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CV6 Analytic Functions :
Derivatives and Cauchy-Riemann Equations

Let the domain off(z) contain a neighborhood o, then the

derivative off atz, is defined as

t'(z)= li[go%;()(zﬂ = lim f(zo+AAz3— f(z,)

The functiorf is said to belifferentiable atz, when f'(z,) exists.

Suppose thi{z)=2, then

o\ e FlZ+Az)- 1z
f(z)_JllerO( AAZ ()

2
:Al'imo(szdjﬁ:Jimo(ZHAz):Zz
Z- Z zZ-

Examplé Suppose thi{r)=|zf, then

f'(z) = lim |zrad’ - _ lim (z+22)z2+ 22)- 2

Az-0 Az 4z-0 Az
) . — Az | _

=lim|zZ+A4z+z— |=7Z+Z

A4z-0 Az

Clearly, it is not unique, unlesg+ z = Z— z. That meansf'(z) exists

only atz=0.

Based on the definition of derivative, we can daiae the
following derivatives:

ic:O
dz

%[cm‘ (2)]=cF ()

izn =nZ"?, nON
dz

iz‘n =—nz ™ forz£0 andnON.

Y
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Moreover, leig(2), f(2) andF(2)=g(f(2)) be differentiable, then
LH@+FEl= 1)+ F @)
LHRFEI= FRFE - 1RFE

d { f(z)} _ ' (2F(2)- 1 (2)F'(2)

dz F(z2) - Fz(z)
(- do(f(2)) _ dg(f(2)) df(z) _ :
F'(z)= = =g'(f f
()= = S = o 1) 1 o)
which are similar to the derivatives of functions the real number
system.
Example

%(222+i)5 =522 +i)' (42) = 202222 +i)'

Y

Suppose thay(z,)=f(z,)=0 and thatg’(z) andf’(z) exist, where
0’ (2)#0, then

(f(z)‘f(zo)J
im 2 =y L= 1) L 272
=% g(z) == g(z)-9(z) 20[9(2)-9(20)]

im 12 (z)

_ee z-z, _f(z)

im 9@-93) " 9'(z)

a2z 72—,

Clearly, the L'Hopital rule is still available faomplex functions.

Theorem:
Considerf (z) =u(x,y)+iv(x,y). If '(z,) exists where=x.+i yo, then

the first-order partial derivatives af andv must exist atx, Y,) and

satisfy the Cauchy-Riemann equations

u, (%, Yo) =V, (X .¥5)
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Uy(XO ’yo) = _Vx(Xo ’yo)'

Besides, f'(z,) can be written as

£'(20) = Uy (%o ¥o) +13,(%5.Yo)
or

f'(Zo) :Vy(xo 1yo)_imy(xo 1YO)
Proof:

Since f'(z,) exists, it can be evaluated as

, . flz,+42z)- f(z
f (ZO):JIZI.PO (ZO Al ( 0)
= 1lim U(X0+Axyy0+Ay)_u(XO'y0)
4x-0 Ax+idy

A4y-0

+{ V(X0+Axlyo+Ay)_V(X0!yo)]
A4x-0

lim :
a9 Ax+1 4y

for any Ax— 0 and4y - 0. Assumedx>>4y -0, i.e., 4z =A4x, thendy

is negligible and we can have

)= g, 0 202l
+ [ lim V(X0+AX1YO)_V(X0 ’yo)}
4x-0 AX
7 ux(XO 'yo)+ i Vx(xo 1YO)

Similarly, in case thatly>>4x-0, i.e., 4z=i4y, then the derivative

f'(z,) can be obtained as

£'(z,) = -i [Jiymou(xo ’yo+422_u(xo ,yo)}

+ lim V(Xo ’yo+Ay)_V(X0 ’yo)
A4y-0 Ay

==iuy (%Yo )+ vy (%9.¥0) = vy (%9.¥0) =1, (x5 y5)
Clearly, the first partial derivativesi, (X,,Y,), U,(X.Yo), Vy(%o.Yo)

and v, (x,,y,) exist and satisfy the Cauchy-Riemann equatiops:v,

and u, =-v, at Ko,Yo)-
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If f(z2) doest not satisfy the Cauchy-Riemann equatiorg, dhen

f'(z,) does not exist. However, when the Cauchy-Riemanmations

for f(2) are hold at,, there is no guarantee thett'(zo) exists.

