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CV9 Elementary Functions :  

Trigonometric and Hyperbolic Functions 

Before discuss the complex trigonometric functions, let’s define the 

following exponential function: 

 f(z)e
iz
e

ix
 e
y 
e

y
(cos x+i sin x)u+iv 

where 

  uxe
y

 sin xvye
y

 sin x 

 uye
y

 cos xvxe
y

 cos x 

i.e., the Cauchy-Riemann equations uxvy and uyvx are satisfied. That 

means e
iz
 is differentiable for all z or it is an entire function. Similarly, we 

know that e
iz

 is also an entire function. Now, let’s define two basic 

trigonometric functions, sinz and cosz, as below: 

 
i

ee
zsin

iziz

2
 


   and  

2
 

iziz ee
zcos


  

Obviously, both of them are also entire functions since they are linear 

combinations of the entire functions e
iz
 and e

iz
. Besides, the Euler’s 

formula is still hold as below: 

 zsinizcoseiz      

Based on the definition of sinz and cosz, the other four trigonimetric 

functions are defined as 

 
zsin

zcsc
zcos

zsec
zsin

zcos
zcot

zcos

zsin
ztan

 

1
     , 

 

1
    ,

 

 
     , 

 

 
   

It can be checked that identities established for real trigonometric 

functions are also satisfied and listed as below: 

   zsinzsin   ,     zcoszcos   

   ztanztan   , 1 22  zcoszsin  

 zsecztan 22  1  , zcsczcot 22  1   

  zcoszsin  
2












, zcoszsin  
2












 

    zsinzsin   ,   zcoszcos    

    zsinzsin  2   ,   zcoszcos  2    

    212121          zsinzcoszcoszsinzzsin   
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    212121          zsinzsinzcoszcoszzcos   

   
21

21
21

   1

    
 

ztanztan

ztanztan
zztan




  

Moreover, the derivatives of trigonometric functions are 

  

zcotzcsczcsc
dz

d
z,tanzseczsec

dz

d

z,csczcot
dz

d
z,secztan

dz

d

z,sinzcos
dz

d
z,coszsin

dz

d

             

               

                    

22







 

In addition, when y is any real number, the hyperbolic functions are 

 
2

 
yy ee

ysinh


  and 
2

 
yy ee

ycosh


  

which result in 

  
   

ysinhi
i

ee

i

ee
iysin

yyiyiiyi

  
2

   
2

 








  
   

ycosh
eeee

iycos
yyiyiiyi

 
2

   
2

 








 

Therefore, 

 
     

ysinhcosxiycoshsinx

iysincosxiycossinxiyxsinzsin

                                 

    




 

  
     

ysinhsinxiycoshcosx

iysinsinxiycoscosxiyxcoszcos

                                  

    




 

It is also easy to check that 

 122  ysinhycosh  

   
ysinhxsin

ysinhxcosysinhxsin

ysinhxcosycoshxsinzsin

22

2222

22222

             

 1            

   







 

   
ysinhxcos

ysinhxsinysinhxcos

ysinhxsinycoshxcoszcos

22

2222

22222

             

 1            

   







 

Clearly, xcoszcosxsinzsin     and     . 
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Now, let’s further define the complex hyperbolic functions as 

below: 

 
2

 
zz ee

zsinh


   and  
2

 
zz ee

zcosh


  

Since e
z
 and e

z
 are entire, sinh z and cosh z are entire. Similar to the real 

trigonometric functions, we define 

   tanh z
zcosh

zsinh

 

 
 , 

zsinh

zcosh
zcoth

 

 
  , 

zsinh
zcsch

zcosh
zsech

 

1
    ,

 

1
   

which satisfy the following identities: 

 1 22  zsinhzcosh  zsechztanh 22  1   

  zcschzcoth 22  1     zsinhzsinh    

    zcoshzcosh       ztanhztanh    

    212121          zsinhzcoshzcoshzsinhzzsinh   

    212121          zsinhzsinhzcoshzcoshzzcosh   

  
21

21
21

   1

    
 

ztanhztanh

ztanhztanh
zztanh




  

