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Let R = |a, b] X |c,d] be a rectangle in the plane, and f: R — R be a function.

f is said to be Riemann integrable on R if there exists a real number V such that

Ve >0, 36 > 0such that if P is partition of R satisfying ||P|| < d, then any
Riemann Integral Riemann sums of f for the partition P belongs to the interval (V — e,V + ¢). gl Riemann Integral 72 7E 80— !

Such a number V is called Riemann integral or double integral of f on R

and is denoted by/ f(x,y) dA.
R

Let R be closed and bounded region in the plane, and f: R — R be a function.

EAEWNPIIE : : A :
- If R has area and f is continuous on R, then f is Riemann integrable on R.
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Let R = [a,b] x [c, d]. If f satisfies f is continuous on R If f(x,y) can be written in g(z
Fubini’s Theorem f is bounded on R and is discontinuous only at a finite number of smooth curves
® (mrzmmsuEs) //R f(z,y)dA = //Rg x
then/ flz,y) dA = //fmydyda:—//f:cydmdy where R = |a, b] X [c,d|
A Val ! / f(xz,y)dA
ver u L
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Double Integral D = {(z,y)la <z <b,g1(z) <y < g2(x)}

If fis continuous on D,
b prga(z)
then // f(w,y)dAzf / f(z,y) dydz
D a Jgi(x)

D ={(z,y)lc <y < d,hi(y) <z < hy(y)}
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Double Integrals over General Region
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The jacobian of the transformation 7" given by x = g(u,v) and y = h(u,v) is

: Oz Oz Jacobian £ {0 ERIAE/E - BHEBRENEEM/NEE (SESHE) & Change of Variables & The Jacobian _,
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substitution in Multiple IRteras s o w5 A A 44 76 T W40 I > 58 B 908 10 1 05 Tis a O transformation (B 92, 92 % "% a6 continuous).
Suppose that { Jacobian of T' doesn’t equal 0. holds,

T is one-to-one (HJ) Jz phi 8 T ! #£7£ ), except perhaps on the boundary of S.
f is continuous on R, and 1" maps region S in the uv—plane onto the region R in zy—plane.

Then //fwy da:dy—//f 1w, v), h(u, v)) dudv://sf(g(u,v),h(u,v)) dudy .

For a, 8 € Rsatisfy 0 < 8 — a < 27
If f is continuous on polar rectangle R = {(r,0) |a <0 <8, 0 < a < r < b},

8 b
then/ f(z,y) dA:/ / f(rcos@,rsin@)  drdf
R a Ja
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TLAEEUEI R | For a, 8 € Rsatisty 0 < 8 — a < 27
! If f is continuous on polar rectangle R = {(r,0) |a <0 < 8, 0 < g1(0) < r < g2(0)},
Change of Variables and the Jacobian _,
by Serpentine Integral = B rg209) .
then // f(xz,y)dA = / / f(rcos@,rsin@)  drdf
R a Jgi(6)
The area of the surface with equation z = Y), (a, y) ¢ D, where f, and f, are continuous is
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Let Q = |a,b] X |c,d] X |r, s] be a cube in the space, and f: ) — R be a function.
f is said to be Riemann integrable on () if there exists a real number I such that
Ve >0, 36 > 0such that if P is partition of ) satisfying ||P|| < J, then any

~Definition Riemann sums of f for the partition P belongs to the interval (I — e, I + €). -
Such a number I is called Riemann integral or triple integral of f on ()

and is denoted by / / f(x,y,z)dV.
Q

f is continuous on B
f is bounded on B and is discontinuous only at a finite number of smooth surfaces’

then// f(z,y,2)dV = ///fwy, dzdyd:c—/// f(z,y, 2) dzdxdy
_ / / / (2, y, 2) dydzdz — / / / (2, y, 2) dydzdz
:/:/Cd/ab f(w,y,z)dwdydz:/:/ab/cd f(z,y, 2) dedzdy .

Let E = {(z,y,2) |a <z <b, g1(z) <y < g2(z), hi(z,y) < z < ha(z, )}

Let B = |a,b] X |c,d| X |r,s]. If f satlsﬁes{

r @ Fubini's Theorem

Let £ = {(x,y,2) |c <y <d, g1(y <w<gg Y), hi(x,y) < z < ha(x,y)}.
- 92(y
type Then / / f(z,y,2)dV = / / / f(x,y, z) dzdxdy.
Let E = {(z,y,2) [c <y < d, g1(y Z<gz Y), h1(y, 2) < & < ha(y, 2) -
nypeB 92 h2 y7
Then / / f(z,y,2)dV = / / / f(z,y, z) dedzdy .
h'l y7
Let £ = {(z,y,2) |r < z<s, gi1(z <y<g2 z), hi(y,z) < x < ho(y, 2) }.
“Typelt 92 h2 y7
Then / / f(z,y,2)dV = / / / f(z,y, z) dedydz .
hl y7
Let £ = {(z,y,2) |a <x <D, g1(x z<g2 ), hi(z, 2) <y < hy(x, 2) }.
L g2(x ha(x,2)
TYPES Then / / / f(z,y,2)dV = / / / f(x,y, z) dydzdz .
hi(z,z)

Let E = {(z,y,2) |r < z<s, gi1(z <w<gz 2), hi(z, 2) <y < hy(z,2)}.

~Type 6 g2(# ha(2,2)
Then /// f(z,y,2)dV = / / / f(z,y, z) dydxdz .
hi(z,z)

The jacobian of the transformation 7" given by ¢ = g(u, v, w) and y = h(u, v, w) and z = k(u, v, w) is
Or Oz Oz
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~-Substitution in Multiple Integrals

T is a C'! transformation (E All partial derivatives are continuous).
Suppose that < Jacobian of T' doesn’t equal O. holds,

T is one-to-one (Bl iz pi 8 T ! #£ 7£ ), except perhaps on the boundary of S.
f is continuous on R, and T maps region S in the uvw—space onto the region R in xyz—space.

Then // .y, 2 dazdydz—///f w, v, w), h(w, v, ), k(w, v, w)) dudvdw:///Sf(g(u,v,w),h(u,v,w),k(u,v,w)) du dv dw .
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x = rcosf
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(r cos 6,7 sin 0)

xr = psin ¢ cosf
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“EEAR // f(x,y,2)dV = / / fpsmqbcos@ psin ¢ sin 6, p cos ¢) dpdodb .


https://www.youtube.com/watch?v=wUF-lyyWpUc
https://www.youtube.com/watch?v=hhFzJvaY__U

