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CV7 Analytic Functions : Analytic Functions

A function f(2) is analytic in an open set if it has a derivatate
each point in that set. Hence, it can be saidaHtanctionf(z) is analytic
at a pointz, if it is analytic throughout some neighborhoodzpfBesides,
if a functionf(z) is analytic in a se® which is not open, then we can find

an open set containirgjin whichf(z) is analytic.
Example
f(z)=1/z is analytic at each nonzero point in the finitar@. But,

f(z)=|z|2 is not analytic at any point since its derivatesdgsts only at

z=0 and not throughout any neighborhood of it.

An entire function is a function which is analyait each point in
the entire finite plane. For example, any polynomial is an entire function
If f(2) fails to be analytic ak, but is analytic at some points in every

neighborhood of,, thenz is called a singular point, or singularity, af)f(
For example, f(z)=1/z has a singular point at0, but f(z)=|z|2 has

no singular points since it is nowhere analytic.

If two functions are analytic in a domaid, then their sum and
product are both analytic iD, and their quotient is analytic D if the
function in the denominator does not vanish at@wipt inD. In addition,
a composite of two analytic functions is also atiely
Any linear combinatiorc,fy(2)+ cfx(2) of two entire functions, where

andc, are complex constants, is entire.

Theorem:
If (=0 in a domainD, thenf(z) must be constant throughout the

domain.

Examplé

The function f(z)= z+4 is analytic throughout the plane
7°-3)\z*+1

except for the singular pointg = +/3 and z=+i.
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Example
The function f(z): coshxcosyti sinhxsiny is analytic everywhere
since

u, = sinhxcosy=v,

u, =—coshxsiny=-v, .

It is clear thaf(2) is entire.

Theorem:

The function f(z)=u(x,y)+iv(x,y) and its conjugate
(z)=u(x,y)-iv(x,y) are both analytic in a given domain

Then,f(z2) must be constant throughdit

Proof:

Since f(z)=u(x,y)+iv(x,y) and its conjugate are analytic, they must
satisfy the Cauchy-Riemann equations as below:

For f(z), we haveu, =v, and u,=-v

For f(z), we haveu, =-v, and u, =v,
These equations result in, =v, = , De.,f’(2)=0 in D, thenf(z) must be

constant throughoud.

A real-valued functiorH of two real variableg andy is said to be
harmonic in a given domain ofy plane if, throughout the domain, it has
continuous derivatives of the first and second oraed satisfies the

partial differential equation
H xx(X’y) + H yy(x’y) = O

known asLaplace’s equation For example, the electrostatic potential
V(x,y) in a region free of charges is harmonic

A real-valued functiorH of two real variables and & in the polar
form is said to be harmonic in a given domainhfoughout the domain,

it has continuous derivatives of the first and secorder and satisfies
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the partial differential equation
r.2Hrr (r78)+ rH r (r’6)+ Hee(xyy) = O

known aghe polar form of Laplace’s equation

Theorem:

If a function f(2=u(x,y)+iv(x,y) is analytic in a domairD, then its
component functions andv are harmonic im.

Proof:

Since f(z)=u(x,y)+iv(xy) is analytic, the Cauchy-Riemann
equationsu, =v, and u, =-v, must be true. Further taking derivative

with respect tox andy, we have

XX

U, =V,, and u, =-v

XX Xy

u, =Vv,, and u, =-v

Xy
which result inu,,+u, = 0and v,,+v,, = Q

Clearly, bothu andv are harmonic iD.

Other proof for the above theorem could be obtatheectly from

the following:

0o .0})fod .0 (e* 87 o
— = = +i— f(z)— s +— |utiv=0
0X O0y\dx 0y ox: dy

based on the truth that

0 f(z) _ 1( 0 +iijf(z)=0-

0z 2lax oy

That means

e ur vl )iy, )=

Clearly, u,,+u, =0 and v,,+v, = Q

If two given functionsu andv are harmonic in a domain D and

their first-order partial derivatives satisfy thau€hy-Riemann equations
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u,=v, and u,=-v, throughoutD, v is said to be a harmonic

conjugate of..

Theorem:
Afunction f(z)=u(x,y)+iv(x,y) is analytic in a domai® if and only

if vis harmonic conjugate of

Example

Consider u(x,y)=x*-y* and v(x,y)=2xy. Since these are the real and
imaginary components of the entire functidr(z) = 7%, we know that/

is a harmonic conjugate of throughout the plane. However,is not a

harmonic conjugate of

Consider F(z) = v(x,y)+iu(x,y) =U(x,y)+iV(x,y), where U(x,y)=2xy
andV(x,y)=x*-y*. Then, it is easy to check that

U,=-V, 2V, and U, =V, -V,
i.e., F(2) does not satisfy the Cauchy-Riemann equation®refbre,
F(z) = v(x,y)+iu(x,y) is not analytic. In other words(x,y) is not a

harmonic conjugate of(x,y).

Example
Givenu(x,y)=y>-3x%, please determine its harmonic conjug&tey) and
their corresponding function
f(2)=u(xy)+iv(xy).
Solution:
The following Cauchy-Riemann equations are true:
v, =u,=-6x and v, =-u, =3x*-3y?
The first equation results in
v(x,y)=-6xy+k(x)

and taking partial derivative with respecixtgields
v, = —6y+M =3x°-3y?
0Xx

= M:3x2—3y2+6y
0 X
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We have

k(x)= x*-3xy?+6xy+C
Therefore,

v(x,y)=x*-3xy?+C
The corresponding equation is

f(z) =u(xy)+iv(xy)
= (y3—3x2y)+i (x3—3xy2+ C)

which is, of course, analytic.

