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CV7 Analytic Functions : Analytic Functions 

A function f(z) is analytic in an open set if it has a derivative at 

each point in that set. Hence, it can be said that a function f(z) is analytic 

at a point z0 if it is analytic throughout some neighborhood of z0. Besides, 

if a function f(z) is analytic in a set S which is not open, then we can find 

an open set containing S in which f(z) is analytic. 

Example   

( ) /zzf 1=  is analytic at each nonzero point in the finite plane. But, 

( ) 2
zzf =  is not analytic at any point since its derivative exists only at 

z=0 and not throughout any neighborhood of it. 

  

An entire function is a function which is analytic at each point in 

the entire finite plane. For example, any polynomial is an entire function. 

If f(z) fails to be analytic at z0 but is analytic at some points in every 

neighborhood of z0, then z0 is called a singular point, or singularity, of f(z). 

For example, ( ) /zzf 1=  has a singular point at z=0, but ( ) 2
zzf =  has 

no singular points since it is nowhere analytic. 

If two functions are analytic in a domain D, then their sum and 

product are both analytic in D, and their quotient is analytic in D if the 

function in the denominator does not vanish at any point in D. In addition, 

a composite of two analytic functions is also analytic. 

Any linear combination c1f1(z)+ c2f2(z) of two entire functions, where c1 

and c2 are complex constants, is entire. 

Theorem:  

If f ’ (z)=0 in a domain D, then f(z) must be constant throughout the 

domain. 

Example   

The function ( ) ( )( )13

4
22

3

+−
+=
zz

z
zf  is analytic throughout the z plane 

except for the singular points 3±=z  and iz ±= . 
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Example   

The function ( ) sinysinhxicosycoshxzf    +=  is analytic everywhere 

since 

 yx vcosysinhxu ==   

 xy vsinycoshxu −=−=  . 

It is clear that f(z) is entire. 

  

Theorem: 

The function ( ) ( ) ( )yx,viyx,uzf  +=  and its conjugate 

( ) ( ) ( )yx,viyx,uzf  −=  are both analytic in a given domain D.  

Then, f(z) must be constant throughout D. 

Proof: 

Since ( ) ( ) ( )yx,viyx,uzf  +=  and its conjugate are analytic, they must 

satisfy the Cauchy-Riemann equations as below: 

 For ( )zf , we have yx vu =  and xy vu −=  

 For ( )zf , we have yx vu −=  and xy vu =  

These equations result in 0== xx vu , i.e., f ’ (z)=0 in D, then f(z) must be 

constant throughout D. 

  

A real-valued function H of two real variables x and y is said to be 

harmonic in a given domain of xy plane if, throughout the domain, it has 

continuous derivatives of the first and second order and satisfies the 

partial differential equation 

 ( ) ( ) 0=+ yx,Hyx,H yyxx  

known as Laplace’s equation. For example, the electrostatic potential 

V(x,y) in a region free of charges is harmonic. 

A real-valued function H of two real variables r and θ in the polar 

form is said to be harmonic in a given domain if, throughout the domain, 

it has continuous derivatives of the first and second order and satisfies 
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the partial differential equation 

 ( ) ( ) ( ) 02 =++ yx,Hr,rHr,Hr rrr θθθθ  

known as the polar form of Laplace’s equation. 

Theorem:  

If a function f(z)=u(x,y)+iv(x,y) is analytic in a domain D, then its 

component functions u and v are harmonic in D. 

Proof: 

Since ( ) ( ) ( )yx,viyx,uzf  +=  is analytic, the Cauchy-Riemann 

equations yx vu =  and xy vu −=  must be true. Further taking derivative 

with respect to x and y, we have 

 xyxx vu =  and xxxy vu −=  

 yyxy vu =  and xyyy vu −=  

which result in 0=+ yyxx uu  and 0=+ yyxx vv . 

Clearly, both u and v are harmonic in D. 

  

Other proof for the above theorem could be obtained directly from 

the following: 
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based on the truth that 
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That means 
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Clearly, 0=+ yyxx uu  and 0=+ yyxx vv . 

