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CV10 Integrals : Contour Integrals 
Befroe discuss the contour integrals, let’s consider a complex-valued 

function w(t) of a real variable t, expressed as 

 w(t)= u(t) + i v(t) 

where u(t) and v(t) are real-valued functions of t. Then, its derivative is 

written as 

 ( ) ( ) ( ) ( )tvitu
dt

tdwtw ′+′==′   

provided u’ and v’ exist at t, and various rules learned in calculus are also 

applicable, such as 

 ( )[ ] ( )twtw
dt
d

−′−=− , ( )[ ] ( ) ( )twtwtw
dt
d ′= 22  

 ( )[ ] ( )twztwz
dt
d ′= 00 ,  [ ] tztz eze

dt
d

00
0=  

where z0 is a complex value. 

Even if w’(t) exists when a<t<b, the mean value theorem is not 

necessary true that ( ) ( ) ( )
ab

awbwcw
−
−

=′  for c on the interval a<t<b. For 

example, the function w(t)=eit on the interval 0≤t≤2π and w’(t)=i eit. 

Clearly, w’(c) is never zero for c on the interval 0<t<2π, but 

w(2π)−w(0)=0. 

Now, let’s further define the integral of a complex-valued function as 

below: 

 ( ) ( ) ( )∫∫∫ +=
b

a

b

a

b

a
dttvidttudttw  

where u(t) and v(t) are piecewise continuous on the interval a≤t≤b. For 

example,  

 ( ) ( ) idttidttdtit +=+−=+ ∫∫∫ 3
2 211

1

0

1

0

21

0

2  

Besides, it is also true that 

 ( ) ( ) ( )∫∫∫ +=
b

c

c

a

b

a
dttwdttwdttw  

where c is on the interval a≤t≤b.  
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Suppose w(t) = u(t) + i v(t) and W(t) = U(t) + i V(t) are continuous 

on the interval a≤t≤b. If W’(t)=w(t), then U’(t)=u(t) and V’(t)=v(t). Hence, 

 

( ) ( ) ( ) ( ) ( )
( ) ( )[ ] ( ) ( )[ ]
( ) ( ) ( ) b

a

b

a

b

a

b

a

b

a

b

a

tWaWbW

aViaUbVibU

tVitUdttvidttudttw

=−=

+−+=

+=+= ∫∫∫

             

               

   

 

Based on the above operation, let’s find the integral ∫
4

0

/ it dte
π

. Since 

(eit)’ =i eit, we have 

 
( )

( ) iii

eidtieidte it/ it/ it







 −+=






 −+−=

−=−= ∫∫

2
11

2
111

2
1              

  
4

0

4

0

4

0

πππ

 

Moreover, in polar form we let ( ) θib

a
redttw =∫ , where r and θ are real. 

Note that ( ) 0>= ∫
b

a
dttwr  and ( ) Rdttwer

b

a

i ∈= ∫ − θ . Hence,  

 ( ) ( ) ( )( )∫∫∫ −− ==
b

a

ib

a

ib

a
dttweRedttweRedttw θθ  

Due to the fact that ( )( ) ( ) ( )twtwetweRe ii =< −− θθ , we have 

 ( ) ( )∫∫ <
b

a

b

a
dttwdttw . 

which also implies ( ) ( )∫∫
∞∞

<
aa

dttwdttw . 

Example 

Consider the Legendre polynomial 

 ( ) ( ) θθ
π

π
dcosxixxP

n

n ∫ −+=
0

211  

for n=0,1,2,… and −1≤x≤1. It is easy to check that 

 

( )

( )

( ) ( ) 111 11          

11          

11

00

22

0

222

0

2

==−+<

−+=

−+<

∫∫

∫

∫

θ
π

θ
π

θθ
π

θθ
π

ππ

π

π

ddxx

dcosxx

dcosxixxP

nn

n

n

n
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Next, we will focus on the contour integral, which is an integral 

along a contour, not within an interval.  

Let’s first introduce the concept of an arc in the z-plane, which is 

denoted  

 z(t) = x(t)+ i y(t)          (a ≤ t ≤ b) 

where x(t) and y(t) are continuous functions of the real 

parameter t. In general, an arc is shown as a curve in the z-plane. 

When an arc does not cross itself, i.e., z(t1)≠z(t2) for t1 ≠ t2, it is 

called a simple arc or Jordan arc. For example, z(t)=x(t)+i y(t), 

where x(t)=t and y(t)=1+t2 for 0≤t≤1, is a simple arc. 

An arc is called a simple closed curve, or Jordan curve, if it is a 

closed curve without any intersection. 

Example 

Consider the following arcs: 

 10for         and 22 ≤≤== − tezez titi ππ . 

Although both the arcs represent the same unit circle in z plane, they are 

different simple closed curves, or different Jordan curves, since z=ei2π t 

and z=e−i2π t rotate in different directions, counterclockwise and 

clockwise. 

Example 

The arc 10for  ,4 ≤≤= tez ti π , rotates twice in the counterclockwise 

direction. It is not a Jordan curve. 

