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B x—y—zspace R BifE—HH c —y—zspace WEHA > UERENREAEIARE > B —7 W A&I1E >
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Let P = (z1,22,...,2,) and Q = (y1,¥y2,..-,Yn) € R".
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The Distance . . :
The distance | PQ|| between P and @ is defined by || PQ|| = Z(wz — Yi)?

\&

Definition A function whose domain is a set of real numbers and whose range is a subset of n-space V), is called a vector function of a real variable.

Vector functions can be built up from scalar functions in an obvious manner.
o From scalar functions fi, f2, f3 that share a common domain, we can construct

Functions such as f(t) = 2 + 3t, f(¢) = sin 2t assign real numbers to real numbers. They are called scalar functions.
t the vector function f(t) = f1(¢t)i+ fo(t)j + f3(t) k.

A Scalar Function =& : : : :
FE TR SR Bunctions such as f (t) =ro+ td, f(t) = sint a + cost b assign vectors to real numbers. They are called vector functions.

(1) lim f(¢) = L provided that thr? |£(t) — L|| = 0.
—lo

t—1to

(2) lim f(¢) = <1im fi(t),...,lim fn(t)> provided that the limits of the component functions exist. SAEREAR - ERE=
Definition t—tg t—to t—tg o AEE=(EEESEN -
(3) Let I be the domain of f. The notation tllr? f(¢) = L means Ve > 0,39 > 0 such that ||[f(f) — L|| < e ' AR LRI —
—1p
whenever 0 < |t —tg| < dand t € I.
Limit lim f(¢) + g(t) =L+ M

t—1to

lim af(t) = aL
Let f and g be vector function and let u be a scalar function. | 1%

ropositi imit Law lim, ¢, £(¢) = L lim u(t)f(¢) = AL
Froposition - Limit faws Suppose that < lim; ,; g(t) = M t—to
limy ¢, u(t) = A lim £(t) - g(t) = L - M
t—1to

lim f(¢) x g(¢t) =L xM

t—1tp

L : : li f(t) = f(to).
Definition f is said to be continuous at ¢y provided that { iy, £(2) (to) N ;

each component of f is continuous at ¢;.

Continuity
N If f(t),g(t) and u(t) are continuous at a and c is a constant, then the following functions are also continuous at a :
PR 1 f4g 2.of 3.uf 4.f-g 5.fxg
The vector function f is said to be differentiable at ¢ )
lim fEh) ) oxists
provided that { h=0"""h ' . . \
Definition the derivatives of the component functions exist. (£f'(t) = (£f/(¢),...,£.(¢t))) I
If the limit exists, it is called the derivative of f at ¢ and is denoted by f'(¢).
BE B B o] = P B
a(m ,%;,i) g If £ is differentiable at ¢, then f is continuous at ¢.
Derivative (f T g)’(t) — f’(t) T g,(t)
(af)'(t) = of ()
(uf)'(t) = w()E'(t) + w'(£)£(2)
Suppose that f and g are differentiable vector function, , , ,
ifferentiation Rul . _
Piiferentiation Rules c is a vector, « is a scalar, and u is a scalar function. (F-g)(t) = [f(t) - g'(t)] + [F(£) - (%)
Proposition (f x g)'(t) = [f(t) x g'(t)] + [£'(¢) x g(¢t)]
(fow)'(t) = £'(u(t))w'(t)
(uc)'(t) = u'(t)c
If r(t) is differentiable, tgen theiunctlon r = ||r|| is differentiable Corll Let I C R be an interval, and r: I — R™ be a differentiable vector function.
where it is not 0 and r - d_z — rd_,’tq' R 1 |r(¢)|| is a constant function on I, thenr(¢) - r'(¢) =0 V¢t e I.
If r(%) is differentiable, then where » = ||r|| # 0
d  r 1 dr
— (=)= —=[(rx =—) xr|.
7)) = el gg) xr
(1) A vector function f: |a,b] — R" is said to be integrable on |a, b| )
if there exists a vector A such that Ve > 0,36 > 0 such that if
P={a=1ty <t; <---<t,=>b}isapartition of |a, b| satisfying
|P|| < §, any Riemann sum of r for P (Z r(&r)(ty — tkl))
k=1
Defini locates in (A — &, A + ¢€), where the vector A + ¢ is the vector T AESE(E -
efinition — [
obtained by adding or substracting € from each component of A. | ik
b
The vector A, if exists, is written as / r(t) dt.
b b b
(2) / f(t)dt = (/ fi(t)dt,... ,/ fn(t) dt) provided that the
integrals of the component functions exist.
SO If a vector function F is continuous on a closed interval |a, b],
BRLEE then F is integrable on |a, b).
b b b
/ £(t) + g(t)] dt — / (1) dt + / o(t) dt
Proposition
b b
/ aof (t) dt = « / f(t)dt for every constant scalar a.
Integral

b b
/ u(t)cdt = c / u(t) dt for every constant vector c.
a a

Integral Rules

b b
/ c-f(t)]dt=c- (/ f(t)dt) for every constant vector c

b b
/ c x f(t)]dt = c x (/ f(t)dt) for every constant vector c

) b
H / £(t) dt| < / 1£(8)]] dt

Assume f(t) is continuous on |a, b|. If ¢ € |a, b], define A to be
Theorem — the vector function given by A(z) = / f(t)dt ifa <z <b.

Then A'(z) exists, and we have A'(z) = f(z) for each z in (a, b).

If F has continuous derivative F' on an open interval I.
) ‘The Fundamental Theorem of Calculus

ista D BAEE Then, for each choice of c and z in I ,we have F(z) = F(c) + / F'(t) dt.