Afunction f(z)=u(x,y)+iv(x,y) is analyticinthe =~ C

domainD. There are two families of level curves
Ci: u(x,y):a'1
C: v(xy)=a,
where a1 and a, are arbitrary real constants. Let the po(mg.y,),
corresponding toz, = X,+i Yy, in the domairD, be an intersect of two
particular level curvesu(x,y)=a,0C, and v(x,y)=a,0C,. If L, and
L, are the lines respectively tangentwx,y)=a, and v(x,y)=a, at
(x0 ,yo), thenL; andL, are perpendicular to each other. It can be also

stated that the two families of level cur@sandC, are orthogonal.

To explain the above statement, let's consider texel curves
u(x,y)=a; and v(x,y)=a,. Then, we have
du(x,y) = u, dx+ u,dy=0
dv(x,y) = v,dx+v,dy=0
At the intersect(x, Y, ), the slope of; andL, are

rnl:d_:_& and rnz:ﬂ:—ﬁ_

dx u, dx v,

from the Cauchy-Riemann equationg =v, and u, =-v,, we have
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uy Vy uy Vy
Evidently,L; andL, are perpendicular at their interset, ,y, ).

Lemma:
Suppose that
(1) f(2) is analytic throughout a domal
(ii) f(2=0 at each poirg of a domain or line segment in D.

Thenf(2)=0 in D; i.e., f(2) is identically equal to zero throughout the

wholeD.

Suppose that two functioiandg are analytic in the same domain
D and thatf(2)=g(z) at each poinz of some domain or line segment
contained inD. The differenceh(2)=f(2)—g(2) is also analytic irD, and
h(2)=0 throughout the subdomain or along the line sagmAccording to
the above theorem, théxiz)=0 thorughouD; i.e.,f(2)=g(z) at each point

zinD.

Theorem:
A function that is analytic in a domaid is uniquely determined ové

by its values in a domain, or along a line segmettained irD.

Theorem: (Reflection Principle
Suppose that a functidns analytic in some domaid which contains a
segment of the axis and whose lower half is the reflection of tipper
half with respect to that axis. Then

f(2)=1(2)
for each point in the domain if and only (x) is real for each pointon
the segment.
Proof:
Let f(z)=u(x,y)+iv(x,y) be analytic, then the Cauchy- Riemann

equations are satisfied, i.eu, =v, and u, =-v,. Define
F(z)= f(z2)=U(x,y)+iV(x,y). Then, from the truth that

(z)=u(x~y)-iv(x~y) we obtainU(x,y)=u(xt) and

7-6



NCTU EE Course: Complex Variables, by Prof. YongP@hen, Office: EE764 / Ext: 31585
Reference:Complex Variables and Applications, By/JBrown & R. V. Churchill

V(x,y)=-v(xt) witht=-y. Besides,

U =u., Uy:au(x’t)ﬂz—ut,
ot dy
V. ==-v.. V =_0V(X,t)ﬂ=

g o ot ay

It is easy to check tha), =V, and U, =-V,, i.e.,U andV satisfy the
Cauchy-Riemann equations. Th&gz) is an analytic function. Now, let’s
show that iff(x) is real for each point on the segment containedin
then f(z)=f(z) for each poinkin the domairD. Since
f(z)=u(x,y)+iv(x,y), if f(x) is real then

f(x)=u(x0) and v(x0)=0.
Hence, F(x)=U(x0)+iV(x0)=u(x0)= f(x), which implies that
F(z)= f(z) at each point on the segment. Itis known that an analytic

function defined on a domal is uniquely determined by its values

along any line segment lying . Thus F(z): f(z) holds throughout

D. Therefore, f(z)=f(z) or f(2)=f(z).

Next, let's show that if f (z) = f(z) for each poinzin the domairD,
thenf(x) is real for each pointon the segment containedDn
Letz=x, then f(z)=f(z) implies f(x)= f(x). Clearly,f(x) is real.

This proves the theorem of reflection principle.

Exampl¢

Based on the reflection principle, it is truth that

2+1=7+1, 2°

=7%, and e* =¢’
since x+1, X%, and € are real. Similarly,z+izz+i and iz? #iz?

sincex+i andi x* are not real.

If f(2) is analytic and not constant throughout a doniaithen it
cannot be constant throughout any neighborhoodIyinD. If f(2)=w
and wis a constant throughout a neighborhoo®jrthenf(z) must be the

constantwthroughout the domain D.
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In each case, determine the singular pointsefuhction and state

why the function is analytic everywhere excephaise points.

_2z+1 _ 2]
(a) f(z)-m, (b) f(Z)-m
_ Z? +1
© f(Z)_(z+2)(zz+22+2)

Verify that g(z)=Inr +i8, r>0 and 0€<27 is analytic in the
indicated domain of definition, with derivativg'(z) = L Then show that
z

the composite functiorG(z) = g(z? +1) is analytic forx>0 andy>0 with

27
22 +1

the derivative G'(z) =

In a domairD, a functionv is a harmonic conjugate afand also

thatu is a harmonic conjugate ef Show how it follows that both(x,y)

andv(x,y) must be constant throughdnt

Show that(x,y) is harmonic in some domain and find a harmonic
conjugatev(x,y) when

@u(xy)=2x1=y);  (b)u(xy)=2x~-x*+3xy*

©u(xy) = sinhxsiny;  (d)u(x.y) = y/(<* +y?)

Show that f(z)=-f(z) if and only iff(x) is pure imaginary.
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