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CV8 Elementary Functions : LogarithmicFunctions 

In real functions, it is known that the logarithmic function is the 

inverse function of the exponential function, and vice versa. The 

exponential function e
z
 has been defined as the following form 

  ysiniycoseeeee xiyxiyxz       

Similar to e
x
 of real variable x, the following properties are also suitable 

for e
z
: 

 2121 zzzz
eee 

  

 2121 zzzz
/eee 


 

   Znee
nznz             

 z
z

e
dz

de
  (It is entire.) 

 0ze  for any z 

However, some properties are only suitable for e
z
, not for e

x
. For 

examples, we know that e
z
 has a pure imaginary period 2i since 

ziz ee  2  and e
z
 can be negative if e

z
 is a real number. 

Now, if zew  , where z is any nonzero complex number, then 

what is w? To solve this problem, we let w= u+iv and irez  , 

where –<≤. Then, 

 iivuivu reeee    

i.e.,  nvreu 2  and    . Obviously, rlnu    and we have 

   Znnirlnviuw           2     

According to this expression, define the logarithmic function as 

 
 

zargizln

Znnirlnzlog

          

         2   



 
 

and then 

 0for             zze zlog  

Similarly, The principle value of log z is denoted as  

 zArgizlnirlnzLog         

Hence, ZninzLogzlog        2   . 
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Example 

If iz 31 , then r=2 and =2/3.  

Hence, 

 inlnnilnzlog 
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 ilnzLog 
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Since zargizlnzlog      , we have 

    zzz eargielnelog       

When z=x+iy, it can be obtained that 

 
      Znnyeargeeargearg

eeeee

iyiyxz

xiyxiyxz



 

     , 2 
 

Hence,  

 
   

inziniyx

nyielnelog xz





22              

2   




 

From the definition of logz, expressed as 

    irlnzlog   

we know that it is a multiple-valued function. If we let  denote any real 

number and restrict the value of  as  2 , then the 

logarithmic function is expressed as 

   2 0,          rviuirlnzlog  

which is a single-valued function. 

It is easy to check that logz is analytic since both   and   vrlnu  

are continuous in the domain  2 0, r  and satisfy the 

Cauchy-Riemann conditions rr rvuvru    and . Furthermore, its 

derivative is 

    
z

rei
r

eivuezlog
dz

d ii
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for  2  and 0  zargz . 
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A branch of a multiple-valued function f(z) is any single-valued 

function F(z) that is analytic in some domain at each point z of which the 

value F(z) is one of the values f(z). For example, the single-valued 

function 

   2 0,          rirlnzlog  

is a branch of the multiple-valued function    irlnzlog   and the 

function for =0 

    0,                        rirlnzLog  

is called the principle branch. 

A branch cut is a portion of a line or curve that is introduced to 

define a branch F(z) of a multiple-valued function f(z). Points on the 

branch cut for F(z) are singular points of F(z), and any point that is 

common to all branch cuts of f(z) is called a branch point. 

Example 

The origin z=0 and the ray = make up the branch cut for the branch 

   2 0,         rirlnzlog . 

Clearly, the origin is a branch point since it is common to all the branch 

cuts of the multiple-valued function    irlnzlog  . 

Example 

Show that  

(a)     22 ilogilog   when 







  

4

9

4
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 rirlnzlog  

(b)     22 ilogilog   when 







  

4

11

4

3
 0,        





 rirlnzlog  

Solution: 

Since     0,  2     rnirlnzlog , we have 

(a) For 
4

9

4
 0,





r , it can be obtained that  

      iilnilog   1  2  and  
22

 1  


iilnilog 







  

   It is clear that   ilogilog  22  . 
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(b) For 
4

11

4

3
 0,





r , it can be obtained that 

      iilnilog   1  2  and  
2

5

2

5
 1  


iilnilog 








  

   It is clear that   ilogilog  22  . 

  

Below introduce some identities involving logarithmic function. 

