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CV20 Mapping: Conformal Transformation
First, let’s discuss the conformal transformatiomch is related to

the preservation of angle. Consider a smoothCGarepresented by(t)
and a functiorf(z(t)) defined at all points on C, whee&t<b. Suppose
that C passes through a point=z(t,), a<t<b, at whichf is analytic and
thatf’ (z)20. If w(t)= f(z(t)), then A Y

wito) = f'(zlt))2 (to) c
which implies | L A0

argw'(t,) = arg f'(z(t,)) +arg Z(t,) >

From the Figures o€ and /, we know that

AV
g, =argZ(t,) is the angle of inclination of a

directed line tangent toC at z and

@ =argw(t,) is the angle of inclination of a

directed line tangent to the image at the
point w, = f(z,). Define ¢, = arg f'(z,),

then ¢, = @ — 6, which is an angle of rotation frof to @.

Now letC, andC, be two smooth arcs passing thorugHet 6, and

6 be angles of inclination of directed lines tangent, andC, atz, and
let @ and @ be angles of inclination of directed lines tangemtthe
images/; and/>, at the pointw, = f(z,). Thus,

wo=argf'(z)=a-6=¢-6,
As a result,

a=@¢-@=6,-6,
which shows that the angle, —¢g from /; to /, is the same as the

angle 8, -6, fromC, to C..

X

v
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Because of this angle-preserving property, a toanstion
w= f(z) is said to be conformal at a poigtif f is analytic theree and
f'(z,) # 0. Such a transformation is actually conformal athepoint in
aneighborhood o, for f must be analytic in a neighborhoodzptindf’
is continuous atz, which implies that f'(z)#0 throughout the

neighborhood of,.

A transformation w = f(z), defined on a domaib, is referred to
as a conformal transformation, or conformal mappimden it is
conformal at each point iD. Hence, the mapping is conformalDnif f
is analytic inD and itsf’ has no zero there. From the definition, the
exponential function, logarithmic function, triganetic function and
hyperbolic function can be used to define a tramsédion that is

conformal in some domain.

Example

The mappingw=¢ is conformal throughout the entiz plane since

(32):ez¢o_

A mapping that preserves the magnitude of the abgtereen two

smooth arcs but not the orientation is called agasal mapping.

Example
The transformationw =7z, which is a reflection in the real axis, is

isogonal but not conformal.

Suppose thdtis not a constant function and is analytic at iatm.

If £'(z,)=0, thenz is called a critical point of the transformation

w= f(z).

Example

The pointz=0 is a critical point of the transformatiam=1+z2. Choose

C..z=y+iy andC,:z=iy, and then the angle between two arcs=8tis 774.
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They are mapped t6;:w=1+(2y?) and /5:z=1-y* and the angle between

[, and/ is 772, doubled by the transformation, not conformal.

Another property of a transformatiow = f(z) that is conformal

at a pointz, is related to the scale factc}rf (2, )| , the modulus of f'(z,).

Example
When f(z) = z?, the transformation
w= f(z)=x? —y?+i2xy
is conformal az=1+, where the half line€,: y=x(x>0) andC,: x=1(x>0)
intersect. Their images are
/71 u=0 andv=2x*
[ u=1-y* andv=2y.
At z=1+, the angle fronC, to C, is 774 and atw=(1+)?=2i, the angle

from /7 to /3 is alsor#4. The scalar factor i$f'(L+i) =[2(1+i) = 2v2.
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A transformationw = f(z) that is conformal at a poirs, has a
local inverse there. That is, ify, = f(z,), then there exists a unique
transformation z=g(w) , which is defined and analytic in a
neighborhoodN of w,, such thatg(w,)=z, and f(g(w))=z for all

pointsw in N. The derivative o§(w) is

g’(WF%f%(Z)