If two given functions u and v are harmonic in a domain D and 

their first-order partial derivatives satisfy the Cauchy-Riemann equations 
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yx vu =  and xy vu −=  throughout D, v is said to be a harmonic 

conjugate of u. 

Theorem:  

A function ( ) ( ) ( )yx,viyx,uzf  +=  is analytic in a domain D if and only 

if v is harmonic conjugate of u. 

Example   

Consider u(x,y)=x2−y2 and v(x,y)=2xy. Since these are the real and 

imaginary components of the entire function ( ) 2zzf = , we know that v 

is a harmonic conjugate of u throughout the plane. However, u is not a 

harmonic conjugate of v. 

Consider ( ) ( ) ( ) ( ) ( )yx,Viyx,Uyx,iuyx,vzF  +=+= , where U(x,y)=2xy 

and V(x,y)=x2−y2. Then, it is easy to check that  

 yyx VVU ≠−=  and xxy VVU −≠=  

i.e., F(z) does not satisfy the Cauchy-Riemann equations. Therefore, 

( ) ( ) ( )yx,iuyx,vzF +=  is not analytic. In other words, u(x,y) is not a 

harmonic conjugate of v(x,y). 

Example  

Given u(x,y)=y3−3x2y, please determine its harmonic conjugate v(x,y) and 

their corresponding function 

 ( ) ( ) ( )yx,viyx,uzf  += . 

Solution: 

The following Cauchy-Riemann equations are true: 

 xuv xy 6−==   and  22 33 yxuv yx −=−=  

The first equation results in 

 ( ) ( )xkxyyx,v +−= 6  

and taking partial derivative with respect to x yields 
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We have 

 ( ) Cxyxyxxk ++−= 63 23  

Therefore, 

 ( ) Cxyxyx,v +−= 23 3  

The corresponding equation is 

 
( ) ( ) ( )

( ) ( )Cxyxiyxy

yx,viyx,uzf

+−+−=

+=
2323 3 3         

 
 

which is, of course, analytic. 

  

A function ( ) ( ) ( )yx,viyx,uzf  +=  is analytic in the  

domain D. There are two families of level curves 

 C1 : ( ) 1α=yx,u  

 C2 : ( ) 2 α=yx,v  

where α1 and α2 are arbitrary real constants. Let the point ( )00 y,x , 

corresponding to 000  yixz +=  in the domain D, be an intersect of two 

particular level curves ( ) 11 Cyx,u ∈′= α  and ( ) 22 Cyx,v ∈′= α . If L1 and 

L2 are the lines respectively tangent to ( ) 1α ′=yx,u  and ( ) 2 α ′=yx,v  at 

( )00 y,x , then L1 and L2 are perpendicular to each other. It can be also 

stated that the two families of level curves C1 and C2 are orthogonal. 

To explain the above statement, let’s consider two level curves 

( ) 1α ′=yx,u  and ( ) 2α ′=yx,v . Then, we have 

 ( ) 0=+= dyudxuyx,du yx  

 ( ) 0=+= dyvdxvyx,dv yx  

At the intersect ( )00 y,x , the slope of L1 and L2 are 

 
y
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from the Cauchy-Riemann equations yx vu =  and xy vu −= , we have 

C1 
C2 

L1 
L2 
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Evidently, L1 and L2 are perpendicular at their intersect ( )00 y,x . 

Lemma:  

Suppose that 

 (i) f(z) is analytic throughout a domain D; 

 (ii) f(z)=0 at each point z of a domain or line segment in D. 

Then f(z)≣0 in D; i.e., f(z) is identically equal to zero throughout the 

whole D. 

Suppose that two functions f and g are analytic in the same domain 

D and that f(z)=g(z) at each point z of some domain or line segment 

contained in D. The difference h(z)=f(z)−g(z) is also analytic in D, and 

h(z)=0 throughout the subdomain or along the line segment. According to 

the above theorem, then h(z)=0 thorughout D; i.e., f(z)=g(z) at each point 

z in D. 

Theorem:  

A function that is analytic in a domain D is uniquely determined over D 

by its values in a domain, or along a line segment, contained in D. 

