NCTU EE Course: Complex Variables, by Prof. Yon-Ping Chen, Office: EE764 / Ext: 31585
Reference:Complex Variables and Applications, by J. W. Brown & R. V. Churchill

CV10 Integrals : Contour Integrals
Befroe discuss the contour integrals, let’s consider a complex-valued
function w(t) of a real variable t, expressed as
w(t)=u(t) + i v(t)
where u(t) and v(t) are real-valued functions of t. Then, its derivative is

written as

W)= _ ) 4ivi)

dt
provided u” and v’ exist at t, and various rules learned in calculus are also

applicable, such as

L] =-wi-1), Lwe)]-2w(t)w()

dt dt
%[zow(t)]z z,W(t), %[e%t]: 2,6

where zj is a complex value.

Even if w’(t) exists when a<t<b, the mean value theorem is not

w(b)-wi(a)
b—a

example, the function w(t)=e" on the interval 0<t<2zand w’(t)=i e".

necessary true that w'(c)= for ¢ on the interval a<t<b. For

Clearly, w’(c) is never zero for ¢ on the interval O0<t<27z but
w(2 7z)—w(0)=0.

Now, let’s further define the integral of a complex-valued function as

below:

I: wi(t)dt = I:U(t)dt +i _[:V(t)dt

where u(t) and v(t) are piecewise continuous on the interval a<t<b. For

example,
Iol(“ it)’ dt = Ll(l—tz)dt +i EZt dt =§+ i

Besides, it is also true that

[P wi(t)dt = ["w(t)at + [ w(t)at

where c is on the interval a<t<b.
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Suppose w(t) = u(t) + i v(t) and W(t) = U(t) + i V(t) are continuous
on the interval a<t<b. If W’(t)=w(t), then U’ (t)=u(t) and V’(t)=v(t). Hence,

j:w(t)dtzj dt+|j t)dt = (t)|2+iV(t)|Z
=[U(b)+iv(b)]-[U(a)+iv(a)]

W (b)-W (a) =W (t);

7l .
Based on the above operation, let’s find the integral J'O ‘eitdt . Since
(") =i e", we have

J< 'tdt IJ<7r/4
(1 . 1 1 ).
=—Il =1+1)-1l|=—7+|1-—FI
[0 ] &%)
Moreover, in polar form we let I:W(t)dt =re'’, where r and & are real.
b
[ wit)dt

L ()dt‘ ReJ' e"w(t) J.:Re o

Due to the fact that Re(e "*w(t))< e w(t) = w(t), we have
[P wit)dt < [ pw(t) ot

which also implies U: w(t)dt| < I:|W(t)|dt.

471'

b g
Note that r = >0 and r=[e"w(t)dteR. Hence,

Example

Consider the Legendre polynomial

Pn(x):if:(xjti\/l—Tcose)j dé

T

for n=0,1,2,... and —1<x<1. It is easy to check that
P, () <2 [ Jx+iv1=x cosd| do

:;J: X2+ (l— xz)cos2 9\" do

1 cx h L g
<;j X2+ (1-x2) dH:;L 1) do=1
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Next, we will focus on the contour integral, which is an integral

along a contour, not within an interval.

Let’s first introduce the concept of an arc in the z-plane, which is

denoted
z(t) = x()+ i y(t) (ast<h)

where x(t) and y(t) are continuous functions of the real y
parameter t. In general, an arc is shown as a curve in the z-plane. 27177 "% =1
When an arc does not cross itself, i.e., z(t;)=z(ty) for t; # to, it is L >t:0/'
called a simple arc or Jordan arc. For example, z(t)=x(t)+i y(t), X
where x(t)=t and y(t)=1+t* for 0<t<1, is a simple arc. 0] 1