Hence, the transformatio = g(w) is itself conformal aw.
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It is known that a harmonic functiomx,y) defined on a simply
connected domaib satisfies
U, +u, =0
and always has a harmonic conjug&tey) in D, which is expressed as
v(xy)= [ [-u(st)ds+u,(st)dt]
with an arbitrary contou€ from (x,,Yo) to (X,y).
Example
Consider u(x,y) = xy, which is harmonic throughout thkg plane. Then
v(x,y) = .[C [— u,(st)ds+ us(s,t)dt]
_ o 1, 1,
_I(o,o)[ sds+tdt]— EX +§y
whereC is from (0,0) to X,y). Hence, the corresponding analytic function
IS

f(z)= xy—IE(x2 = yz): —i—zz2

The problem of finding a function that is harmoimca specified
domain and satisfies prescribed conditions on tbeandary of the

domain is prominent in applied mathematics.

If the values of the function are prescribed altimgyboundary, the
problem is known as a boundary value problem offtts¢ kind, or a
Dirichlet problem.

If the values of the normal derivative of the fuantare prescribed
along the boundary, the problem is known as a bayndalue problem

of the second kind, or a Neumann problem.

Example
The function T(x,y) = €™ sinx satisfies a certain Dirichlet problem for
the strip Ox<7; y>0 and noted that it represents a solution of a

temperature problem. The functioﬂ'(x,y):e‘ysinx IS harmonic
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throughout thexy plane and is the real part of the entire function
-ie” =e”’ sinx—ie™’ cosx

or the imagainary part of the entire functia? .

Theorem

Suppose that an analytic function
w= f(2)=u(xy)+iv(x,y)
maps a domaim, in thez plane on to a domaib, in thew plane. If

h(u,v) is a harmonic function defined @, then the function
H(x.y) = h{u(x,y).v(x.y))

is harmonic irD,,.

Example

The function h(u,v) = e’ sinu is harmonic in the domaib,, consisting
of all the points in the upper half plawe0. If the transformation i&=2,
then u(x,y)=x?-y? and v(x,y)=2xy; moreover the domai, in
the z plane consisting of the points in the first quatirg>0, y>0 is

mapped on to the domalh,. Hence, the function

H(x,y) = h{u(xy)v(xy)) = € sin(x - y?)

is harmanic irD,.

Example

The function h(u,v)=v is harmonic in the horizontal stripf2<v<772.

The transformation isv=LogzIn/x*+y? +itantY maps x>0 onto
X

the strip. Hence,

H(x,y)= tan‘l%

is harmanic in the half plane-0.
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Theorem
Suppose that a transformation

w= f(2)=u(xy)+iv(x,y)
is conformal on a smooth a€; and let/” be the image o€ under that

transformation. If, alond’, h(u,v) satisfies either of the conditions

h=h, or %:(gradh)ﬁhzo

AY H(x,y)=c
whereh, is a real constant amtfvdn C N
denotes derivatives normal £0 then,
alongC, the functio gradH

H(x,y) = h(u(x,y) v(x.y))

satisfies the corresponding condition
dH
H=h, or — =(gradH )N =0
o or = (gradH)

wheredH/dN denotes derivatives normal @

Exampl

Consider the functionh(u,v) =v+2. The transformation
w=iz? = -2xy+ i(x2 - y2)
is conformal wherz#0. It maps the half ling=x(x>0) onto the negative

axis, whereh=2, and the positive axis onto the positive axis, where

the normal derivativé, is 0. According to the theorem, the function
H(x,y)=x?-y?+2
must satisfy the conditiorl=2 along the half ling/=x(x>0) andH,=0

along the positive axis, as one can verify directly.

A
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Next we will focus on the concept of complex potardand apply it

to electrostatic potential which is introduced ledrical Engineering.

In an electrostatic force field, the field integsdt a point is a

vector representing the force exerted on a unittipescharge placed at

that point. The electrostatic potentMlis a scalar function of the space

coordinates such that, at each point in regions fvé charges, the

potentialV is a harmoniic function. For simplicity, we wilhty discuss

the cases in two dimensior@ndy, then the potentidal must satisfy the

following harmonic condition
Vxx(X’ y) +Vyy(x' y) = O

known as Laplace’s equation.

