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CV15 Residues: Evaluation of Improper Integrals 

In calculus, the improper integral of a continuous function f(x) over 

the semi-infinite interval x≥0 is defined by means of the equation 
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which converges if the limit on the right exists. 

If f(x) is continuous for all x, its improper integral over ∞<<∞− x  

is defined by writing 
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which converges if both of the limits exist. 

Cauchy principal value (P.V.) is defined as 
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which converges if the limit on the right exists. 

If improper integral converges, then Cauchy principal value of the 

integral converges, i.e., 
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However, it is not true that if Cauchy principal value of an integral 

converges, then its improper integral converges, i.e., 
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Clearly,  

 ( ) ( ) converges     converges    ∫∫
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Suppose that f(x) is an even function for all x, that is, 

 ( ) ( ) ∞<<∞−=− xxfxf for         . 

Then, it is true that 
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Consider an even rational function   

  f(x)=f(−x)=p(x)/q(x),  

where p(x) and q(x) are polynomials with real coefficients and no factors 

in common. Besides, q(z) has no real zeros but has zeros z1, z2, …, zn, 

above the real axis. That means f(z) has no real poles but has poles z1, 

z2, …, zn, above the real axis. To evaluate ( )∫
∞

∞−
dxxf , choose a contour 

consisting of the segment form z=−R to z=R and the top half of the circle 

|z|=R, denoted as CR, where R is large enough that all the zeros z1, z2, …, 

zn, lie inside the closed path. According to Cauchy Residue Theorem,  
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If  ( ) 0=∫∞→ RCR
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then 
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Since f(x) is even, we have 
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Example 

To evaluate ∫
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has three poles z1=eiπ/6, z2=eiπ/2, z3=ei5π/6, lying in the upper half plane. 

Hence, 
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Since the three poles are simple, we have 
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Therefore,  
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Example 

To evaluate ∫
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+0 3 1x

dx
, we choose the contour below. 

Since ( )
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pole z1=eiπ/3 lying in the contour, we have 

 

( ) ( ) ( )

.e
i

z
i

z
Resi

dzzfdzzfdxxf

/i

zz

LC RR

32
2
1

3

0

3

2

3

1
2

1

1
 2

1

ππππ −

=

∞

==
+

=

++ ∫∫∫
 

where 

 ( ) ( )13

2

3

2

1

1
33 −

=⋅
−

≤∫ R

RR

R
dzzf

RC

ππ
 

x 

y 

CR 

LR 

R 

Rei2π/3 

z1 



NCTU EE Course: Complex Variables, by Prof. Yon-Ping Chen, Office: EE764 / Ext: 31585 
Reference:Complex Variables and Applications, by J. W. Brown & R. V. Churchill 

15-4 

 

( ) ( )

∫∫

∫

∫

∫∫

+
−=

+
=

+
=

+
=

+
=

−−

−

R/i

R

/i

R /i/i

R /i/i

R /i

/i

L

x

dx
e

r

dre

eer

dr
eer

dr

dr
re

e
dzzf

R

0 3
320

3

32

0

32323

0

32343

0

332

32

11
                 

                 

                 

1

π
π

ππ

ππ

π

π

. 

Clearly, when  ∞→R , we have 
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Evaluate the improper integrals 
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Evaluate the improper integrals 
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Use residues and the contour with R>1 to show  
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