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CV9 Elementary Functions :
Trigonometric and Hyperbolic Functions

Before discuss the complex trigonometric functions, let’s define the

following exponential function:

f(z)=e"=e™ ¥ =e¥(cos X+i sin X)=u+iv
where

Uc=—e"~ sinx, vy=—e"sinx

u=—-e7 cosX, V=e’ cos X
I.e., the Cauchy-Riemann equations ux=v, and u,=—Vvy are satisfied. That
means e” is differentiable for all z or it is an entire function. Similarly, we
know that e™ is also an entire function. Now, let’s define two basic
trigonometric functions, sinz and cosz, as below:

iz —iz

+€

sinz:ﬂ and cos,z:e
2i

Obviously, both of them are also entire functions since they are linear
combinations of the entire functions e and e Besides, the Euler’s
formula is still hold as below:

e” =cos z+isinz
Based on the definition of sinz and cosz, the other four trigonimetric
functions are defined as

sinz COS z 1 1
tanz=——, cotz=——, seCz=——, CSCZ=——
cos z sin z COS Z sin z

It can be checked that identities established for real trigonometric

functions are also satisfied and listed as below:

sin(-z)=—sinz, cos(—z)=cos z
tan(~z)-tan z, sin’z +cos’z =1
1+tan’z =sec’z, 1+cot’z=csc’z

. T . T
sinf z+ = |=cosz,  sin z-= |=—cosz

2 2

sin(z+z)=-sinz,  cos(z+7)=—cos z
sin(z+27)=sinz,  cos(z+27z)=cos z

sin(z,+2,)=sinz, cos z, +cos z, sin z,
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cos (z,%2,)=cos z, cos z, F sin z, sin z,

_tanz ftanz,
1+tan z, tan z,

tan (z,+2,)

Moreover, the derivatives of trigonometric functions are

d . .
—sinz =cos z, —c0S Z=-5Sinz,
dz dz

d d

—tan z = sec?z, — cot z=-csc’z,
dz dz

d d
—sec z=sec ztan z, d—cscz:—csczcotz
z z

In addition, when y is any real number, the hyperbolic functions are

Y _ AV y -y
sinhy:% and coshy:i

which result in

iiy) _ q-iliy) -y Ay

. e'V_e e V—e¥ . .

sin(ly )= = =isinh
(iy)==—; 2i 4
: ei(iy)+ e_i(iy) e_y+ey

cos (iy) = = =cosh y

2 2
Therefore,

sin z = sin (x+ iy ) = sinx cos(iy ) + cosx sin(iy )
= sinx cosh y+i cosx sinh y

cos z = cos (x+ iy ) = cosx cos(iy ) - sinx sin(iy)
= cosx cosh y—i sinx sinh y

It is also easy to check that

cosh?y—sinh?y =1

|sin z|2 = sin®x cosh®y+cos*x sinh?y
= sinzx(1+ sinhzy)+coszx sinh?y
=sin’x + sinh?y

|cos z|2 = c0s’x cosh?y+sin®x sinh?y
= cos’x (1+ sinh?y )+ sin>x sinh?y
=C0s2X + sinh?y

Clearly, [sinz|>|sin X and |cos z| > |cos X.
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Now, let’s further define the complex hyperbolic functions as

below:

Z - Z

e
and coshz=

. e +e’?
sinhz=

Since e* and e are entire, sinh z and cosh z are entire. Similar to the real
trigonometric functions, we define

tanh z= smhz’ cothz:cc_)ShZ, sechz=L, cschz =

cosh z sinh z cosh z sinh z

which satisfy the following identities:
cosh’z—sinh’z=1  1-tanh®z=sech’z
coth?z—1=csch’z  sinh(-z)=—sinhz
cosh(-z)=coshz  tanh(-z)—tanhz
sinh (z,£ z,)=sinh z, cosh z, = cosh z, sinh z,
cosh(z,+z,)=cosh z, cosh z, + sinh z, sinh z,

_ tanhz *tanhz,
1+tanh z, tanh z,

tanh (z,% z,)

The derivatives of hyperbolic functions are

isinh Z =cosh z, icosh z=sinhz

dz dz

d 2 d 2
—tanh z = sech”z, —coth z=—-csch*z

dz dz

d d

—sech z=-sech ztanh z —csch z = —csch z coth z
dz dz

and the relations between trigonometric and hyperbolic functions are
siniz=isinhz cos iz =cosh z taniz =i tanh z
sinhiz=isinz cosh iz =cos z tanhiz =itan z

It is also easy to check that

z —Z

. e 1 A
sinh z = :—exe'y—ze o™

2

= —|\COoSN X+ SINN X\COS y+1SINYy
; h inh .