Since the potential/(x,y) is harmonic in a domaiD®, then there

exists a harmonic conjugatd(x,y) in the same domai®. Define a

mapping inz plane as

w=F(2)=V(x,y)+iU(x,y)

then according to the conformal property, both ¢hevesV(x,y)=c, and

U(x,y)=c, are orthogonal except at the pdi{z)=0. Hence, the direction

of U(X,y)=¢; is the direction of electric force, i.e., all thesitive charges

in this electrostatic field will move along thigection.. AY

First, let’s consider two plate conducté&sandP, Py P,
placed in parallel at=—1 andx=1, where the potentials Vi V,
are constan¥; andV, as shown in the Figure. 1 0 1 >

What is the potential distribution of the regicgtween
these two conductors? According to the structine, t

potentialV(x,y) is only related tx. Besides, because there are no charges

within the region, the potential must satisfy thaplace equation

V,.(X,y)=0, which leads to

V(x,y):ax+b
From the boundary conditions/(—l,y):v1 and V(l,y):V2 we
obtain

a=V2 Vi and b:—v2 ;Vl

Clearly, the surfacg=x, is an equipotential surface with potential
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V, -V, V, +V,
V(Xo’y): 22 X+ 22 -

Since the harmonic conjugate\di,y) is
Uky)= ] [V, Gy)aey, (xy)y) = ay

The complex potential is

F(z)=ax+b+iay =az+b
and the electrostatic force is along the directbthe liney=y, wherey,
is a constant, i.e., the force is in the directiamnallel tox axis, shown as
the dashed line in the Figure.

Next, let's consider two coaxial cylinders with nasksr, andr,
and constant potential, andV, as shown in the Figure. Due to the
symmetrical structure, the potential in the regigm<r, is only related to
r. Besides, because there are no charges withirethen, the potential
must satisfy the Laplace equatiofV,(r,@+rV,(r,0+V.{r,6=0. Since
Vedr,6)=0, we haver®V, (r,8)+rv,(r,8)=0 or

M = —Ear A Y
V, (r ,H) r V
2
which results in r,

InV, (r,é?):—lnr +c:Inial \D >
Vi

with c=Ina. Hence,

V(r,8)=alnr+b
From the boundary conditionsv(rl,é?) =V, and V(r2 ,6?) =V, we
obtain
Clearly, the surface=r, is an equipotential surface with potential
V, -V, ' +V2Inr1 =VInr, .

Vir,.0)=
(.6) Inr, =Inr, ° Inr, —Inr,
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Since the harmonic conjugate M(r ,9) =alnr+b is
U(r,0)=a8
The complex potential is
F(z)=alnr +b+iad=alLnz+b
where @is chosen as principal argument. The electrostatae is along

the direction of the ling=4, where g, is a constant, i.e., the force is in

radial direction, shown as the dashed line in tigeife.

What angle of rotation is produced by the transtiromw=1/z at the point
(@) z=1, (b)z=i.

Find the local inverse of the transformatienz at the point
(@) z=2, (b)z=-2, (c)z=-i.

Use v(x,y) = J'((()X;)y))[— sds+ tdt] to find a harmonic conjugate of the

harmonic functionu(x, y) = x® - 3xy?.

Under the transformation=¢’, the image of the segmenty& 7of they

axis is the semicirclg>+v?=1, v>0. Also the function

h(u,v)= R{Z—W+V£Vj:2—u+—2 . >

u<+v
is harmonic everywhere in threplane except for the origin; and it
assumes the valle=2 on the semicircle. Write the functist{x,y), then

illustrate thatH=2 along the segmenk@x 7of they axis.

The transformatiom=z" maps the positive andy axes and the origin in
thez plane onto the axis in thew plane. Consider the harmonic function
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h(u,v) = Re(e‘w) =ecosv
and obseve that its normal derivattyealong theu axis is zero.Then
illustrate that the normal derivative {x,y) is zero along both positive
axes in the plane. (Note that the transformatiarz is not conformal at

the origin.)
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