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Reference: Laplace Transform

[This file is included in the notes of the cour&dhals and Systems.”]

It has been introduced that the Fourier transfofma dunction f(t) can be

expressed as
AW} =Flw)=[" flt)e“dt (1)
and the inverse Fourier transform is
_ 1 o . .
OYF(w)=f(t)=—| F ja 2
(Floh = 1(0)=- [ Flickedw @

However, in real system any function should betsthfrom a specific time=t,,

called the initial time. Therefore, the Fouriemiséorm is correspondingly given as
Kt =Flw)=[ f(t)e“at (3)

In system engineering, we often set the initialeimst=0, and thus (3) will be

rewritten as

o (O =Fle)= [ f (t)ec @

Unfortunately, when an impulse function is included(t), (4) is not a correct form to

represent this case. Instead, we modify (4) inéoftlowing form

{0 =F(o)= [ flt)e ot (5)
where t=0 is the time less but very close te0. With such a modification, any

impulse functiondt) occurred at=0 will be calculated in (5).

In fact, the Fourier transform is useful for sigremalysis, not for system
analysis. To deal with the problem related to systesome other mathematical tools

are needed and one of them is the so-called Laplaesform.

Let f(t) be a function starting frort=0, i.e.,f(t)=0 for t<0. Then, its Laplace

transform is defined as
F(s)= [ f(t)eat (6)

where s=g+j wcontains the real paRe(s)=cand the imaginary patim(s)=w It is

noticed that its=j @ along the imaginary axis, then (6) becomes

Fiw) =] f(t)e“dt (7)
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Viewing from (5), it is known that the Fourier tisform off(t) is

ot th=Fl@)=[ ft)e (8)
Obviously, it is the same as Laplace trasform witjw It is notice that in (7) and (8)
both F(«) and F(ja) have the same expressiq.(rj f(t)e‘j“‘dt. Although that will

cause a little confusion, they has been widely useslystem engineering. What we

have to know is that(a) represents the Fourier transform &f{fkJ is a special case
of Laplace transfornt(s) for s=j« that means both are equal f(c:; f(t)e““dt and
Fla)=F(ja).

According to the definition of Laplace transform(®), it is required to know
whether the integral is bounded or not. From (6haee

F(s)= [ f(t)edt=["f(t)}e“dt 9)

< ["|f (0)e[dt = 7] f (t)er| cle ot = [ | (t)er

where ‘e‘i““ =1. Under the condition that the real pRe(s)=c is large enough then

the integral I;‘f(t)e“"‘dt Is converged. Usually, we take the regiorRas)>—a to

ensure the convergencekef) and call it the region of convergence, or ROGhort.

In addition to the convergence condition, it isoadkmow that~(s), the Laplace
transform off(t), is unique; which implief(t) andF(s) form a special mapping. f{t)

is given, we can find its Laplace transfoFs) by

{1} =F(e)=[ et (10)
and if F(s) is given, we can take the inverse Leglaansform to obtaifft) as below:
—pl _i aH® st
f(t)=£YF(s)= i g_ij(s)e ds (11)

which has been discussed in the course “Compleabar”

Let £{f,(t}=F,(s) and £{f,(t)} =F,(s) and here we will discuss some

important properties of the Laplace transform, \hace listed as below:

(1) Linearity
£{a f,(t)+a,f,(t)} = aF,(s) +a,F,(s) (12)
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wherea, anda, are constant.

(2) Time shift
L{t(t-a}=eF(s) (13)

wherea is a constant anift—a)=0 fort<a.

(3) Frequency shift
ele t(t)=F(s+a) (14)

wherea is a constant.

(4) Time differentiation
B{f (n) (t)} =s"F (S) - Sn_l f (0_ ) - Sn_2 f (O_)— o= f (n-1) (0‘) (15)

dn

where f(t)= ol

(5) Frequency differentiation

£{t1 ()= (-1'F () (16)
where F"(s)= inn :

(6) Initial value theorem

£(0") = limsF(s) (17)

S 00

(7) Final value theorem
f(oo)=|irgsF(s) (18)

where f(oo) exists and must be a constant finite value.

(7) Convolution in time
'B{ f1(t) L fz(t)} = I:1(S)F2 (S) (29)

Pairs of Laplace transform:

(20)

o |~

g (22)
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t" T (22)
cos &t > (23)
SZ +/82
: B
— 24
sin T 7 (24)
_ st+a
e ™ cos 25
A (s+a) +p° =)
ot B
e ™ sin — 26
g (s+af +p° %
Exercise:
Find the Laplace transforf(s) of the followingf(t) for t=0:
(A)  f(t)=2+3™
(B) f(t)=cos2t-e™
(C) f(t)=t*sin2t
Exercise:
Find the inverse Laplace transform of the followk{(g) and determin§0) andf():
3s+1
A) F(s)=
A Fls) sls? +s+1)

s°+3

R )
© Flo==13

g +1)
%43

(D) F(S) - (S+l)3

€ Fl)=—

~(s+2)(s? +2s+5)
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