An arc is called a simple closed curve, or Jordan curve, if it is a
closed curve without any intersection.
Consider the following arcs:

z=¢e""and z=¢"'"" for 0<t<1.
Although both the arcs represent the same unit circle in z plane, they are
different simple closed curves, or different Jordan curves, since z=e""*
and z=e™"' rotate in different directions, counterclockwise and
clockwise.
The arc z=¢e"*"" for0<t<1, rotates twice in the counterclockwise
direction. It is not a Jordan curve.
Consider the arc C: z(t)=x(t)+i y(t) for a<t<b whose derivative is
aiven e (X(@) y(@) (x(0)y(b)
z’()=x"(1)+i y*(t) C  d 0

The length L of the arc C can be derived as below: xy) (xHdty+ydt)
Place the arc C correspondingly on the x-y plane as shown.
The arc C is represented by the curve from P(x(a),y(a)) to Q(x(b),y(b)).

Now the differential from (x,y) to (x+x’dt,y+y’dt) is
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dl =x'?+y'? dt

Hence, the length is L :LQdI :I: X 2+y?dt,or L =J':|z'(t)|dt.

Suppose that t=¢(7) where ¢ is a real-valued function mapping the
interval a<z<fon to a<t<b and ¢’(7)>0. Hence, z=Z(z) or Z=z[¢(7)]. The

derivative is

(9=’ [(9]¢'(7)
The length L of arc C can be also represented as
L= [ )t = jj|z'(¢(r))|d:;(:)d .
= ["l2 @) ¢()dz=[ |2 () () d
= Lﬁ|Z '(T)| dr

Clearly, the length is invariant under certain changes in variable.

An arc z=z(t) for a<t<b is said to be smooth if its derivative z’(t) is
continuous on the closed interval a<t<b and nonzero on the open interval

a<t<b. A smooth arc is possessed of angle argz’(t).

Now, wee define a contour, or piecewise smooth arc, is an arc
consisting of a finite number of smooth arcs joined end to end. When
only the initial and final values of z(t) are the same, a contour C is called

a simple closed contour.

Jordan Curve Theorem:

The points on any simple closed contour C are boundary points of two
distinct domains, one of which is the interior of C and is bounded. The

other, which is the exterior of C, is unbounded.

Based on the definition of contour, the integral of f(z) along a given
contour C: z=z(t), for a <t <b, is defined as

J. f(2)az=" (z)dz = [ f(zt)z(t)ct

where z;=z(a) and z,=z(b). Some properties concerning the contour

integrals are listed as below:
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L z,f(2)dz =z, J'C f(z)dz
L[f (2)+9(z)]dz = J.C f(z)dz +L g(z)dz

J:C f(z)dz = —J'C f(z)dz
L f(z)dz :J.

G

f(z)dz+ | f(z2)dz, forC=C,+C,
Next, we will employ some examples to explain the contour integrals.

Calculate I, = zdz.

. _ 2 .-
Since z=2¢"", wehave Z=2¢"’ and \ X
dz = 2ie'’d 6. Hence, J

L =["" (2e7")(2ie")d 0 = 4xi.

- l2

Example

Calculate 1, =J'C f(z)dz, where f(z)=y-x-i3x*> and C: OABO.

Hence,
A o] y
f(2)dz+ [, F(z2)dz+ [ F(z)dz A B
j I 1+i
j (idy) jl X—=13X de )\
+Il X—X—i3Xx de+|dx X
: . 0
=(Lj+(1—£—i)+(—l+i)=_1+l
2 2 2
Example

Calculate I, :.[C zdz , where z=z(t)fora<t<b and C is an

arbitrary smooth arc. Hence,

Iy = [, zdz= [[2()2/@)at = jci[f(t)]

which implies J‘: zdz :%(zf— 2?).
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If a contour consists of a finite number of smooth arcs Cy, k=1,2,...,n,

joined end to end, then

n

L zdz= kzn;jck zdz= —(zk+1 zkz)

k=1

N| -

=%(Z§+l_ 212) y

Calculate 1, :J'C 242 dz.

Since z=3e', we have 7?2 =4/3e"’? and dz=3ie"’dd.

