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CV18 Argument Principle
A function f is said to bemeromorphic in a domainD if it is
analytic throughoub except for polesThe terminology comes from the
ancient Greekrheros” meaning “part”, as opposed to “holos”, magni

“whole”.

Supposef is meromorphic in the domain interior to a postw
oriented simple closed contoGrand that is analytic and nonzero ©n
The image/ of C under the transformatiom=f(2) is a closed contour, not
necessary simple, in tive plane. Sincé has no zeros o@, the contour

does not pass through the origin in #helane.

@
X ) u

Let w andw, be points on’, wherew, is fixed andg is a value of
argw,. Then letargw vary continuously, starting witkg, as the pointv
begins at the point, and traversed™ once in the direction of the
orientation assigned to it by the mappingf(z). Whenw returns to the
point w,, where it startedargw assumes a particular value afgws,
denoted byg. Thus the change iargw asw describes” once isg—@.
We write

Aagf(z)=g-a
which is an integral multiple of 2and the integer, called the winding

number of/,

1 _%%
27 Y ) 21

represents the number of times the pwintinds around the origin in the

w plane.
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The winding number is positive if winds around the origin in the
counterclockwise direction and negative if it windbckwise. The

winding number is zero whefidoes not enclose the origin.

Theorem: Argument principle

Suppose that
(i) a functionf is meromorphic in the domain interior to a positively
oriented simple closed contoQy
(i) f(2) is analytic and nonzero @y
(iif) counting multiplicities,Z is the number of zeros aRds the

number of poles d{z) insideC.

Then %TAC arg f(2)=z-P.

Proof:

First, let’s evaluatej (Z) dz, wherez=z(t) (a<t<b) aroundC.

(2
Hence,

o440

[ f'(z
¢ f(z
Under the transformation

w=f(D=p(t)e*,
the image/ of C never passes through the origin in thplane.
Thus,

which leads to
[ z b ' ei¢(t) +i ei¢(t)
J 1; ((z((tt)))) = ¥ olt )p‘g’t“)) M

ap'(tt))duj.gd

=Inp(t). +idt);
=Inp(b)-Inpla)+i(glb) - #a))

Since Inp(b) = In p(a)andglb) - f(a) = 4. arg f(z), we have
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L ::((ZZ((:)))) dz=i4. arg f(2)
f'(2)

Next let’s evaluatej'cmdz by Cauchy’s residue theorem.f(f) has
z
g zeros z with multiplicities m,, k=1,2,...q and p poles z with
multiplicitiesn;, 1=1,2,...p, that is,
t(2)= Mia(z-2)" 9(2)
|_||q=1(z_z|)nI
where g(2) is analytic and nonzero i@. Clearly, the total number of

zeros and poles are

Z:Zq:mk and Pzzp:n,.
k=1 =1

Since
ey 9
B o
e have

'z _g(@), &~ m <& (n)
)7 old) E2) Ela)
According to the residue theorem,
IC ];((ZZ)) dz = 277 (SZ:‘ m, +tZ:(— n )]
=27i(z-P)
Hence, i 4 arg f(z)=27i(z-P)

that is,
iAC arg f(2)=2-P.
2

This completes the proof.

Example

The only singularity of X is a pole of order 2 at the origin, and there are
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no zeros in the finite plane. L& denote the positively oriented circle
around the origin, then

%TAC arg(l/zz): -

That is, the image™ of C winds around the origin w=0 twice in the

clockwise direction. It can be verified directly e ™? (0<6<27).

Theorem: (Rouche’s Theorem)

Suppose that
(i) two functionsf(z) andg(z) are analytic inside and on a simple
closed contout;
(i) |f(2|>(2)| at each point o6.
Then f(2) and f(2+g(z) have the same number of zeros, counting

multiplicities, insideC.

Proof:

The orientation ofC is immaterial, so we assume the orientation is
positive. Sincef(2)|>lg(2)|=0 and (2)+g(2)| =|f(2)|-l9(2)||>0 whenz is on

C, neitherf(z) nor f(2+9(z) has a zero of. Let Z; and Z:.y denote the
number of zeros dfandf+g insideC, we know that

1
Zy ZETAcarg f(2)

Zy, = Acarg[f() o(2)]

Since
4. arg|f(2)+ 9(2)]

-] (o i)

=4, arg f +AC arg(1+g—zj

flz

it is clear that

1
21,22+ 2 dargF(d
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where F(z):1+@_ But, ||:(Z)_:q:|g(2)|

t(2) 1(2)

the transformationv=F(z), the image ofC lies in the open diskvi-1|<1.

<1, which means under

That image does not enclose the origi¥0 and then4, arg F(z)=0.

This completes the proof oZ,, =Z; .

Example

To determine the number of roots of the equation
2'-47°+z-1=0
inside the circlez]=1, we write
f(z)=-4Z and g(z)=2"+2z-1
Since |f(z)=4andg(z)<|2d" +|4+1=3 when #=1, the condition
[f(2)|>g(2)| of the Rouché’s Theorem is satisfied and titBrandf(2)+g(2)

have the same number of zeros or roots. Conseguémtie are three

3

roots of f(z)+g(z)=z'-42°+z-1 because f(z)=-42° has three

roots.

Let C denote the unit circle|f1l in the positive sense. Determine

A arg f(z) when
@f(2)=2% 0 f(2)=(2 +2)/z; © f(2) = (22-1)" /2.

Letf be analytic inside and on a simple closed

%
contourC, andf is nonzero ot€C. The image o€ is ﬁ

ﬂ ) u
shown in the figure. Determine the value of L,v/
A arg f(z) and the number of zeros, counting \\;A
multiplicities, off interior toC.

Letf be analytic inside and on a simple closed con®wandf has no

zeros orC. Show that if hasn zerosz, (k=1,2,...n) insideC, eachz

18-5



NCTU EE Course: Complex Variables, by Prof. YongP@hen, Office: EE764 / Ext: 31585
Reference:Complex Variables and Applications, By/JBrown & R. V. Churchill

with multiplicity m,, then

L Zf,(z)dz: 27 Zn:mk zZ, .
k=1

f(2)

Determine the number of zeros, counting multip)icitf
(@ z*+32°+6,(b) z'-22°+9z2°+z-L and (c) 22 +32°+Z2°+ 1

inside the circlez=2.

Determine the number of roots, counting multipjicdf the equation

27° -62° +z+1=0 in 1<|7<2.
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