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CV12 Series

An infinite sequencey, 2, ..., Z,, ..., of complex numbers has a
limit z if, for each positive numbes, there exists a positive integey

such that

z,-74<e  whemver n>n,

The value oh, will depend on the value af

An infinite sequence can have at most one limé,, ia limitz is
unique Iif it exists. When the limit exists, the seqce converges twand
expressed as

limz, =z

n-oo

If the sequence has no limit, it diverges.
Theorem:
If z=x,+iy,(n=1,2,...) andz=x+i y, then

limz, =z

n-oo

ifand only if limx, =x andlimy, =y.

n-oo
Example

z, :is+i ,n=1,2,..., converges tdimz, =0+i =i.
n n-o
I G ) o -
z, =-2+i-——,n=1,2,..., converges tdimz, =-2+0i =—- .2

n n-o

Consider an infinite series formed by an infiniegjsencez, z, ...,

Z, ..., of complex numbers and denoted as

Zzn =z+z,+-tz -

n=1

The series is said to converge to the Sifrthe sequence

N
S\ =Dz, =7+ z,++7 (n=12,.)
n=1

of partial sums converges tbomS, =S. We write ZZn =S

n- oo
n=1

and note that a series can have at most one sum@n \Wkeries does not

converge, we say that it diverges.
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Theorem:

Suppose that,= x, +i y, (n=1,2,...) andS=X+i Y. Then Z z,=S

n=1

if and only if > x, =X and )y, =Y.
n=1 n=1

A necessary condition for the convergence Ezn is that

n=1

limz,=0. A convergent series of complex numbers are balinde.,

n-oo

there exists a positive constavit such that|zn|< M for each positive

integern.

If > |z|=>_y/xi+y2 converges to a positive real number, then
n=1 n=1

00

>z, is said to be absolutely convergent. Singg<+/x3+y2 and

n=1

|Va| < /X2+ Y2, we know thati|xn| and i|yn| must converge.
n=1 n=1

Absolute convergence of a series of complex numbepdies the
convergence of that series.
Examplé

If |Z<1, then Lim N = Lim rNe™N? =0, and then

N 1
Zz”:llmZz”:llm =,
N-o i Now 1=z 1=z

Theorem:

If f is analytic throughout a diskz- z,| < R,, then f(z)= ian(z— z,)"

n=0

(n) e
where an=fT$Z'J (h=012,.....). That meansZan(z—zo)“ will
. n=0

converge td(z) when |z-z|<R;.

12-2



NCTU EE Course: Complex Variables, by Prof. YongP@hen, Office: EE764 / Ext: 31585
Reference:Complex Variables and Applications, By/JBrown & R. V. Churchill

For |z— zo| <R,, a functionf(z) can be written into the expansion of

Taylor series given as
f(z)=f(z)+

Clearly, for |4<R,, i.e.,z=0, it is called a Maclaurin series and given as

t"(z,)
2!

)

L (- af +-

z-2,)+

f(z):i f(n)(o) 2" = f(0)+L@)Z+L@ZZ+....

= nl il 2!
Example
The functionf(z)=€” is entire. Its Maclaurin series is valid for allSince
fV(2)=¢*, we have
= £ (0 h "
30,97 ()

n=0 n! n=0 n!

Hence, the Maclaurin series e is

. . 1/ Siz) - . . .
The functlonf(z):snz:?(e'z—e 'Z) is entire. Its Maclaurin series is
i

valid for all z, expressed as

gnz_zl(z() i(m)j (1<),

no Nl n=0

It can be further expressed as

o0 2n+1 2n+l

sne= 2 S - ()=

n=0 n! +1)
B L) I2n22n+1 B L) o Z2n+1
_,,Z:(;(zn+1)! _;( ! (2n+1) (d<)

Z

The functionf(z)=sinh z=—i sin(iz) is entire. Its Maclaurin series is valid

for all z, expressed as
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2n+2 5,2n+l

srhz=-i3 (-1 BT o (g2

S ) (2n+1)

n+l _2n+1 2n+1
)™ z

=3 (_(2n+ AR

Similarly, the functionf(z)=cosh z= cos(iz) is entire. Its Maclaurin series

is valid for allz, expressed as

coshz= i(—l) (22]' = i

n=0 n=0 n

- (d<=)

Example
The functionf(z)=1/(1-2) is analytic forZ|<1 and

f<n>(z):(1_”_z’)m.

Hence, its Maclaurin series is

250,50 )

n=0 n! n=o N n=0

Similarly, by replacing by -z, we have
1+z ; :;(_1) 2 (4<1
Further replacing by z-1 leads to
1 < n n
LS E) (1)
n=0

which is the Taylor series fordéboutz=1 in the regionz-1|<1.