Theorem: (Reflection Principle) 

Suppose that a function f is analytic in some domain D which contains a 

segment of the x axis and whose lower half is the reflection of the upper 

half with respect to that axis. Then 

 ( ) ( )zfzf =  

for each point z in the domain if and only if f(x) is real for each point x on 

the segment. 

Proof: 

Let ( ) ( ) ( )yx,viyx,uzf  +=  be analytic, then the Cauchy- Riemann 

equations are satisfied, i.e., yx vu =  and xy vu −= . Define 

( ) ( ) ( ) ( )yx,Viyx,UzfzF  +== . Then, from the truth that 

( ) ( ) ( )yx,viyx,uzf −−−=   we obtain ( ) ( )tx,uyx,U =  and 
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( ) ( )tx,vyx,V −=  with t=−y. Besides,  

  xx uU = , 
( )

ty u
y

t

t

tx,u
U −=

∂
∂

∂
∂= , 

  xx vV −= , 
( )

ty v
y

t

t

x,tv
V =

∂
∂

∂
∂−= . 

It is easy to check that yx VU =  and xy VU −= , i.e., U and V satisfy the 

Cauchy-Riemann equations. Thus, F(z) is an analytic function. Now, let’s 

show that if f(x) is real for each point x on the segment contained in D, 

then ( ) ( )zfzf =  for each point z in the domain D. Since 

( ) ( ) ( )yx,viyx,uzf  += , if f(x) is real then 

  ( ) ( )0x,uxf =  and ( ) 00 =x,v .  

Hence, ( ) ( ) ( ) ( ) ( )xfx,ux,Vix,UxF ==+= 00 0 , which implies that 

( ) ( )zfzF =  at each point x on the segment. It is known that an analytic 

function defined on a domain D is uniquely determined by its values 

along any line segment lying in D. Thus ( ) ( )zfzF =  holds throughout 

D. Therefore, ( ) ( )zfzf =  or ( ) ( )zfzf = . 

Next, let’s show that if ( ) ( )zfzf =  for each point z in the domain D, 

then f(x) is real for each point x on the segment contained in D. 

Let z=x, then ( ) ( )zfzf =  implies ( ) ( )xfxf = . Clearly, f(x) is real. 

This proves the theorem of reflection principle. 

Example   

Based on the reflection principle, it is truth that  

 11 +=+ zz , 22 zz = , and zz ee =  

since x+1, x2, and ex are real. Similarly, iziz +≠+  and 22   zizi ≠  

since x+i and i x2 are not real. 

  

If f(z) is analytic and not constant throughout a domain D, then it 

cannot be constant throughout any neighborhood lying in D. If f(z)=ω 

and ω is a constant throughout a neighborhood in D, then f(z) must be the 

constant ω throughout the domain D. 
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P7-1  In each case, determine the singular points of the function and state 

why the function is analytic everywhere except at those points. 

  (a) ( ) ( )1

12
2 +
+=

zz

z
zf ,     (b) ( )

232
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zf  

  (c) ( ) ( )( )222
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z
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P7-2  Verify that ( ) θirlnzg += , r>0 and 0<θ<2π, is analytic in the 

indicated domain of definition, with derivative ( )
z

zg
1=′ . Then show that 

the composite function ( ) ( )12 += zgzG  is analytic for x>0 and y>0 with 

the derivative ( )
1

2
2 +

=′
z

z
zG . 

P7-3  In a domain D, a function v is a harmonic conjugate of u and also 

that u is a harmonic conjugate of v. Show how it follows that both u(x,y) 

and v(x,y) must be constant throughout D. 

P7-4  Show that u(x,y) is harmonic in some domain and find a harmonic 

conjugate v(x,y) when 

 (a) ( ) ( )yxyx,u −= 12 ;  (b) ( ) 23 32 xyxxyx,u +−=  

 (c) ( ) ysinxsinhyx,u = ; (d) ( ) ( )22 yxyyx,u +=  

P7-5  Show that ( ) ( )zfzf −=  if and only if f(x) is pure imaginary. 

 

 

 

 