The derivatives of hyperbolic functions are 

 

zcschzcoth
dz

d
z,sechztanh

dz

d

zsinhzcosh
dz

d
z,coshzsinh

dz

d

22                         

                              





 

   ztanhzsechzsech
dz

d
        

dz

d
csch z csch z coth z 

and the relations between trigonometric and hyperbolic functions are 

  zsinhiizsin       zcoshizcos        iztan i tanh z 

 zsiniizsinh       zcosizcosh          ztaniiztanh   

It is also easy to check that 

 
  

  

ysinxcoshiycosxsinh

ysiniycosxsinhxcosh

ysiniycosxsinhxcosh

eeee
ee

zsinh iyxiyx
zz

                 

     
2

1
                     

     
2

1
          

2

1

2

1

2
 










 

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  

  

ysinxsinhiycosxcosh

ysiniycosxsinhxcosh

ysiniycosxsinhxcosh

eeee
ee

zcosh iyxiyx
zz

                 

     
2

1
                     

     
2

1
          

2

1

2

1

2
 










 


 

and thus from 1 22  xsinhxcosh , we have 

 
 
 

ysinxsinh

ysinxsinhxcoshxsinh

ysinxcoshysinxsinh

ysinxcoshycosxsinhzsinh

22

2222

2222

22222

              

              

 1             

   









 

  

 
 

ycosxsinh

ycosxsinhxcoshxsinh

ycosxsinhycosxcoshzcosh

22

2222

22222

              

              

1   







 

Clearly, xsinhzcoshxsinhzsinh     and     . 

In order to define the inverse sin function sin
1

z, we write 

zsinw 1  when wsinz   . Hence, 

  
i

ee
wsinz

iwiw

2
 


     01 2

2
 iwiw ezie . 

It results in   2121 
/iw zzie   where   2121

/
z  is a multiple-valued 

function. Taking logarithms of each side, we arrive at the expression 

   2121   
/

zzilogiw   

i.e., 

   2121 1   
/

zzilogizsin   

which is a multiple-valued function with infinitely many values at z.  

Example 

       
    21   21                

1   

21

2121





logilogi

iiilogiisin

/

/

 

where 

     Zninlnlog  for          22121   
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     

    inln

inlnlog





1221                   

121221 




 

Both can be combined together as the following form: 

       inlnlog
n

 21121 . 

Hence,  

       nlniisin
n


 21 1 
11 . 

  

Finally, the inverse trigonometric functions are calculated and 

listed as below: 

   2121 1   
/

zzilogizsin  , 

   2121 1  
/

zzlogizcos   

 
zi

zi
log

i
ztan




  

2

1 , 
iz

iz
log

i
zcot




  

2

1  

 
 













 


z

z
logizsec

/ 212
1 11

  , 

 
 













 


z

zi
logizcsc

/ 212
1 1

   

Similarly, the inverse hyperbolic functions are 

   2121 1  
/

zzlogzsinh     2121 1 
/

zzlogzcosh   

 
z

z
logztanh






1

1
 

2

11 , 
1

1
 

2

11






z

z
logzcoth  

 
 













 


z

z
logzsech

/ 212
1 11

  
 













 


z

z
logzcsch

/ 212
1 11

  

and the derivatives of sin
1

z, cos
1

z and tan
1

z are 

 
  212

1

1

1
/

z
zsin

dz

d


 , 

  212

1

1

1
/

z
zcos

dz

d




  

 
2

1

1

1

z
ztan

dz

d


  
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P9-1 

Use the reflection princuple to show that, for all z,  

  (a) zsinzsin  ; (b) zcoszcos  . 

P9-2 

Find all the roots of the equation cos z2. 

P9-3 

Use the reflection princuple to show that, for all z,  

  (a) zsinhzsinh  ; (b) zcoshzcosh  . 

P9-4 

Find all the roots of the equation cosh z. 

P9-5 

Find all the values of 

(a) tan(2i); (b) tan(1+i); (c) cosh(); (d) tanh0 

P9-6 

Solve the equation sin z=2 for z. 

P9-7 

Derive 
zi

zi
log

i
ztan




  

2

1 . 

P9-8 

Derive 
2

1

1

1

z
ztan

dz

d


 . 

 

 