Example
1+27°

3+25'

Consider f(z)= :

which is further expressed as the following

form

We cannot find the Maclaurin series f(@) since it is not analytic a=0.

However,

=312 (4<1).

1+ 72° =

Hence, when 0gk1, we have
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1
flz)==| 2-
B= 22 )= 322
2 & s 2 (101
:;_ZO( 1) v 3—;_ ;——"'Z—ZS'*'ZS—“')
S
2z

which contains terms of negative powerg,drid 17°.

Theorem: (Laurent series)
Suppose that a functidns analytic throughout an annular domain

Ri<|z-z|<R;, centered at,, and letC denote any positively oriented
simple closed contour arouggland lying in that domain. Then, at each
point in the domainf(z) can be expressed as the following Laurent series

representation
00 " 00 b
flz)= z- + . <|z—z,|<R
(2)=2 2 (z-2) ;(Z_Zo)n (Ri<lz-2|<R,)
where
flz)az o b, = 1-! f(z)cjfﬂ'
2711 ¢ (2~ 7,)

a,=——|
n 27T| C(Z_Zo)n+1

The Laurent series can be also represented as
o y
f (z) = ch (z— zo)n Ri<|z—z|<R,)
where
f(z)dz (=04 142,...).

¢, =]
n 277.' c (Z_ ZO)n+l
Note that iff is analytic throughout the disk-f,|<R;, the termb, can be

written as
forn=1,2,....

L[ (22 e,

bn =—
2m Jc
Since the integrandf (z)(z-z,)"™ is also analytic throughout the disk

|z=z5|<R., we have
1

b, =—

n-1 _ _
ke f (z)(z-2z,)"*dz=0, forn=1,2,....
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Thus, the Laurent series is reduced to the Tagnes as

(@)=Y a2z (2R

where a, =

1 I f(z)dz _ (z,)
2711 *¢ (2 )™ n

Example

It is known that e* :iz—n :1+E+Z—2 +Z—3+--- (|z|<o0).
o Nl r 2 3

Hence, replacing by 1/, we have

= (1/2)" 1,1
gz = ( =l+——+—— ... O<pl<oo
; n! 1z 217? (k=)

From Laurent series,
[ee] [ee] b
e =%az"+y =  (0<k<x)
n=0 n=1 Z

where, with C being any positively oriented simple closed contou

around origin,

1  e"dz B
an _ﬁj‘c?, (n—0,1,2,...)

—_ 1 1/z n-1 —
bn_z—mjce z2"dz,  (=1,2,...).

Clearly,
1/z
_ 1_ e dz::L

2 ¢ 2z
1/z

2771 °C 2

bnzi_J- ez dz=1 forn=1,2,....
2 ¢ nl

This is a kind of method to evaluate certain intesg@round simple

closed contours.

Example

The function f(z)=1/(z-i)* is already in the form of a Laurent series,
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wherez,=i. That is

@)= L =S (i) (0ckuilwo)

i)} =
where
_ 1 .[ f(z)dz: 1J- dz _J0 n#-2
" 2mi C(z—|)n+1 27Ti (z—i)n+3 1 n=-2
Example

-1 1

(z-2)(z-2) 71 7z-2° which has two singular

The function f(z)=

pointsz=1 andz=2, is analytic in the domaing<41, 1<}|<2, and 2<g<c.
In each of these domairf§z) has series representations in powers of
For <1, we havez|2|<1 and then

b

-z n=0

e

n=0

For 1<f|<2, we have |#/<1 and#/2|<1, then

L1 L1001 1(1) 182
fe)=730- (1/2)+ED1—(2/2)_2§(ZJ *zé[z)
> Z" 21
22n+1+ _n

=0 n=1 Z

For 2<p|<w, we have |¥[<1 and |2<1, then

1.1 1.1 1&(1) 1&(2)
f(z)==0 e === ==Y =
(2 z1-(1/z2) z 1-(2/2) z;(zj zg(zj
=Y -2m) >
n=1 Z
Theorem
o y .-
If a power series) a,(z-z,)" converges whez=z (z:#z), s
n=0 4
then it is absolutely convergent at each paimh the open

disk -z|<R;, whereR,;=|z;—z|.
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Theorem

If z, is a point inside the circle of convergenzezf=R of a power series

Zan(z—zo)“, then that series must be uniformly convergenthe
n=0

closed diskz-z|<R,, whereR,=|z,—7|.

Theorem

A power seriesZan (z—zo)n represents a continuous functi§(g) at
n=0

each point inside its circle of convergenee|=R.