Hence,

1= [ (V32 Bie)d 0= 331 [ e+2)d o
—SJ_I(COS?g—HSIn%jdH

=-2/3(i +1)

0

30 2i
=343i Sin— — — Cc0S—
\/— ( 2 3 2]

When consider the contour C: z=z(t), for a <t < b, we have the

following inequality:

z)dz‘=‘ [0 f(t)z()t

< " £(z))|z'(t) ct

Since a nonnegative constant M always exists such that |f(z)|£M

when f(z) is evaluated along a contour, it can be obtained that

(ROLE

where L is the length of the contour C.

'(t)|dt =ML

y

Show that ||_ <ML=Mr h X

Z_

Since |z7]=2, we have |z+4|<|z]+4=6 and ‘za—ﬂzhzf—qzr

6

Hence, <= - = =M . We have

SML=§7Z.
7

J-z;r4dz
cz’-1

23—1
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Show that

1/2

ICR zzz+1OIZ
Since |z|=R, we have ‘zl’z‘zx/ﬁ and ‘22+q2‘|z|2—#:R2—1.

JR

Hence, |—— row Mg . We have y

2%+ -
7112 1/2
[ dz‘ ER‘/_ = lim[ 2 —dz=0. (\\ X

<M L=M_.(7R) where R>>1.

1/2

| RowdCq 7241

P10-1
Use the corresponding rules in calculus to establish the following rules
when w(t)=u(t) + i v(t) is a complex- valued function of a real variable t

and w’(t) exists:

@ %}W'(_t) and () S wet)=2u(w()

P10-2

Evaluate the following integrals:

(a) fG—ij dt; (o) ["°edt; (c) [ edt(Rez>0).

P10-3

Show that if m and n are integers,

2% o ing 0 whenm=n
j eMe™dg = .
0 27 whenm=n

P10-4

Show that if w(t)=u(t)+iv(t) is continuous on an interval a<t<b, then

(a)j t)dt = j w(z)dz
(b) [ wl dt—j Wg(o)lp'(r)d

where t=¢(7) for a<zp.
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P10-5

Suppose a function f(z) is analytic at z,=z(t,) lying on a smooth arc z=z(t)
(a<t<b). Show that if w(t)=f[z(t)], then w'(t)= f[z(t)]z'(t) when t=t,

P10-6

Evaluate Lf(z)dz,when f(z)=(z+2)/z andCis

(a) the semicircle z=2e" (0<6<n)
(b) the semicircle z =2e" (z<6<27)

(c) the circle z =2e" (0<6<27)

P10-7
Evaluate L f(z)dz, when f(z)=rzexp(zz) and C is the boundary of

the square with vertices at the points 0, 1, 1+i, and i, the orientation of C
being in the counterclockwise direction.

P10-8
Evaluate L f(z)dz, when f(z) is the branch z™*' =exp[(~1+i)log z]

(Jz)>0, O<arg z<27x) of the indicated power function, and C is the

positively oriented unit circle |z|=1.

P10-9

Evaluate Lz”‘z” dz , where m and n are integers and C is the unit circle

|z|=1, taken counterclockwise.

P10-10

Let C, denote the circle |z—z|=R, taken counterclockwise. Use the
parametric representation z=z,+Re'’ (-2<6<z) for C, to derive the
following integration formulas:

(a) LO . fzz =2r1; (b) J-Co (z-2,)""dz=0, (n=+1, +2, ...).

P10-11

Let C denote the line segment from z=i to z=1. By observing that, of all
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the points on that line segment, the midpoint is the closest to the origin,

show that J'Cd—f < 442 without evaluating the integral.
z

P10-12

Show that if C is the boundary of the tringle with vertices at the points 0,

3i, and —4, oriented in the counterclockwise direction, then
z_37 <
Uc(e z)dz‘ <60.

P10-13
Let C; be the circle |zZ|=R (R>1), described in the counterclockwise

direction. Show that

L Log z dz

Z2

Szﬂ[ﬂﬂn RJ’
R

and use I’Hospital’s rule to show that the value of this integral tends to

zero as R tends to infinitey.
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