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CV4 Analytic Functions : Functions of Complex Variables

Let S be a set of complex f
numbers. A functionf of z0IS is /ruP
defined as domain of region of
_ definition values
w=f(2)

wherew is a complex number and called the valué¢ atffz. The set ofS
is the domain of definition of the function. If tlil®main of definition is
not mentioned, we often take the largest possitle s

Let z=x+y or z=r €, then the value of the functidnat z can be
expressed as
t(2)=u(xy) +iv(xy)
or
f(2) = u(r,0) +iv(r,6)

whereu andyv are the real part and imaginary parf(af.

Example
Let f(z)=2?, then
f(z)=x2-y2+i2xy=u(xy)+iv(x,y)
where u(x,y) = x2- y2 and v(x,y) = 2xy.
If the polar coordinates are used, then
f(z)=r2e'* =r2cos26 +iltsin26
=u(r,8)+iv(r,0)

where u(r,8) =r?cos26 and v(r,8) =r?sin24.

If f(2) is real, thenf(2) is a real-valued function. For example,

f(z)=|z| is a real-valued function, which can be represenas.
t(2)=|2=x2+y?> or t(z)=|2=r.

Let the complex polynomial of degreewith complex coefficients

a, 1=0,1,2,...n, be given as
P(z)=a,+azta,z’+ - +az

n
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then the complex rational function can be defined a

R(z)= P(2)

Q(2)

whereP(z) andQ(z) are complex polynomials ari@g(2)#0.

A function may assign more than one value to atppim the
domain of definition, which is called a multiplelvad function. For
example, the functionz"’?  takes two valuesyr €2 and —+/r €?'2

for z=re'? and thusz'? is a multiple-valued function. However,
when a multiple-valued function is considered, v/ dake one possible

value.

Example

Let z be nonzero complex number, thefr(z) = 7"/

may be assigned by
two possible values:
Z1/2 :i\/?eiGIZ

where r =|7 and ~n<@<n.

If we choose f(z)=+r €92 for r=0 and -n<©< 7, thenfis

well defined on the entireplane.

The information ofw=f(z2)=u+iv can be displayed by pairs Bf(x,y)
in z plane andv=(u,v) in w plane. This often refers to as a mapping or

transformation.

Y1y v=c,(>0) |V
- ‘\ \\\// B Ve T S g s
Let f(z)=2* andz=x+iy, X u
then // \ L

) u=c,(>0)

w= f(z)=x2- y2+i2xy A
=u(xy) +iv(xy)
Hence,
u(x,y)=x?-y?,  v(x,y)=2xy
The domaik>0, y>0, xy<c,/2 is mapped on to @<c,.
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Example
Let f(z)=2* andz=ré€°?, Y zplane Y w plane
then

w= f(z)=r%? X u
If 0<6=<nl2, a &

w=2Zz" is one-to-one transformation onto the half uppg@lane.
However, if 0<6< 71, it maps onto the entike plane, but not
one-to-one, since both the positive and negatiakaxes in the plane,
l.e., &=0 andé@=77 are mapped onto the same positive real axiseiwth

plane, i.e.y=0, u>0.

Example Letw=e¢". ) y zplane v f’wplane
If z=x+iy, then YA L __o___
W:exeiy :pei(p X

Kﬁ
(e

=€
where p=¢€* andgry. A '
X=C

Examplé Letw=e? =¢'e” = p€'’.

If a<x<b and csys<d<2n+c, thenitis mapped onte plane as

below:
Y
y zplane pee"L . C w plane
d-f----& D |
i et 1D w. -
c -
Al B S
: , g=C u
a b
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Write the function f(z) = z* + z+1 in the form of
f(2) = u(xy)+iv(xy).
Ans: (x3 - 3xy” + x+1)+i(3x2y— y + y)
Write the function f(z) = 2+ (2£0) in the form of
z

f(2)=u(r,8)+iv(r,6).
Ans: (r +1jcosﬁ+i(r —lj sing

r r
Sketch the region onto which the sectog1, 0<8<n/4 is mapped

by the transformation
@w=z, (b)w=2, (c)w=Z.

Supplementary:
Sketch the curve onto which the curvas2 and 0<8<2n is mapped

by the transformationw = z + 1 :
2

Sol:

Since z=re'’ is a circle with radius=2, it is mapped onto a curve with
. 1 :
transformationw = z+ = . Then, we obtain
Z

w=re'’ +1e‘i9 :(r +1jcosﬁ+i(r —Ejsine,
r r r

whose real part isRew) = (r +Ej cosd and imaginary part is
r

=1.

|m(W)=[r—Ejsin6?. Hence, Re(w) + Im?(w)

| () (=)
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1, which is an ellipse with

;

Im(w)
15

J o

2.5
long radius 2.5 and short radius 1.5.

2, we have( RE(W)
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With r

Plot in Matlab

exp(i*2*pi/lk);

dg=

400;
1: k+1
z(n)=r*dg”(n-1);

w( n)
end

>> pl ot (w)

k

>> r :2,
>> for

z(n)+1/z(n);

n

>> clear z w

z+1/z

W=,
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