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CV5 Analytic Functions : Limitsand Continuity
Let f be defined at all pointsin 0<|z-z)|<Jd. If f(2) has a limit
W, asz approacheg, then
Iim1‘(z):W0
z-7
i.e., for all &0, there is a numbed >0 such that|f(z)-w,|<e

whenever 0< |z— zo| <. Note thatz, can be a boundary point.

It is true that if a limit of(2) exists at a poirg, then it is unique. To

prove this, we suppose that it is not unique, i.e.,

limf(z)=w, and limf(z)=w,

z-17 =24
where w, # w,, then for any>0, there exist,>0 andd,>0 such that

f(z)-wp|<e whenever0<|z-z<4,.

f(z)-w|<e  whenever0<|z-z|<4,.
Therefore, if 0<|z-z|<J=min(d,.d,}, then we havelf(z)-w,|<e

and |f(z)-w| <&, which leads to

v, = wo| <[(F (2) - wp)+(f (2) - w)
<|f(z)-w| +|  (2) - wy| < 2¢

Since& can be arbitrarily small, it can be concluded th/qt— W0| =0 or

w, =w,. Clearly, this is contradictory to the assumptiog # w, . Hence,

the limit lim f(z)=w, is unique.
2-72

Show that iff (z) =iz/2 and |7 <1, then limf (z) =i/2.
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Clearly, the point=1 is on the boundary o|fz| <1. Whenzis in |z| <1,

we have

2

|f(Z)—i/2| :‘%(2—1* :ﬂ
Hence, for any=>0, there is a numbe¥2¢ such that
|f(2)—i/2| <&  whenever 0<|z-1< (= 2¢)

According to the definition, we havérrlf (2)=i/2.

Examplé Iff (z)= zz, then what islimf (z) ?

z-0

Let’'s consider two cases pf- 0: z=x+i0 - 0 andz=0+Hy - 0. For the case

z=x+i0-0, it impliesx—0 and thenlingf(z): X+f8 =1. For the other
z- X=i
. e : _O0+iy _
casez=0+y - 0, it impliesy- 0 and thenlmgf(z)— oo =-1. Clearly,
Z- —|y

limf(z) does not exist since there are two resultdiwff (z) while in

z-0 z-0

different approaching ways.

Theorem: Suppose that
f(2)=u(x.y)*iv(xy), z, =x+iy, and w, =u,+iv,,

then limf(z)=w, if and only if
z-7

ol Ty HO6Y) =t and - fim | ) =v,

Theorem: Suppose thatlim f (z)=w, and limF(z)=W,, then
Z- 7, Z-12

m(f(2)+F(2)) = wo+ W,

li
im (1 (2F(2) =

lim(f(2)/F(2)) =w,/W,, for W, # 0.

-7
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Since limc=c and lim z=z,, according to the above theorem
z-7

z-7
we have
limz"=z; for n=1,2,...
z- 7
and
limP(z)=P(z,)

where P(z) = a,+ a,z+a,z°+---+a,z".

Sometimes, the limit d{2) includes the point at infinite=c. Thez
plane together with the point at infiniky, is called the extended complex
plane. Think of the plane as passing through the equator of a unérsph
theRiemann sphereentered at=0. To each poirt corresponds just one
point P, determined by the intersection of the line
through the point and the north polH. It is a

stereographic projection and the north gdle .-~

is projected to the point at infinity.

_______________________________

Theorem: If z, andw, are points ire andw planes, respectively, then

. A\ Co 1
!Ifl;lof(z)—w if and only if !lfrzlof(z) 0

limf(z)=w, if and only if Iirrgf(lj=wo
2-0 | z

Z-00

limf(z)=co if and only if mﬁm

Z->00

Examplé

im 23— it and only if lim 2L =0,
z--17+1 z--1iz+3
im22"" =2 it and only if im 22+ 2viz
2o 7+1 220 (1/z)+1 2-01+z

3_ 2 3
im2Z=1 o it and only if timY2 L Jjm 22 g
zo0 727471 z-0 2(1/2) -1 z-02—7
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A functionf(2) is continuousat z=z, if Ilmf( )=(z,). If f.(2) and

f,(2) are continuous a, thenf,(2)+f,(2) andf,(2)f,(2) are continuous a,
and fy(2)/f,(2) is continuous ag, whenfy(z) #0. As for the polynomial

P(z)=a,+az+---+a,z", itis continuous in the entizplane.

Theorem : A compositionof continuous functions is itself continuous.

Theorem : If a functionf(z) is continuous and nonzero at a paptthen

f(2#0 throughout some neighborhood of that point.

The continuity of f(z)=u(x,y)+iv(x,y) is closely related to the

continuity of its componentg(x,y) andv(Xx,y).

Prove that

52

(a)lim Rez = Rez,, (b)lim Rez = Rez,, (c) Iingz— =0.
Z- 2, Z- 2, z-0 27

Let n be a positive integer and IB{z) andQ(z) be polynomials,
whereQ(z,)#0. Find

(a)limoz—%\(zoio) (b) | Im -1 o nmﬁ.

Qz)

Ans. (a) %, ®)0, (c) Plz,)

Qlz)

Use the theorem in this section to show that

2 2
=4, (b) lim = o0 (c)lim—Z +1=00.

_1 .
z-1 (2_1)3 ’ z-w 72-—-1

@ IZi m

4z
~=(z-1)
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