_%(cosh x—sinh x)(cos y—isin y)

= sinh x cos y+icosh x sin y
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‘yet 1

€ = —exe‘y+le‘xe‘iy
2 2

coshz=

= —|\COoSN X+ SINN X\COS y+1SINYy
; h inh .

+%(cosh x—sinh x)(cos y—isin y)
= cosh x cos y+isinh xsin y
and thus from cosh®x—sinh®x =1, we have

|sinh z|2 = sinh?x cos?y+ cosh?x sin’y
= sinh?x (1— sinzy)+ cosh®x sin’y
= sinh®x + (coshzx—sinhzx)sinzy
=sinh®x + sin’y

lcosh z[” = cosh®x cos?y+sinhx (1—cos?y)
= sinh?x + (cosh?x— sinh?x)cos?y
=sinh®x + cos’y

Clearly, [sinhz|>|sinh x| and |cosh z| >|sinh x|.

In order to define the inverse sin function sin"'z, we write

w=sin"z when z=sinw. Hence,

iw —iw

z :sinw:eT :>(e””)2 —2i z(eiw)—lzo.

It results in " =iz+{1—22f"* where (1-2z°f"* is a multiple-valued

function. Taking logarithms of each side, we arrive at the expression

w=—i Iog[i z+(1—22)1/2]

sinz=-—i Iog[i z+(1- 22)1/2]
which is a multiple-valued function with infinitely many values at z.
sin(~i)=—ilog|i (~i)+ (- (-ip) "]

=i Iog[1+(2)”2]: —i Iog[li \/E]

where

Iog[1+\/§] =In(1+\/§)+2n7zi for nez
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log|[1-v2] =In(y2 -1)+ (2n+1)zi
=—In(1+ \/§)+(2 n+1)zi
Both can be combined together as the following form:
Iog[l+ \/_] In(1+ \/_)+ nzi.
Hence,

sin™(—i)=i (- "*1In[1+\/_J+nzr

Finally, the inverse trigonometric functions are calculated and

listed as below:
sin“z=—i Iog[i z+(1—zz)1/2] ,

cos 'z =i Iog[z+(22—1)u2]

§ i+z B} —i
tan'z = Iog —, cotz= Iog — ¥
-z Z+i

sec™'z=—ilog M} :
z

csc'z=—ilog _ ﬂ}
z

Similarly, the inverse hyperbolic functions are

sinh™z = Iog[z+ (22+1)“2] cosh™'z = Iog[z+(zz—1)“2]

tanh'z = Iog 1+—Z coth™z = Iog 2+l
1-z7° -1
22 ATE
sechz = |ogl: M} cschz = |og|: 1+<Z—+1)1:|
Z Z
and the derivatives of sin"'z, cos*z and tan™*z are
9 intz= 1 9 os iz
dZ (1_ 22)1/2 ! dZ (1_ 22)1/2
9 tanz = -
dz 1+7z
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P9-1

Use the reflection princuple to show that, for all z,
(@) sinz=sinz;(b) cosz=coszZ.

P9-2

Find all the roots of the equation cos z=2.

P9-3

Use the reflection princuple to show that, for all z,

(@) sinhz=sinhz; (b) coshz=coshz.

Find all the roots of the equation cosh z=-2.

P9-5
Find all the values of
(a) tan”'(2i); (b) tan"'(1+i); (c) cosh™'(~1); (d) tanh™'0

Solve the equation sin z=2 for z.

P9-7
Derive tanz =~ log E .
2 -z
P9-8
. d 9
Derive —tan~z= 5 -
Z 1+z
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