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CV17 Residues: Inverse Laplace Transform 

One of the important tools in engineering to solve the differential 

equations is the Laplace transform. For a function f(t), we define the 

Laplace transform as below: 

 ( ) ( )∫
∞ −=
0

dttfesF st . 

where the function F(s) is assumed to be analytic  

throughout the finite s plane except for a finite  

number of isolated singularities si, i=1,2,…,N. 

Now, let’s discuss how to find f(t) from F(s).  

First, check the following integration 
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where the contour C, including LR and CR as shown in the figure, encloses 

all the poles of F(s). Hence, 
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For F(s) on CR, i.e., s=γ+Reiθ and π/2≤θ≤3π/2, it satisfies |F(s)|< MR, 

where MR tends to zero as R tends to infinite. Besides, 
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which leads to ( ) 0=∫∞→ RC

st

R
dssFelim . As a result, we have 
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On the contour LR, i.e., s=γ+iω and ds=idω for −∞<ω<∞, g(t) is further 

rearranged as 
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According to the Fourier transform of x(t) and its inverse, we have the 

following expression 
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It is obvious that letting x(t)=δ(t) yields  
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and then 
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It is clear that g(t) can be changed into 

 ( ) ( ) ( ) ( )∫
∞ − −=
0

ττδτ τγ dteftg t  

Due to the fact that  

 ( ) ( ) ( ) ( ) ( )τδτδτ τγ −=−− ttftef t  

we have 
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which leads to 
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To summarize, if the Laplace transform of f(t) is  

 ( ) ( )∫
∞ −=
0

dttfesF st  

where all the poles of F(s) are enclosed by the contour C, including 

LR and CR as shown in the figure, then f(t) can be determined by the 

inverse Laplace transform 
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Actually, f(t) can be also written as 
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and obtained by the following formula 
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  for t>0 

where sn , n=1,2,…,N, are the poles of F(s). 

Example 

Suppose F(s) has a pole of order m at a real point s0 and its Laurent series 

representation in a punctured disk 0<|s−s0|<R2 has principal part 
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For m=1, 

 ( )[ ] [ ] ts
ss

stst

ss
ebbesFeRes 0

0
0

11 == ==
 

For m=2, 
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For m=3, 
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Therefore, we have 
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If F(s) has a pole s0=α+iβ (β≠0) of order m and ( ) ( )sFsF =  at points of 

analyticity of F(s), then βα is −=0  is also a pole of order m. We have 
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Example 

Consider ( ) ( )222 as

s
sF

+
= . If g(t)=sin(at), then its Laplace transform 

( )
22 as

a
sG

+
= . According to the property ( ){ } ( )sG

ds

d
tgt −= L , we have 
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222
=

+
=L  and then the inverse Laplace transform of 

F(s) is 
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The above method has been widely used in courses required to solve 

inverse Laplace transform. We will apply the formula introduced in this 

section. First, there is a pole s0=ia of order 2, we have 
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Therefore,  
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Example 

Consider ( )
coshss

sinhs

s

tanhs
sF

22
== . Note that F(s) has isolated 

singularities at s=0 and the zeros of coshs, i.e., 
( )

i
n

sn 2

12 π−=  and 

( )
i

n
sn 2

12 π−−= , where n=1, 2,…. Actually, the singularity s=0 is only a 

simple pole since the Laurent series of F(s) is  
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   for 0<|s|<π/2.  

which also tells us that  
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To be specific, we write 
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and then 
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Therefore, 
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Example 

Consider ( ) ( )
( )21

21

 /

/

ssinhs

xssinh
sF = , 0<x<1, where s1/2 denotes any branch of 

this double-valued function. We agree to use the same branch in the 

numerator and denominator, so that F(s) has singularities at s=0 and 

s1/2=±nπ i, n=1,2,…, which are located at 
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Hence, 
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it is easy to check that ( )[ ] xsFeRes st
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P17-1 

Determine f(t) when its Laplace transform is 
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P17-2 

Determine f(t) when its Laplace transform is 
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