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CV2 Complex Numbers:
Exponential Form and de Moivre’s Formula

A nonzero complex numbeex+iy can be written in the polar form

as below:
z=x+iy =r(cos® +isind) va
where r =|Z is the modulus andis the angle fcocg  ZEXHY
or argument. Clearly, we have A% v
_ r 'r sind
X =rc0osf \6 X
y=rsinf o X g

as shown in the figure.

It is true that cosd = cos(@+2n7) and sind = sin(6+2n7m) for

any integem. That implies the argumeidt also represented layg z, is
not unique. In general, we define the principaluangnt as®, or Arg z,
.where —n<@<n and then the argument can be written as
6=0+2nn, n=0+1+2 -

For example, the argument e1—i is 6= —3772+2nn and its principal

argument is@z—%:—2.3562. In Matlab, the command angle(z) is

used to calculate the principal argument of z diama.

M atlab:

>> 7=-1-i;
>>angle(z) % argument afin rad
ans =

-2.3562

>> angle(z)*180/pi % argument oin degree
ans =
-135

Actually, the polar form of complex numbers canals® expressed

in the exponential form as below:
z=r(cos@+iBng)=r&°

where @is measured in radian. Such representation isosexpby Euler
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and thus called the Euler’s formula. In fact, thdef's formula can be
derived from the Taylor’s expansion of the natwgbonential function,

which is given as

2 X3

e =1+xXx+—+—+...
2

[ e=2.71828- 1
Lettingx=1 yieldse=2.71828-:-. Similarly, by lettingx=i 8, we have

2 3 5
el? z(l__+9___,_j+i (3_9_+€_+...j
21 4 3 5

cosé sing
. Y A
=cosfd+ising 7
where the real part and the imaginary part areecsgely the Re'?
, . %
Taylor’'s expansion ofosd andsing. Notethat |/ SM--_-
, V4|
‘e‘g‘=|cos6?+isin6|=Jcosz6?+sin26:1 JX
O

i.e., the modulus ofe’? is 1 for any argumenf. Based on the
Euler’s formula, the circlqz— zO| =R with radiusR and centered &,

can be also written as
z=z,+R[E@°

which is depicted in the figure.

Most importantly, the Euler’s formula makes the tiplication of

complex numbers easier since the producefe’” can be calculated
as below:
g% = gld+e)
which can be seen from
(cosd, +ising,)(cosb, +il&ing,)=cos(f, + 6,)+iEn(6, +6,).
Similarly, the product ofz, andz, is also easily obtained by
2,2, =t &b,e% = rr, &)
For the inverse of any nonzero complex nunzere have

L 1 1 1 .,

z

" r(cos+ing) re? r
=%(cos€—iBsin0)

Then, the quotient &f to z, becomes
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Most importantly, the famous de Moivre’s formula
(cos@+ising)" =cosn@+isinnd, forn=0,+1,+2, -

can be derived by the Euler’s formula as below:
(cosg+ising)" = (¢°)" =€ = cosng+isinné,

fornOZ.

The de Moivre’s formula has been widely used inieegring

analysis. For example, it can be used to deterthimeoots of the

equation z" =r €'®. First, let's define

(o:2
ck:\/Fe " k=022,--,n-1

and it is easy to check that

(e.2m) 0 |
CI? :[Q/?e n n ] :rel(@+2kﬂ) = re'®

which means all the’s are then roots of z" =r e'®. Note that all these

roots lie on the circle|z| =4r and are equally spaced everyr2rad,
o . i@
starting with the principal root, = Yren.

Now, let’s consider the special case@®f0 andr=1.

Thenroots of 2" =1 are given as

2k

Cy :ei[ ) =«f, k=012,-,n-1

where e

21
i

w =en.
The roots fom=3 andn=6 are shown on the right where

all the roots are located along the unit cir¢#e=1.

2

We can adopt the terna, = e ", a rotator with

rotating angle 2/n, to represent the roots af” =re'®,

which are given as
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c.=Urere " =tre" af =c,af

©
for k=01%2,--,n—1, where c, =%re". The figure on

the right shows the roots of" = re'®, wheren=3,r=8,

e=—112.

Find the principal argumewtrgz for

@ z=——: () z=(3-if.

Ans: (a)-374 (b)r

Use de Moivre’s formula to derive the trigonometdentities:

(a) cos38=cos®8-3cosfsin’G;
(b) sin38=3cos*dsind-sin®é4.
1_ Zn+1

Establish the identityl+ z+ z* +---+ 2" = =y z#1,
-2

and then use it to derive Lagarnge’s trigonomedentity:

1, sin|(2n+1)9/2|

1+ cosf +cos20 +---+cosnd = -
2 2sn(p/2)

where 0<9<2n.

Find the principal root of, z° =-8 and all the rootsc,a,

k=0,1,...,5. Then verify(c,w)’ = -8 by Matlab.

T
[
3

T
i
Ans: ¢, =J2e%, w=e

M atlab:

>> c0=2"0.5*exp(i*pi/6)
c0 =

1.2247 + 0.7071i
>> w=exp(i*pi/3)
W =

0.5000 + 0.8660i
>> (cO*w)"6
ans =

-8.0000 + 0.0000i
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Consider the quadratic equatiari+bz+c=0, wherea, b, andc are

complex numbers araf£0. Derive the quadratic formula

1/2

L= ~b+(b? - ac)

5 and then solve+2z+(1-i)=0.
a

1 [ 1 [

Ans: (—1+ﬁ]+ﬁ, (_1_Ej_ﬁ



