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CV15 Residues: Evaluation of Improper Integrals

In calculus, the improper integral of a continudusction f(x) over

the semi-infinite intervak=0 is defined by means of the equation

[ (x)ax=1im [ f (x)ax

which converges if the limit on the right exists.

If f(x) is continuous for alk, its improper integral over-o < x <o
is defined by writing
00 . 0 . RZ
.[_wf(x)dx—llll[r; _le(x)dx+F!:T° - f(X)dx
which converges if both of the limits exist.
Cauchy principal value (P.V.) is defined as
PV. J' dx = I|m J'

which converges if the limit on the right exists.

If improper integral converges, then Cauchy priatipalue of the

integral converges, i.e.,
f f (x)dx convergess P V. J' x)dx converges

However, it is not true that if Cauchy principallv@ of an integral

converges, then its improper integral converges, i.

P.V. J‘ dx converges# J' dx converges

Example

R_ o J-R Ro o 2

o . (R nrai
P.V.J-_ xdx=1lim xdx=Iliml—| =0
-R

= . (0 . (R
jxdx=llm xadx+ lim X dx

R - -R R, - 0
2710 2R 2 2
. X . X . .
=lim|—| +lim|— =—I|mi+llm&
R-wl 2 R T o Row 2 Ry 2

Clearly,

PV. J' x)dx convergesp J' x)dx converges
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Suppose thd(x) is an even function for a|, that is,
f(-x)=f(x) for —o<x<co.
Then, it is true that

PV. fw dx j dx Zj

Consider an even rational function

fO)=f(=x)=p(x)/a(x),
wherep(x) andq(x) are polynomials with real coefficients and notéas
in common. Besidesy(z) has no real zeros but has zergsz, ..., z,
above the real axis. That med(® has no real poles but has poies

%, ..., 2, above the real axis. To evaluafe f(x)dx, choose a contour

consisting of the segment forma—R to z=R and the top half of the circle
|zZ|=R, denoted a€r, whereR is large enough that all the zemsz, ...,

Z,, lie inside the closed path. According to CauclkegiBue Theorem,

I x+j z)dz= ZmZResf

If lim[ f(z)dz=0,

R- o CR

then

PV.[ f(x)dx= 271> Res £ (2)

k=1 Z %
Sincef(x) is even, we have
r f (x)dx = 277i Zn: Res f(2)
— k=1 Tk

and

IO f(x)dx = mZR&f()

k=1 &

Examplé
2 2 2

To evaluatej'wx e dx, where f(x)= e is even and f (z) = ZGZ+1

has three poleg=€”, z=d z=€*", lying in the upper half plane.

Hence,
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Lo dx+j z)dz= ZmZReﬁf( )

i

=2m(Bl+ B,+B,)
Since the three poles are simple, we have
B, = Res zZ _z| _1l,s
=2 2°+1 67° 6 "
=7
i.e., B1 zle—in/2 z_li ' B = 1 —|3rr/2 1| ' 83 =le—i5ﬂ/2 :—li .
6 6 6 6 6 6
Therefore,
j dx+j dz Zm( 1') =
o 6 3
Moreover,
L f(z)dz<M,L.
2| 14 _ R )
where | f(z) =|— ~—— =M, andL=7R. Thus,
|z +1 |z| 1 R> -
3
[ t(2)dd< TR for R oo
Cr R°-1
which |mpI|esj dz 0. This leads to
2 2
| X _ax=2" or | X _dax=2
X +1 3 0 x°+1 6
Example
To evaluate ng we choose the contour below.
0 x°+1
. _ , _ y
Since f(z)=——— has one simple Ra?
z°+1 C
R
polez;=¢"* lying in the contour, we have L. 0z
J'O f(x)dX+ch f(z)dz+jLR f(z)dz R

=271 Res 31 =2 — =——
=y 7°+1 3z 3

where

ch : (Z)dz‘ = R31—1E27:1,R ) séz —Rl)
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|2n/3

.[ dz j( Izm) dr

_ dr
I 3,i4ml3 -i2m/3

Rrie t+e

_.[0 dr

- Rp3gi27/3 gi2nl3

_ 0e 27'3(r :—eizmsz dx
Rord+1 0 x%+1

Clearly, when R - o , we have

Ich( z)dz=0 andJ' z)dz=- lsz'ORXSil

which result in

.r" 31 dx_eizmsj“"’ 31 d :ﬂe—izms
0 x°+1 0 x°+1 3

Consequently,

.[w 1 dX_ 277I e_izn-/g _ 277
0

3+1 _3(1_ei2n/3) _3@'

Evaluate the improper integrals

- 1 _ x?
@ L mdx, ©) I dx © j x> +1\x*+4 o

Evaluate the improper integrals

o 1 X
a —dx; dx
()I-wx2+2x+2 (b) I x +1)(x +2x+2)
Rei2ﬂ3
Use residues and the contour Wikl to show
J-w dx _ 2n
o x*+1 33’
Show that [ X [x=n 2m+1”j_
0 x"+ 2n 2n
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