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CV4 Analytic Functions : Functions of Complex Variables 

Let S be a set of complex 

numbers. A function f of z∈S is 

defined as 

 w=f(z) 

where w is a complex number and called the value of f at z. The set of S 

is the domain of definition of the function. If the domain of definition is 

not mentioned, we often take the largest possible set. 

Let z=x+iy or z=r eiθ, then the value of the function f at z can be 

expressed as 

 ( ) ( ) ( )yx,viyx,uzf ⋅+=  

or 

 ( ) ( ) ( )θθ r,vir,uzf ⋅+=  

where u and v are the real part and imaginary part of f(z). 

Example 

Let ( ) 2zzf = , then 

 ( ) ( ) ( )yx,viyx,uxyiyxzf ⋅+=+−= 222  

where ( ) 22 yxyx,u −=  and ( ) xyyx,v 2= .  

If the polar coordinates are used, then 

 
( )

( ) ( )θθ
θθθ

r,vir,u

sinricosrerzf i

⋅+=
⋅+==

         

22 2222

 

where ( ) θθ 22cosrr,u =  and ( ) θθ 22sinrr,v = . 

   

If f(z) is real, then f(z) is a real-valued function. For example, 

( ) zzf =  is a real-valued function, which can be represented as. 

( ) 22 yxzzf +==  or ( ) rzzf == .  

Let the complex polynomial of degree n with complex coefficients 

ai, i=0,1,2,…,n, be given as 

 ( ) n
nzazazaazP ++++= L
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then the complex rational function can be defined as 

 ( ) ( )
( )zQ

zP
zR =  

where P(z) and Q(z) are complex polynomials and Q(z)≠0. 

A function may assign more than one value to a point z in the 

domain of definition, which is called a multiple-valued function. For 

example, the function 21/z   takes two values 2/ier θ  and 2/ier θ−  

for θierz =  and thus 21/z  is a multiple-valued function. However, 

when a multiple-valued function is considered, we only take one possible 

value. 

Example 

Let z be nonzero complex number, then ( ) 21/zzf =  may be assigned by 

two possible values: 

 221 /i/ erz Θ±=  

where zr =  and πΘπ ≤<− . 

If we choose ( ) 2/ierzf Θ=  for 0≥r  and πΘπ ≤<− , then f is 

well defined on the entire z plane. 

   

The information of w=f(z)=u+iv can be displayed by pairs of z=(x,y) 

in z plane and w=(u,v) in w plane. This often refers to as a mapping or 

transformation. 

Example   

Let ( ) 2zzf =  and z=x+iy,  

then 

 
( )

( ) ( )yx,viyx,u

xyiyxzfw

⋅+=
+−==

               

222

 

Hence, 

 ( ) ( ) xyyx,v,yxyx,u 2       22 =−=  

The domain x>0, y>0, xy<c2/2 is mapped on to 0<v<c2. 

   

x 

y 

u 

v 

u=c1(>0) 

v=c2(>0) 
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Example 

Let ( ) 2zzf =  and z= r eiθ,  

then 

 ( ) θ22 ierzfw ==  

If 20 /πθ ≤≤ ,  

2zw =  is one-to-one transformation onto the half upper w plane. 

However, if πθ ≤≤0 , it maps onto the entire w plane, but not 

one-to-one, since both the positive and negative real axes in the z plane, 

i.e., θ=0 and θ=π, are mapped onto the same positive real axis in the w 

plane, i.e., v=0, u>0. 

   

Example  Let zew = .  

If z=x+iy, then 

 φρ iiyx eeew ==  

where xe=ρ  and φ=y. 

   

Example  Let φρ iiyxz eeeew === .  

If bxa ≤≤  and cdyc +<≤≤ π2 , then it is mapped onto w plane as 

below: 
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P4-1 

Write the function ( ) 13 ++= zzzf  in the form of 

( ) ( ) ( )y,xivy,xuzf += . 

Ans: ( ) ( )yyyxixxyx +−+++− 3223 313  

P4-2 

Write the function ( )
z

zzf
1+=  (z≠0) in the form of 

( ) ( ) ( )θθ ,riv,ruzf += . 

Ans: θθ sin
r

ricos
r

r 






 −+






 + 11
 

P4-3  

Sketch the region onto which the sector 1≤r , 40 /πθ ≤≤  is mapped 

by the transformation 

 (a) w=z2,   (b) w=z3,   (c) w=z4. 

 

Supplementary: 

Sketch the curve onto which the curve of r=2 and πθ 20 ≤≤  is mapped 

by the transformation 
z

zw
1+= . 

Sol: 

Since θirez =  is a circle with radius r=2, it is mapped onto a curve with 

transformation 
z

zw
1+= . Then, we obtain 

 θθθθ sin
r

ricos
r

re
r

rew ii







 −+






 +=+= − 111
, 

whose real part is ( ) θcos
r

rwRe 






 += 1
 and imaginary part is 

( ) θsin
r

rwIm 






 −= 1
. Hence, 

( ) ( )
1

11
2

2

2

2

=








 −
+








 +
r

r

wIm

r
r

wRe
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With r=2, we have 
( ) ( )

1
5152

22

=






+








.

wIm

.

wRe
, which is an ellipse with 

long radius 2.5 and short radius 1.5. 

 

Plot in Matlab======= 

>> r=2; k=400; dq=exp(i*2*pi/k); 
>> for n=1:k+1 
     z(n)=r*dq^(n-1); 
     w(n)=z(n)+1/z(n); 
    end 
>> plot(w) 
>> clear z w 
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