Examplé Consider the function

Z%lz when z#0
f(z)=
0 whenz=0

For z=2z,+A4z, where z, = Oand 4z - 0, we have

f(zo+42)- f(z,) _ f(42)-1(0)
A7 Az Az (Ax+idy)

f(az) _(ax-iay)

If Az=A4x or Az=iAdy, then

f(z,+A42)- f(z,) =(ﬁj2=1
Az %= \A4X

f(z,+42)- f(z,) _[—idy R -1
4z gz, \idy

If Az=Ax+idx,i.e. 4y=A4x, then

_ (1—i)ij2 .

f(zo+AZ)_f(Zo)| _
2=0 (1+i)ax
Az=AXx+i AX

Az

Clearly, f'(0) doesn't exist.

Now, let’s check Cauchy-Riemann equationz=it. Rewritef(2)
for z20 as

(x3—3xy2)+i(y3—3x2y)
X2+ y2

f(xriy)=

x%-3xy*
X2+ y2

3 _ny2
and v(x,y) =Y =3%Y Hence, the first

where u(x,y) = iy

partial derivatives at=0 are
u,(00)=1, u,(00)=0, v,(00)=0, v,(00)=1
which satisfy the Cauchy-Riemann equatioms=v, and u, =-v, at

(0,0), but £'(0) doesn't exist.
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Fof(2)=[zf, it is known that only f'(0) exists.
Sincef(x+iy)= x+y?, we haveau(x,y)= x*+y* andv(x,y)= 0.

Clearly, uy(0,0)=2=0, u,(0,0)=2=0, v4(0,0)=0 andw/(0,0)=0, which
satisfy the Cauchy-Riemann equations.

Theorem:

The function f(z)=u(x,y)+i¥(x,y) is defined throughout some

neighborhood of,=x+i Yo and the first-order partial derivativeswand
v exist everywhere in that neighborhood. If thosdigladerivatives are

continuous atx, Yo) and satisfy the Cauchy-Riemann equatians=v,

and u, =-v, at (&, Yo), then f'(z,) exists.

Considerf (z) = e* =e*¢” = €”cosy+ie*siny.
Then u(x,y)=€e*cosy and v(x,y)=e€"siny. We have

u (x,y)=e*cosy and v,(xy)=esiny
u,(x,y)=—€"siny and v, (x,y)=e*cosy

Clearly, these derivatives are everywhere contisuand satisfy the

Cauchy-Riemann equations, =v, and u, =-v, everywhere. Thus,

f'(z) =u +iv, =e‘cosy+ie*siny=e?. Note that f'(z)= f(z).

In addition to the coordinatex,y), let's consider the Cauchy-Riemann

equation in polar coordinate, . Since

z=x+iy=r¢€’

where x=r cosd and y=r sind, we have?=cos@, ﬂ:sine,

r or
% =-r sind, and 9y =r cos@. Therefore,

gu_oudx oudy u, =u,cosd+u,sing
dr 0x0r 0yor
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ou_oudx oudy | Uy = =T u,sind+ru cosf
96 0x06 dyab

ﬂ_ﬂ% ovaoy < V. =V.cosd+vV sind
or axar ayaor g

Ov_0vox ovdy V, = =T V,sind+rv,cosd.
960 9x06 dyod

From the Cauchy-Riemann equatioog=v, and u, =-v,, we have
u, =u,cosf-v,sind, u,=-r (u singd+v,coss)
v, =u,sind+v,cosd, v, =r (u,cosfd-v,sind).

Clearly, the Cauchy-Riemann equations become

ru =v, and U,=-rv,.

