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CV17 Residues: Inverse Laplace Transform

One of the important tools in engineering to sdlve differential

equations is the Laplace transform. For a funcfip) we define the

Laplace transform as below: i o JHR
F(s)= j: e f(t)dt. Cr .
where the functioiir(s) is assumed to be analytic Alr
throughout the finites plane except for a finite >
number of isolated singularitiss i=1,2,...N. °s,
S
Now, let’s discuss how to finfgt) from F(s). \
. o . —o )R
First, check the following integration
1 ¢ «
t)=——| e"F(s)ds (t>0
ot)= - [e*F(s)as (t>0)

where the contout, includingLg andCy as shown in the figure, encloses

all the poles of(s). Hence,

olt) =2_jn[ J_e*F(s)as+ ] es‘F(s)ds) (t > 0)

For F(s) on Cg, i.e., ss)#Re? and 772<6<3712, it satisfies F(s)|< Mg,

whereMg tends to zero aR tends to infinite. Besides,

J‘C estF(S)dS:J-jzzeyume‘gl:(y_l_ Re”’)Rie”’dH

Since ‘eV“Rtem =e"e"’ and ‘F(y+ Re“;') <My, we find that

A eS‘F(s)d% <e’'M RRj'gzzem"s‘s’d %

T

—alt T _-Rsing yt R
=e MRRLe dg<e MRR(RJ
_ &M,
t
which leads to Limjc e*F(s)ds=0. As a result, we have

1
g(t)—z—mm LReS‘F(s)ds (t>0)

which can be written as

a(t) = Zimm s (J': e f(r)d r) ds (t>0)
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On the contouLg, i.e.,s=p+iw andds=idw for —o<axowo, g(t) is further
rearranged as

— 1 (e i © Vi
g(t)—ET BCAC tUO e”e " f(r)d r)da)

_ (" e R S
_IO f(r)et [ETLOe ! da)jdr

According to the Fourier transform a&ft) and its inverse, we have the

following expression

X(w) = J'w x(t)e " “'dt

x(t) = %r " X(w)e'dw

It is obvious that letting(t)=At) yields
X(w)=[" ol)e™dt=]" sft)dt=1

and then

It is clear thag(t) can be changed into
gt) = J': f(r)e ot -7)dr

Due to the fact that
f(r)etrolt-1)=f(t)olt - )

we have

which leads to

1
f(t)—ﬁym LReS‘F(s)ds (t>0)

To summarize, if the Laplace transformf@f is
F(s)=[ e f(t)dt

where all the poles oF(s) are enclosed by the conto@; including
LrandC; as shown in the figure, theift) can be determined by the

inverse Laplace transform
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tt)=—lim[ e*F(s)ds (t>0)

27T R-»7Le
Actually, f(t) can be also written as
_ 1
f(t)_z_ni _&F(s)ds (t>0)

and obtained by the following formula

f(t)= ZN: I:i:ﬂs[eSt F(s) fort>0

n=1

wheres, ,n=1,2,...N, are the poles d#(s).

Exampl

Supposd-(s) has a pole of orden at a real poing, and its Laurent series
representation in a punctured disk$g{|<R, has principal part
b, b

= + +-t m b, #0
s e s,

Then, Ei?[eQF(S)]: 1 _d™ [e Fo (s)(s- So)m]s:

(m-1)! ds™ %

Form=1,

S:?[es‘F(s)] = [egbl]szsﬂ =b,e™
Form=2,

Redfot (o)) = [e* o 9%F@L

=[e*(tloy (s~ ) +b,)+ b)),
—e%(4+q)

Form=3,

L ble-sF +n(s-s)en L,
=e (§b3t2+ b,t+ blj
Therefore, we have

rede (o] e R ) L

1)! ds™*

So

:eso{bl+&t+...+
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If F(s) has a pole,=a+i S (££0) of orderm and E(_) = F(§) at points of

analyticity of F(s), then 5, =a —i S is also a pole of orden. We have

et (9] + Rl (o)
b,

=2e"'Re 7' b1+&t+...+—m tmt
1! (m-2)!
Examplé

%2)2. If g(t)=sin(at), then its Laplace transform

Consider F(s)= [
s’+a

Gls)= o, -

i -9
7, 7 According to the propertyeft g(t)} = - G(s), we have

—)2 =2aF(s) and then the inverse Laplace transform of

F(s) is
tglt) 1, .
f(t)=——% or f(t)=—tsin(at).
0)="2 or 1()=—"tsn(a)
The above method has been widely used in courgeged to solve
inverse Laplace transform. We will apply the forenuritroduced in this

section. First, there is a pagria of order 2, we have

jat

- _i < o\ — e
IZQ:%e[e F(s)]— & [e F(s)(s |a) ]S:ia It4a
Therefore,
f(t) = Resle* F ()] + Regle*F (s)]
jat —jat
—-it® +it® =L tsin(at)
4a 4a 2a

Example

_fanhs_ sinhs e that(s) has isolated

Consider F(s)

s s’coshs
singularities as=0 and the zeros @bshs, i.e., s, = (anl)ni and
S, =- (anl)ni , Wwheren=1, 2,.... Actually, the singularity=0 is only a

simple pole since the Laurent seried-(d) is
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s=—:——%s+--- for O<p|<772.
which also tells us that
St —
Resle*F(s)] =1
Hence,

(1) = ReseF (s]}+ X-{ Resle*F (5] + Resle* (o)

To be specific, we write

p(s) _ e*sinhs
q(s) scoshs

e*F(s)=

and observe that
p(s,)=e™'sinhs, # 0, q(s,) =0,
q'(s,) = s’sinhs, # 0

which results in

ar(lo Pls.) e - 4e™
Resle Fis)= "2 = 2y
Sgﬁ[e () q(s,) s (2n-1?
and then
5?[6 F(S)]+ E{:?[e F(S)]_ m?(2n-1)
N\ 8 COS(Zn—l)m
m(2n-1)° 2
Therefore,
. 8& 1 (2n-1)mt
f(t) =1 ]T2 ; (2[’]‘1)2 d 2 (t>0)
Example

: _ sinh(xsl’ 2 P
Consider F(s)= sant(@7) 0L wheres'? denotes any branch of

this double-valued function. We agree to use tineeslranch in the
numerator and denominator, so thé) has singularities a=0 and

s2=+nsri, n=1,2,..., which are located at

s=0 and s,=-n*77 (n=12,..)
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Hence,

f(t)= %[ ]+ZI§?[eS‘F ]

n=

Since

xs“2+( 1’2) 31+ x+X°d/ 6+

F() 5[51/2 1/2 /3|+ ] S+52/6+"'

it is easy to check thaR_eOﬁ[e F s J = x. As for the residue &'F(s), we

write

o= ]

and observe that

p(s,)=e>'sinh(xs,) # 0, qfs,)=0,

q(s,)= %sﬁ’ >cosh(s!/?)# 0,

which results in

Therefore,

— E S ﬂ -n? 1t o
f(t)=x+ ”nZ:;‘ ~e sin(nzx)  (0)

Determinef(t) when its Laplace transform is
2s° 2s—2
F = ; b F = )
@ F(s) st -4 ®) F(s) (s+1)(s? +2s+5)
12 _ s?-a’
(c) F(S)_Ss+8’ (d) F(S)—m-
Determinef(t) when its Laplace transform is
_coth(rs/2) . 11
@ PRl O T e e
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