Theorem
Let C denote any contour interior to the circle of cagemce of the

power seriesS(z)=> a,(z-z,)", and letg(z) be any function that is
n=0

continuous onC. The series formed by multiplying each term of the
power series by(z) can be integrated term by term o@rthat is

[L9(2)s(z)dz= Za [Lo(2)z-2) dz.

Corollary

The sum S(z)zian(z—zo)“ is analytic at each poirtinterior to the

n=0
circle of convergence of that series.
Theorem
The power seriesS(z)=>a,(z-z,)" can be differentiated term by

n=0

term. That is, at each pointinterior to the circle of convergence of that

series, S'(z)= i na,(z-z,)"".
=1

Theorem

If a series Zan(z— zo)n converges td(2) at all points interior to some
n=0

circle p-z|=R, then it is the Taylor series expansion fan powers of

Z-2.
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Theorem

00 [

If a series Y c,(z-z)" = ian(z— )"+ (z—b;O)” converges td(2)
n=-co n=0 n=1

at all points in some annular domain abnuthen it is the Laurent series

expansion fof in powers ofz—z, for that domain.
Theorem

Suppose f(z)=>"a,(z-z)" and g(z)=> b,(z-2)" converge within
n=0 n=0

some circlez-z|=R. They are analytic functions in the digkz|<R and

their product has a Taylor series expansion, caliedCauchy product and

expressed asf (z)g(z) = icn (z-2z,)" with ¢, = iakbn_k for [z-z|<R.
k=0

n=0

Suppose thai(2)20 when 2-z|<R. The quotienf(z)/g(2) is analytic
throughout the disktz|<R and has a Taylor series representation

f(Z) - n

—5=2d,(z-2,)"  for pzl<R

o(2) 2

where the coefficientd, can be found by formally carrying out the

division. It is usually only the first few termsathare needed in practice.

Show that if 0¥<1 (also valid for=0), then
I _ rcos@-r?
Zr cosné = -
-y 1-2rcos@+r
Zr“sinnH: rsing =
=1 1-2rcos@+r

Obtain the Taylor serieg” =€)’ (z _Il)
n=0 n

(z-1<w) for the function

f(2)=e*by (a) using™(1) (n=0,1,2,...); (b) writinge’=e*"e.
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Find the Maclaurin series expansion of the function
z z 1
flz)= =—0 .
) z*+9 9 1+(z*/9)

Derive the Taylor series representation

(-l
z( = (2-i[<v2).

n=0

Expandcoszinto a Taylor series abomt=772.

Hint: cosz= —sin(z—’—;j

1 1 & 2"
Show that when 0gk4, =—+ .
B -7° 4z ; 4z

Find the Laurent series to represent the functidfz) = z> sin(izj in
z

the domain 0<|<co.

Give two Laurent series in powers ofor the function f(z)= 2(11 )
z°(1-z

and specify the regions in which those expansioayalid.

Show that when 0gk2, z; = _3i (z-2) _ 1

P12-10

Let a denote a real number, wherk<a<l, and derive the Laurent series

2232 (d<[g<e)

Z_a n:12

12-10



NCTU EE Course: Complex Variables, by Prof. YongP@hen, Office: EE764 / Ext: 31585
Reference:Complex Variables and Applications, By/JBrown & R. V. Churchill

oo

The z-transform of{n] is X(z)= Y x[n]z™ in the annulus domain

n=-—c0

R <|Z<R,. If |z=1 is in the annulus domain, then the inverse

z-transform is x[n] = %TI:TX (e”’)ei”f’de (h=0,£1%2.-).

Hint:

f(z)= icn (z-2z,)" converges iRR<|z-z|<R,

n=-co

where c, = 1_L f(z)dz (n=0x1x2,...)

2771 (Z_ Zo)n+l
P12-12
Find the Taylor series for1 = ! = 1 E 1 aboutz,=2
z 2+(z-2) 21+(z-2)/2

Then, differentiate it and show that
1 18 n z-2Y\"
?:Z;(_l) (n+1)(7j QZ—2|<2)

Prove that if

Cosz

t(z)=] Z-(72f
& whenz =+77/2
T

whenz # + 77/2

thenf is an entire function.

P12-14
Use multiplication of series to show that

e’ 1,1 5,

Jer) g er v <)

Use division to obtain the Laurent series

1 :}_1+iz_iz3+...(o<|z|<27T).
-1 z 2 12° 72
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P12-16
The Euler numbers akg, in the Maclaurin series
> E
L _vEp (2 <mi2).
coshz 43 nl

Point out why this representation is valid in thdicated disk and why
E...=0 (=0,1,2,...) Then show th&,=1, E,=-1, E,=5, and
E=61.
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