Let z1 and z2 denote any two nonzero complex numbers. Since 

   2121    zargzargzzarg   and 2121    zlnzlnzzln  ,  

we have 

 

 

   

     2211

2121

2121

            

           

  

zargizlnzargizln

zargzargizlnzln

zzargizzln







. 

Hence, it is true that 

   2121    zlogzlogzzlog    

under the statement : 

“If values of two of the three logarithms are specified, then there is a 

value of the third logarithm such that the equation is hold.” 

Example 

Write z1  z2 1 and thus z1z2 1. If log z1 = i and log z2 = i are 

specified, the equation 

   2121    zlogzlogzzlog    

is satisfied when log(z1z2)=0 is chosen. However, it is not true for 

principle values, i.e., 

   2121    zLogzLogzzLog   

because Log(z1z2)=0 and Log z1 + Log z2 = i. 

Next, let’s find the expression of zn where Zn . It is known that 

the following equations are true: 

 ninn erz    

    ninirlnnirlnnzlogn ereeee          
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i.e., we have 

 Znzez zlognn   and 0for       . 

Based on the above discussion, some identities are listed below: 

   2121    zlogzlogzzlog   

   2121    zlogzlog/zzlog   

 Znzez zlognn   and 0for        

  Nmzzlog
m

expz /m 







  and 0for       

11  

which are similar to the functions in real numbers. 

With the complex logarithmic functions, we can define the 

following function with complex exponent  

 
zlogcc ez     

where z 0, the exponent cC and log z denotes the multiple-valued 

logarithmic function. This provides a consistent definition of  

 zlognn ez     and 







 zlog

m
expz /m  

11
. 

Example 

 

 

  Znenexp

niiexpilogiexpi
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In addition, similar to the truth of zz e/e 1 , it is easy to achieve 

the following relation: 

 czlogczlogcc /z/eez 11       . 

Furthermore, from the truth that the branch 

   2 0        ,rirlnzlog  

is single-valued and analytic in the indicated domain, we have 

  zlogcc ez     

is also single-valued and analytic in the same domain. Besides, The 

derivative of such a branch is 
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 1      cczlogczlogcc zcz
z

c
e

z

c
e

dz

d
z

dz

d
 

which includes the principle branch. 

Example 

The principle value of  ii  is 
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expiiexp

iLogiexpi.V.P
i

. 

  

On the other hand, the exponential function with base c, where c is a 

nonzero complex constant, is written as 

 clogzz ec     

When a value of logc is specified, c
z
 is an entire function of z. Its 

derivative is derived as 

   clogcecloge
dz

d
c

dz

d zclogzclogzz          

which is similar to the expression of functions in real numbers. 

  

P8-1 

Show that  

 (a)   232 eπiexp  , 

 (b)  i
eπi

exp 






 
1

24

2
,  

 (c)   zexpπizexp  . 

P8-2 

Show that the function   zexpzf   is not analytic anywhere. 

P8-3 

Find all values of z such that 

  (a) 2ze ; (b) ie z 31 ; (c)   112 zexp . 
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P8-4 

 For n=0, 1, 2, …., verify that 

  (a) inelog 21  ; (b) inilog 









2

1
2 ;  

 (c)   inlnilog 









3

1
2231 . 

P8-5 

Show that  

 (a)    iLogiogL  121 
2

, 

 (b)    iLogiogL  121 
2

. 

P8-6 

Find all roots of the equation 2izlog  . 

P8-7 

Show that   2121    zogLzogLzzogL   if 01 zRe  and 02 zRe . 

P8-8 

Verify that   2121    zlogzlog/zzlog  . 

P8-9 

Find the principal value of (a) ii ; (b)  
i

i
e

 3

31
2











 ; (c)   i

i
 4

1  

P8-10 

Show that   2231
23

 i . 

P8-11 

Assuming that  zf   exists, state the formula for the derivative of 

 zfc . 


