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If u is a function of n variables, u = f(x1, T2 - -,
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If f is a function of two variables, its partial derivatives are the function f, and f, defined by 1 (1) The surface S be the graph of f (:U ) y)
f@ +h,y) — f(z,9) Let < (2) The curve C; be intersection of the plane y = b and S
g(E| - el T e e By fo(2,y) = ,lllﬂ% A - Pt (3) The curve C5 be intersection of the plane z = a and S
. flz,y+ k) - flz,y) fz(a,b) is the slope (4} %) of the tangent line at (a, b, c) to C .
x,y) = lim — A A »
fu(@,y) = lim h Suppose that f(a,b) = c then fy(a, b) is the slope of the tangent line at (a, b, ¢) to C . |
The partial derivatives of f at (a, b) are
_ 0, xy#0 the slopes of the tangents to C, and C..
I, xy=20
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Partial Derivative & Continuity
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Partial Derivative
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FIGURE 14.21 The graph of

flx. V) {0, xy = 0
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Let z = f(z,v) .
. . . o of, 0°f
Differentiate twice w.r.t x: o ( 8:1;) 82513 = for = (f2)z = f11
Higher Derivative Diiferentiate twice w.r.t y B@y ( gz ) = ny = fyy = (fy)y = S22
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Differentiate first w.r.t x and then w.r.t y: 0 ( of ) = o°f = foy = (f2)y = f12
Oy * Ox Oyox yooe
. . i 0°f
Differentiate first w.r.t y and then w.r.t «: . ( 8y) =~ Baon fuz = (fy)z = fa
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heorem—@ Clairaut's Theorem Let z = f(z,y) . If fzy and f,, are continuous on an open disk D Let z=f (a:, Y) b.e a f:unction of two v?,riables. |
then f,,(z,v) = fu(z,y) V(z,9) €D. If the partial derivatives f, and f, exists near (a,b) and are continuous at (a,b),

then f is differentiable at (a, b).

the increment of x by Ax
the increment of y by Ay , so Az = f(a + Az,b+ Ay)
the increment of z by Az

Then, f(z,y) is differentiable at (a, b) if Az = f,(a,b)Az + f,(a,b)Ay + 1Az + e2Ay,
where 1,9 — 0 as (Az, Ay) — (0,0).

If z = f(x,y) is differentiable at (g, yo), then there exists a tangent plane at the point (xq, Yo, 20),

— f(a, b)- = fz(%0,Y0)(z — T0) +fy(wo,yo)(y—yo)-

Denote and the equation of the tangent plane is z — 2

~Definition s [angent Plane

= o+ fz(20,y0)t
y=yo + fy(xo,y0)t.
z=2z)+ (—1)t

fi 7t : Scalar parametric equations for the line normal to the tangent plane at the point (z¢, yo, 2¢) is

-® TmuEs If f is differentiable at x, then f is continuous at x.

Suppose w = f(z,y) is a differentiable function of  and y, where x = g(t) and y = h(t) are both differentiable function of ¢.
) ; d ow d ow d .
el Then w is a differentiable function of £, and o2 | . 5
dt Ox dt Oy dt
-Pr ition -
Ppostte Suppose z = f(z,y) is a differentiable function of  and y, where x = g(s,t) and y = h(s, t) are both differentiable function of s and t.
-Case 2: (2,2) Then, 0z 0z O0x  0z0y 0z 0z dr 0Oz Oy -
Os Ox ds Oy ds Ot Or ot Oy ot
Suppose w = f(z,y, z) is a differentiable function of  and y and z, where z = g(r, s) and y = h(r, s) and z = j(r, s) are both differentiable function of r and s.
‘ -Case 3: (3,2) ow Oow 0dr Ow Ody Ow 0z ow Oow 0dr Ow Ody Ow 0z L
Chain Rule |1 5 1 BB - : Hhen S = e or Ty ar ez or ™ s 0z 0s Oy os | 020
e (2,1) %/~ W/ Intermediate Variables f1 —f# Independent Variable r L oor g or © or ° v os J o3 © 08
Suppose that u is a differentiable function of the n variables x4, 2, ..., z, and each z, is a differentiable function of the m variables ¢, ¢2, ..., ¢y, ]
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According to the Chain Rule for functions of one independent variable and two intermediate variables,
cibnose that The functions F'(«, y) is differentiable.
PP The equation F'(z,y) = 0 defines y implicitly as a differentiable function of x.
& N4 d
ZERE R Since w = F(x,y) = 0, the derivative 2 must be 0. Computing the derivative from the chain rule,
ﬁﬁ%{ (=) g O ) ] ) dr ) 3y
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Suppose that w = F(z,y) is a continuously differentiable function. If y is a dx dr dr de

o BEPPOse . e . 9 F,(z,

Implicit Differentiation differentiable funcjclon of w that se.l,t1sﬁes w = 0, then V?fe. can. find the derivative- If F, = 8’“’ £ 0, we can solve this to get —2 : B (x,y) |
of y respect to x without first having to express y explicitly in terms of . Y - Fy(z,y) 1
The process by which we do this is called implicit differentiation. p F( ) p
I CE? 7Z
-=##mgy If the equation F(x,y, z) = 0 defines z implicitly as a differentiable function of x and y, then °2 Y and 7z _
Oz F.(z,y, 2) Oy
For each unit vector (#.{; |i] & ) u, the directional derivative (/5 ] 2 #f ) of f at x in the direction of u is
)l —
Definition Duf(x) = llzin(l) flx+ I;L) /) if the limit exists.
—
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2
Let f be the scalar function defined on R? as follows: f(z,y) = fi 7 ifz #0, f(0,y) = 0.
L Y
Let ¢ = (0,0) and let y = (a, b) be any vector. If a = 0 and h # 0, we have

Directional Derivative

- . . . flc+hy)— f(c) _ ab? b? ] R i O T R A
Directional Derivative & Continuity }gr(l) h = ]lzlir(l) T o Therefore, the direcrtional derivative exists Ry (6] 2 7 A A (2 g A |

for all direction and equals 0. However, at each point of the parabola z = ¢* (except the origin)

1
the function has the value 5 Thus, the function is not continuous at c.

f has a directional derivative at x in every direction.

@® Theorem If f is a differentiable at x, then {for each unit vector u, Dy f(x) = (£.(z, ), f,(z,y)) - u

If fis a function of two variables x and y, then the gradient
of f is the vector function V f defined by V f(z,v) = (f(x,y), fy(z, 1))

Definition

VIf(x) +9(x)] = Vf(x) + Vg(x)

Suppose that « is a constant and
Differentiation Rules

f and g are both differentiable. Vief(x)] = aVix)

VIf(x)g(x)] = f(x)Vg(x) + 9(x)V f(x)
Gradient
If f is differentiable at each point of line segment ab, then there exists
@® Mean-Value Theorem . .
on that line segment a point ¢ between a and b such that f(b) — f(a) = Vf(c) - (b — a).
Theorem
Let U be an open connected set and let f be a differentiable function on U. ® Coroll Let U be an open connected set and let f and g be functions differentiable on U.
If Vf(x) = 0 for all x in U, then f is constant on U. R [A v/ f(x) = Vg(x), then f and g differ by a constant on U.
Let 7(z,y,2) = Va2 +y2 +22;r =zi+yj+ zk.
w7 BUBRBEBMBEAR V" = nr" %r Vn e Z,r # 0
If n is positive and even, the results also holds at r = 0.
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