  

Consider the arc C: z(t)=x(t)+i y(t) for a≤t≤b whose derivative is 

given as 

 z’(t)=x’(t)+i y’(t) 

The length L of the arc C can be derived as below: 

Place the arc C correspondingly on the x-y plane as shown.  

The arc C is represented by the curve from P(x(a),y(a)) to Q(x(b),y(b)). 

Now the differential from (x,y) to (x+x’dt,y+y’dt) is 

x 

y 
2 

1 

0 1 

t=0 

t=1 

C 
(x(a),y(a)) 

dl 
(x(b),y(b)) 

(x,y) (x+x’dt,y+y’dt) 
P 

Q 
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 dty'x'dl 22 +=  

Hence, the length is dtyxdlL
b

a

Q

P ∫∫ ′+′== 22 , or ( ) dttzL
b

a∫ ′= . 

Suppose that t=φ(τ) where φ is a real-valued function mapping the 

interval α≤τ≤β on to a≤t≤b and φ’(τ)>0. Hence, z=Z(τ) or Z=z[φ(τ)]. The 

derivative is 

 Z’(τ)=z’[φ(τ)]φ’(τ) 

The length L of arc C can be also represented as 

 

( ) ( )( ) ( )

( )( ) ( ) ( )( ) ( )

( ) ττ

ττφτφττφτφ

τ
τ
τφτφ

β

α

β

α

β

α

β

α

dZ

dzdz

d
d

dzdttzL
b

a

    

     

∫
∫∫

∫∫

′=

′′=′′=

′=′=

 

Clearly, the length is invariant under certain changes in variable.  

An arc z=z(t) for a≤t≤b is said to be smooth if its derivative z’(t) is 

continuous on the closed interval a≤t≤b and nonzero on the open interval 

a<t<b. A smooth arc is possessed of angle arg z’(t).  

Now, wee define a contour, or piecewise smooth arc, is an arc 

consisting of a finite number of smooth arcs joined end to end. When 

only the initial and final values of z(t) are the same, a contour C is called 

a simple closed contour.  

Jordan Curve Theorem: 

The points on any simple closed contour C are boundary points of two 

distinct domains, one of which is the interior of C and is bounded. The 

other, which is the exterior of C, is unbounded. 

  

Based on the definition of contour, the integral of f(z) along a given 

contour C: z=z(t), for a ≤ t ≤ b, is defined as 

 ( ) ( ) ( )( ) ( )∫∫∫ ′==
b

a

z

zC
dttztzfdzzfdzzf 2

1

 

where z1=z(a) and z2=z(b). Some properties concerning the contour 

integrals are listed as below: 
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 ( ) ( )∫∫ =
CC

dzzfzdzzfz 00  

 ( ) ( )[ ] ( ) ( )∫∫∫ +=+
CCC

dzzgdzzfdzzgzf  

 ( ) ( )∫∫ −=
− CC

dzzfdzzf  

 ( ) ( ) ( ) 21for    ,
21

CCCdzzfdzzfdzzf
CCC

+=+= ∫∫∫  

Next, we will employ some examples to explain the contour integrals. 

Example 

Calculate ∫=
C

dzzI    1 . 

Since θiez 2= , we have θiez −= 2  and  

θθ diedz i2= . Hence, 

 ( )( ) idieeI
/

/

ii πθ
π

π

θθ 42 2
2

21 == ∫−

− . 

Example 

Calculate ( )∫=
C

dzzfI  2 , where ( ) 23xixyzf −−=  and C: OABO.  

Hence, 

 

( ) ( ) ( )

( )( ) ( )( )

( )( )

( )
2

11
2
11

2
     

3            

31     

   

0

1

2

1

0

21

0

2

iiii

idxdxxixx

dxxixidyy

dzzfdzzfdzzfI
O

B

B

A

A

O

+−
=+−+






 −−+






=

+−−+

−−+=

++=

∫
∫∫

∫∫∫

 

Example 

Calculate ∫=
C

dzzI    3 , where ( ) btatzz ≤≤= for  ,  and C is an 

arbitrary smooth arc. Hence, 

 

( ) ( ) ( )

( ) ( ) ( )( )azbztz

tz
dt
ddttztzdzzI

b

a

C

b

aC

22
2

2

3

2
1

2
     

2
    

−==









=′== ∫∫∫

 

which implies ( )2
1

2
22

1 2

1

zzdzz
z

z
−=∫ .  

x 

y 

2 

x 

y 

i 1+i 

O 

A B 
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If a contour consists of a finite number of smooth arcs Ck, k=1,2,…,n, 

joined end to end, then 

 
( )

( )2
1

2
1

1

22
1

1

2
1           

2
1    

zz

zzdzzdzz

n

n

k
kk

n

k
CC k

−=

−==

+

=
+

=
∑∑∫∫

 

Example 

Calculate ∫=
C

/ dzzI    21
4 . 

Since θiez 3= , we have 221 3 /i/ ez θ=  and θθ diedz i3= .  

Hence, 

 

( )( ) ( )

( ) 1 32
2

3 
3
2

2
3

3
2  33    

 
2

3 
2

3 33    

  33  3 3

0

0

0

23

0

2
4

+−=





 −=







 +=

==

∫

∫∫

icosisini

dsinicosi

deideieI /ii/i

π

π

π θπ θθ

θθ

θθθ

θθ

. 

