ryl
7-75 =—-—= and ===
(7-75) # W He W

where W = y,y, —y;y, is the Wronskian ofy, and y,. After determine 4,

and u, from (7-75), we have a particular solution as smanv(7-68).

For example, if we want to find the solution fof + 4y =secx, then
first solve the homogeneous solutions, which gye= cos2x and y, = sin2x.

The Wronslian isW =vy,y, - y;y, =2 and from (7-75) we have

. Sec xsin2x , _ SeCXC0S2x
(7-76) H=-mm and gy =
Then,
(7-77) W= —j%ﬂzxdx = —jsinxdx = COSX

M, = j%oszxdx = J'(cosx —%secxjdx
(7-78)

= sinx—%ln|%cx+tanx|
From (7-68), a particular solution can be obtaiasd

(7-79) Y, =Uy; +Vy, = COSXCOS2X + sin2x(sinx—%ln|secx+tanx|j

10
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Hence, the general solution is

Y =C,COSX + C, SiN X + COSXCOS2X

7-80
( ) +sin2><(sinx—%ln|secx+tanxij

Next, find the general solution foy"—ﬂy’ +i2y=x2+1 for x>0. Two of
X X

the independent homogeneous solutions ate=x and y,=x"'. The

Wronslian isW = y,y, - y;y, =3x* and from (7-75) we have

41,2 2
(7-81) Iui:—dx_-l-l) and y'=M

3x* 2 3t
Then,
x> +1 1 1
7-82 =— dx=--x3-=x
(7-82) =] 5
0 4 1 1
7-83 =[xt +x?Jdx=ZInx-=x"2
(7-83) o =[Sl +xfix=Zinx-
From (7-68), a particular solution can be achieagd
1 1 1
(7-84) Y, :uy1+vy2=—§x4 —Ex2+§x4lnx

Hence, the general solution is

4

(7-85) y=clx+c2x“—%x —%x2+ix“lnx
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