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4. Inverse Laplace Transform 

Given F(4-s), how to transform it back to      1 sFtf L ? Here, we will 

introduce a method not to use the definition of inverse Laplace transform; 

instead, we will adopt partial fraction expansion to partition F(4-s) into suitable 

simple terms, i.e.,    



n

k

k sFsF
1

. Then, match each simple term  sFk  to 

 tfk  and obtain the result as    



n

k

k tftf
1

. Below use some examples to 

show the operation of inverse Laplace transform. 

Simple poles 

Consider the Laplace transform  
  32

122






sss

s
sF . From partial 

fraction expansion, we have 

(4-1)  
   3232

122












s

C

s

B

s

A

sss

s
sF  

where the numerator can be rearranged as 

(4-2)       2332122  sCssBsssAs  

There are two methods to solve A, B and C. For the first method, we rewrite 

(4-2) as 

(4-3)     AsCBAsCBAs 623512 22   

and compare the coefficients to get three linear equations: 6A=12, 

5A+3B+2C=0 and A+B+C=1. Solving these equations yields A=2, B8 and 

C=7. 

For the second method, apply s=0, s2 and s3 to (4-2) and solve the 

coefficients A, B and C as below: 

(4-4) 
  

  2
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0

0
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(4-5) 
 

    82
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(4-6) 
 

    73
2

12
3

3

2











s

s

sFs
ss

s
C  



Course: Differential Equations/NCTU/ECE/Yon-Ping Chen 

2 

Hence, from either of the above two methods we can obtain the partial fraction 

expansion of F(s) as 

(4-7)  
3

7

2

82









sss
sF  

From the mapping set of Laplace transform, the inverse Laplace transform of 

F(s) is 

(4-8)      tt eesFtf 321 782  L  

for t0, i.e.,      tueetf tt  782 32   . 

Repeated poles 

Consider the Laplace transform  
   31

62
2

3






sss

ss
sF . From partial 

fraction expansion, we have 

(4-9)  
      31131
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3
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
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s
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s
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s
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s
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sss

ss
sF  

and the numerator is 

(4-10)            223 13313162  sDssCsssBsssAss  

First, apply s=0, s1 and s3 to (4-10) and solve the coefficients A, C and D 

as below: 

(4-11)  
   

2
31

62

0

2

3

0











s

s ss
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ssFA  

(4-12)    
  2

3

3

62
1

1

3

1

2










s
s ss

ss
sFsC  

(4-13)    
  4

9

1

62
3

3

2

3

3





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

s

s ss

ss
sFsD  

To determine B, we can compare the coefficient of s
3
, i.e., A+B+D=1. Hence, 

B=1AD=
4

13
 . The other method to determine B is based on the following 

process: 

(4-14)    
 

    CsB
s

D

s

A
s

ss

ss
sFs 
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






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Taking derivative obtains 
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(4-15) 

    
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Let s1, then 

(4-16) 

    
 

     

  4
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3262323
    

3
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which is the same as the one obtained from the comparison of the coefficient of 

s
3
. Hence,  

(4-17)  
      3

49

1

23

1

4132
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62
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3
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sssssss
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and the inverse Laplace transform is 

(4-18)      ttt eteesFtf 31

4

9

2

3

4

13
2   L  

for t0, i.e.,    tueteetf ttt  
4

9

2

3

4

13
2 3









  . 

Complex poles 

Consider the Laplace transform  
  1341

10
2 


sss

sF . From partial 

fraction expansion, we have 

(4-19)  
  

 
  222
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32

11341
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
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
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

s
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sss
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where A can be determined by 

(4-20)     1
134

10
1

1

21








s
s ss

sFsA  

Then, choose s2, (4-19) becomes 

(4-21)  
3

1
39

10
2

CC
AF   

which results in 
3

1
C . Finally, apply s to (4-19) and obtain 
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(4-22)  
13

1

13

2
1

13

32

13

10
0 




BCB
AF  

which results in 1B . Hence,  

(4-23)  
       22222

32

3

3

1

32

2

1

1
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













ss

s

ssss
sF  

and the inverse Laplace transform is 

(4-24)      tsinetcoseesFtf ttt 3
3

1
3 221   L  

for t0, i.e.,    tutsinetcoseetf ttt  3
3

1
3 22









  . 

Application to the IVP of Linear CODEs 

We have mentioned that the Laplace transform is one of the techniques to 

solve initial value problems (IVPs) of a CODE whose order is higher than two. 

Here, we will take some examples for demonstration, and you will see that the 

linear CODEs are no longer solved by complicated integration. Instead, they 

will be solved in an algebraic way based on the Laplace transform and inverse 

Laplace transform. 

For the first example, let’s consider an IVP of a 2
nd

-order CODE, which is 

expressed as 

(4-25)  tfyyy  56 ,     ay 0  and   by  0  

Based on the Laplace transform of derivatives, we have 

(4-26)               sFsYyssYysysYs  506002  

where F(s) and Y(s) are the Laplace transforms of f(t) and y(t). Since   ay 0  

and   by  0 , we rewrite (4-26) into 

(4-27)         sFsYassYbsasYs  562  

and rearrange it as 

(4-28)    
 

56

6

56

1
22 







ss

bas
sF

ss
sY  

If    ttf   and ab0, then 

(4-29)     
56

1

56

1
22 





ss

t
ss

sY L  

i.e., 
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(4-30)   

















5

1

1

1

4

1

56

1
2 ssss

sY  

Hence, 

(4-31)      tueety tt  
4

1 5   

If   tcostf 3 ,   00  ay  and   10  by , (4-28) becomes 

(4-32)        
22

2

3
3561




s

s
tcossYssYsYs L  

Hence, 

(4-33)  
   22222

2

3

3

51563

9

















s

DCs

s

B

s

A

sss

ss
sY  

where 2250.A  , 21320.B  , 01180.C   and 05290.D  . The inverse 

Laplace transform is 

(4-34)      tutsin.tcos.e.e.ty tt  305290301180213202250 5    

Based on numeric analysis, we can solve (4-25) by the use of numeric tools 

Matlab/Simulink as well. The model of (4-25) is built in the figure on the left, 

where the block denoted as 
s

1
 is an integrator, same as the Laplace transform 

of integral. The numeric results are plotted in the figure on the right. 

 

 

 

 

 

For a 3
rd

-order CODE, we can still solve it by the Laplace transform and 

obtain the numeric results by Matlab/Simulink. Consider  

(4-35) 1515177  yyyy ,   00 y ,   10 y ,   00 y  

Taking the Laplace transform yields 

(4-36)         
s

sYssYsYsssYs
15

151717 23   

i.e., 
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(4-37)  
  

 
  12

2

3543

157
22

2














s

DsC

s

B

s

A

ssss

ss
sY  

where 1A , 50.B  , 50.C   and 51.D  . The inverse Laplace 

transform is 

(4-38)      tutsine.tcose.e.ty ttt  5150501 223    

Based on numeric analysis, we can solve (4-35) by Matlab/Simulink with 

model built in the figure on the left. The numeric results are plotted in the 

figure on the right. 
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