Theorem: The function f(z)=u(r,8)+i(r,8) is defined throughout
some ¢ neighborhood of a nonzero pointr, €® and the first-order
partial derivatives ofi andv exist everywhere in that neighborhood. If
those partial derivatives are continuous s @) and satisfy the

Cauchy-Riemann equationsu, =v, and u, =-rv, at (., &), then

f'(z,)=€"(u,+iv,) exists.

Considerf (z) =

Then u(r,8) =r*cosf and v(r,8) = -r*sind. We have

=r*(cosf-ising) (z#0).

N |

u,(r,8)=-r?cosd and v,(r,6)=r"?sing

u,(r,8)=-r*sind and v,(r,8)=-r *cosd
Clearly, these derivatives are continuous at nanpeints and satisfy the
Cauchy-Riemann equationsu, =v, and u, =—rv, at nonzero points.
Thus,
1

22

Considerf (z) =%/r €93 = 7/3, Then
u(r,8) =3r cod6/3) and v(r,8) =¥r sin(6/ 3)

t'(2)=€(~r 2cosf+i r ?sing)=-

We have
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ru, :%i/?cos(el?,):

r

u, :—;3 r sin(@/3)=-

Clearly, these derivatives are continuous at nanpeints and satisfy the

Cauchy-Riemann equations at nonzero points.

Thus,
f'(z)=e? ! cod@/3)+i—— ! sin(0/3)
& &}
:lz‘2’3
3
Since x=iz and y:L,z, we havea—)_(=1 and 6_¥=|_ The
2 2i 0z 2 0z 2

partial derivative becomes

af(z) _o f(z)(ngrL(z)(ﬂj

0z ox \0z oy 0z

R OSOE CR

and thus, the partial operator with respectztocan be defined as

% :%(% +i aiyJ .Let f(z)=u(x,y)+i¥(x,y), then
0522) :%(%+ i aiyJ(u(x y)+iv(x,y))

Clearly, if f(z)=u(x,y)+i(x,y) satisfies Cauchy-Riemann equations
u, =v, and u, =-v,, then aagz)

Since zz =r?, taking derivative with respect t@ yields

ar ar or _z 1
e’.

62 07 "9z 2r 2

Further taking derivative ofz =re™"? with respect toz results in



NCTU EE Course: Complex Variables, by Prof. YongP@hen, Office: EE764 / Ext: 31585
Reference:Complex Variables and Applications, By/JBrown & R. V. Churchill

1=ﬂe’”’—ire’”’%=1—ire’”’% and then %:iie”’. The
0z 0z 2 0z 0z 2r

partial derivative becomes

df(z) o f(z)(ﬂ}raf(z)[a@j

0z or \0z

A2l
e_[ 0 +iijf(z)

or roé@

+

and thus, the partial operator with respectztocan be defined as
o _€?(o 0 .

—=—| —+i——|. Let f u(r,@)+ivr,0), then
=SS et t@)=ure)in(e)

N e_[i i) r6?+|vr6’
0z 2\0 08

[(fu =Vp)+i (ug+rv, )
Clearly, if f(z):u(r,9)+i13l'(r,9) satisfies Cauchy-Riemann equations

af(z) _ -
02z

ru =v, and u,=-rv,, then

1

Show that the derivative off (z) = 1 whenz:0is f'(z)=-=.
z z

Find f'(z) when

@ 1@=32-22+4; (O 1(@)=f-42f
_z-1 K_L
(c) f(z)—22+1( j d) f(z (2#0)

-

Show that f'(z) doesn't exist at any point if
@) f(z)=z; ) f(z)=z-2;
©) f(z2)=2x+ixy?;  (d) f(z)=e‘e™
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Determine wheref'(z) exist and find its value when

(a) f(z):%; (b) f(z)=x%+iy?; (c)f(2)= zOmz

Ans: (a) f'(z):—z—l2 (z#0), (b) f'(x+ix)=2x, (c) f'(0)=0

Show that each of these functions is differentialblethe indicated

domain of definition, and then fird(z)
@ f(z2)=+re?? (>0, a<<a+27)
(b) f(z)=e?codinr)+ie”sin(inr) (r>0,0<6<27)
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