A function f: X C R — R takes a real number and returns another real number.

Single Variable Scalar Function The graph of f is something that “lives” in R. It consists of points (z, y) such that y = f(z).
That is, Graph f = {(z, f(z)) |z € X} = {(=,y) [z € X,y = f(2);].

A function f: X € R — R. The graph of f.

The level curve at height c of f is the curve in R* defined by the equation f(x,y) = ¢, where c is a constant. EEE A ER > k2 HA) 2585 BHEE -
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A function f: X C R? — R takes an ordered pair of real number and returns another real number.
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| The contour curve at height c of f is the curve in R? defined by the two equations z = f (z,v) %322 Contour Curves ; 522 Level Curves

Two Variable Scalar Function The graph of f is something that “lives” in R®. It consists of points (z, ¥, z) such that z = f(x,y). —Graph Contour Curve

That is, Graph f = {(z,y, f(z,y)) | z,y € X} = {(z,y,2) | z,y € X, 2 = f(z,9)}.
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and z = c. Symbolized, contour curve at height ¢ = {(z,y, z) € R° | z = f(z,y) = c}.

xr = c (where c is a constant) is the set of points (z, y, z), where z = f(z,y) and z = c.
y = ¢ (where c is a constant) is the set of points (z, y, z), where z = f(z,y) and y = c.

Visualizing Scalar Functions
(Using Graph)

Section The section of the graph of f by the plane {

The level set at height c of such a function is defined by Level set at height ¢ = {x € R" | f(x) = c}.

o While the graph of f is a subset of R, a level set of f is a subset of R”. This makes it possible to
get some geometric insight into graphs of functions of three variables, even though we can’t actually visualize them.

If f: X C R™ — R is a scalar function of n variable, then the graph of f is the subset of R”"! given by
Graph f = {(x, f(x) | x € X} ={(z1,...,zn, Tpni1) | (x1,...,2,) € X, zp1 = f(@1,...,2,)}.

Functions of More Variables

The graph of a function of two variables does describe a surface in the “level set” sense. If a surface

happens to be given by an equation of the form z = f(x, y) for some appropriate function f: X C R? — R,
then we can move z to the opposite side, obtaining f(z,y) — z = 0. If we define a new function F' of
w7 three variables by F(z, vy, z) = f(x,y) — z, then the graph of f is precisely the level set at height 0 of F.

Conclusion: The graph of a function of two variables is a surface in R® and is a “level set” of a function of
three variables. However, not all level sets of functions of three variables are graphs of functions of two variables.

Let f: X C R"™ — R be a function. Then to say lim f(x) = L means that given any € > 0,
< i

Definition

you can find a § > 0 such that if x € X and 0 < ||x — a|| < 4, then ||f(x) — L|| < €.
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Let f be a function defined on an open disk ([E# ) centered at (a,b) |except possibly at (a, d)].

Definition yi76 say that the limit of f(z,y) as (z,y) approaches (a,b) is L and we write( l)m% ) flz,y) =L
xr,y)—a,

Tz BR
. if for all € > 0, there is a 6 > 0 such that | f(x,y) — L| < € whenever 0 < \/(:1: —a)’+ (y—0b)? < 9.
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then lim f(z,y) does not exits.
(:y)—(a,b) For thepathz =0: lim =0
(2,y)—(0,0) 22 + y*
2 2
. LYy . m-x
' + — L+ For the pathy = mz: lim = lim —=0
}1{521(]0 tg)(x)=L+M party (2,9)—(0,0) 22 +y*  (2,9)—(0,0) 1 + miz?
lim kf(x) = kL Though f has the same limiting value along every line through the origin.
X—a But that doesn’t show the given limit is 0, for if we now consider the following path.
: 2
Let f,g: X C R"® — R be scalar-valued functions, iﬂ(f 9)(x) = LM For the pathz = v  lim 2:133/ - = lim
and let k € R be a scalar. , " . o ’ (@9)=00) 2%+ Y- (@y)=00) 2
@ Limit Laws }1{12%‘ [ f (X)] = L .. The limit doesn’t exist.
lim f(x) =L limg(x)=M T,
; ot ot lim(2)(x) = == (M #0)
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Proposition llin y f(X) — \"/f where n € R
X—a
If n is even, we assume that lim f(x) > 0.
X—a
Let A C R" be a set, and f,g: A — R™ be scalar functions.
® Suppose that o € A, f(x) = g(x) forallx € A — {x¢}, and lim f(x) exists.
X—X
Then lim g(x) exists and lim g(x) = lim f(x).
X—X) X—X( X—X) Ej‘z lim T sin(gj _|_ y)
(z,y)—(0,0)
If f(z,y) < g(z,y) < h(z,y) when (z,y) is near (a, b) [except possibly at (a,b)] wm - 0 < |zsin(z +y)| < |z|and ( I)IEI%O ) z| =0
Theorem — @ Squeeze Theorem and lim f(:l? y) _ lim h(CIZ) — [ = lim g(w) — L ) “Y ’
. 4 ’ . 4 . 4 . lim |zsin(x+y)|=0= lim xsin(zx+y)=0
(z,y)—(a,d) (z,y)—(a,b) (2,y)—(a,b) (w,y)—>(0,0)‘ (z +y)| e (0.0) (z +y)
Let f: X CR" — R and let a € X. Then f is said to be continuous at a if lim f(x) = f(a).
- Definition X
If f is continuous at all points of its domain X, then we simply say that f is continuous.
- If f,9: X CR" — R that are continuous at a € X and cis a constant, then the following functions are also continuous at a:
I 1. f::g 2. Cf 3. fg 4. i if g(a,b) 75 0
~Proposition - J

If g is continuous at the point x¢ and f is continuous at the number g(xo),
then the composition f o g is continuous at the point x.