  

When consider the contour C: z=z(t), for a ≤ t ≤ b, we have the 

following inequality: 

 ( ) ( )( ) ( ) ( )( ) ( )∫∫∫ ′≤′=
b

a

b

aC
dttztzfdttztzfdzzf         

Since a nonnegative constant M always exists such that ( ) Mzf ≤  

when f(z) is evaluated along a contour, it can be obtained that 

 ( ) ( ) MLdttzMdzzf
b

aC
=′≤ ∫∫      

where L is the length of the contour C. 

Example 

Show that πMMLdz
z
z

C
=≤

−
+

∫  
1
4 3  

Since 2=z , we have 644 =+≤+ zz  and 711 33 =−≥− zz . 

Hence, M
z
z

=≤
−

+
7
6

1
4

3 . We have π
7
6 

1
4 3 =≤

−
+

∫ MLdz
z
z

C
. 

x 

y 

3 

x 

y 

2 
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Example 

Show that ( ) 1      where 
1

  2

21

>>=≤
+∫ RRMLMdz

z
z

RRC

/

R

π . 

Since Rz = , we have Rz / =21  and 111 222 −=−≥+ Rzz . 

Hence, R

/

M
R

R
z
z

=
−

≤
+ 11 22

21

. We have 

0 
1

        
1

 
1

  2

21

22

21

=
+

⇒
−

≤
+ ∫∫ ∞→ RR C

/

RC

/

dz
z
zlim

R
RRdz

z
z π . 

 

P10-1 

Use the corresponding rules in calculus to establish the following rules 

when w(t)= u(t) + i v(t) is a complex- valued function of a real variable t 

and w’(t) exists: 

(a) ( ) ( )tw
dt

tdw
−′−=

−  and (b) ( ) ( ) ( )twtwtw
dt
d ′= 22  

P10-2 

Evaluate the following integrals: 

(a) ∫ 





 −

2

1

21 dti
t

; (b) ∫
6

0

2π
dte ti ; (c) ∫

∞ −

0
dte zt (Re z>0). 

P10-3 

Show that if m and n are integers, 

  
nm
nm

dee inim

=
≠





=∫ −

when 
when 

      
2

0  2

0 π
θ

π θθ . 

P10-4 

Show that if w(t)=u(t)+iv(t) is continuous on an interval a≤t≤b, then 

   (a) ( ) ( )∫∫ =−
−

−

b

a

a

b
dwdttw ττ  

   (b) ( ) ( )[ ] ( )∫∫ ′=
β

α
ττφτφ dwdttw

b

a
 

where t=φ(τ) for α≤τ≤β. 

x 

y 

R 
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P10-5 

Suppose a function f(z) is analytic at z0=z(t0) lying on a smooth arc z=z(t) 

(a≤t≤b). Show that if w(t)=f[z(t)], then ( ) ( )[ ] ( )tztzftw ′′=′  when t=t0. 

P10-6 

Evaluate ( )∫C
dzzf  , when ( ) ( ) zzzf 2+=  and C is 

(a) the semicircle θiez 2=  (0≤θ≤π) 

(b) the semicircle θiez 2=  (π ≤θ≤2π) 

(c) the circle θiez 2=  (0≤θ≤2π) 

P10-7 

Evaluate ( )∫C
dzzf  , when ( ) ( )zexpzf  ππ=  and C is the boundary of 

the square with vertices at the points 0, 1, 1+i, and i, the orientation of C 

being in the counterclockwise direction. 

P10-8 

Evaluate ( )∫C
dzzf  , when ( )zf  is the branch ( )[ ]zlogiexpz i +−=+− 11  

(|z|>0, 0<arg z<2π) of the indicated power function, and C is the 

positively oriented unit circle |z|=1. 

P10-9 

Evaluate ∫C

nm dzzz  , where m and n are integers and C is the unit circle 

|z|=1, taken counterclockwise. 

P10-10 

Let C0 denote the circle |z−z0|=R, taken counterclockwise. Use the 

parametric representation z=z0+Reiθ (−π≤θ≤π) for C0 to derive the 

following integration formulas: 

(a) i
zz

dz
C

 2
0 0

π=
−∫ ; (b) ( ) 0

0

1
0 =−∫ −

C

n dzzz , (n=±1, ±2, …). 

P10-11 

Let C denote the line segment from z=i to z=1. By observing that, of all 
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the points on that line segment, the midpoint is the closest to the origin, 

show that 244 ≤∫C z
dz  without evaluating the integral. 

P10-12 

Show that if C is the boundary of the tringle with vertices at the points 0, 

3i, and −4, oriented in the counterclockwise direction, then 

 ( ) 60≤−∫C

z dzze . 

P10-13 

Let CR  be the circle |z|=R (R>1), described in the counterclockwise 

direction. Show that  

 





 +

≤∫ R
Rlndz

z
zLog

RC

ππ2 
2 , 

and use l’Hospital’s rule to show that the value of this integral tends to 

zero as R tends to infinitey. 


