Definition A function f: N — R is called a sequence.

A sequence {a, } has the limit L and we write

lma,=L or a,—L as n — o0
n—oo

if for every € > 0 there is a corresponding interger N such that
Limit of a Sequence if n>N then ’an _ L’ < € ol FIEREFERIE—

that has a limit is said to be convergent.
that has no limit is said to be divergent.

A sequence {

The notation lim a,, = oo means that for every M > 0

Infinite Limit n—00

there is an interger N suchthat if n>N then a, > M

@® If im f(z) = L and f(n) = a, foralln € N, then lim a,, = L. . L'Hospital Rule RAEFREHFIRIER L » (BT LAEREAER L - B3| BERIHEIER -
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Infinite Sequence lim (a, +b,) = lim a, £+ lim b,
n—oo n—oo n—oo

lim ca,, = c lim a,
n—oo n—oo

Suppose that {a,} and {b,,} are convergent sequences

@® Limit Laws for Sequences lim (anbn) = lim a, lim b,

and c 1s a constant. n—00 n—oo  nm—00
P
Proposition lim a,,f = {hm an} if p>0 and a, >0
n—oo n—oo
. a'n 1imn%oo a'n . .
lim — = — if lim b, # 0
n—oo b, lim,, .~ b, Nn— 00

® If lim |a,| =0, then lim a, = 0.

n—oo n—oo

@® If lim a, = L and the function f is continuous at L, then lim f(a,) = f(L).

n—oo n—oo

® Squeeze Theorem 1 @n < by < ¢, for n > ng and lim a,, = lim ¢, = L, then lim b, = L.
n—o0 n—oo n—oo

Monotonic &% A sequence is called monotonic if it is either increasing or decreasing.

, Bounded &5 If a sequence is bounded above or below, then it is called a bounded sequence.
Monotonic and Bounded Sequence

Every bounded, monotonic sequence is convergent.

Monotonic Sequence 1 S
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(Given a series Z a, = a1 +ag+asz+---, let s,, denote its nth partial sum :
n=1

~ Partial Sum

n
S, = E a; =ai +as + -+ ay,
i=1

If the sequence {s,} is convergent and lim s, = s € R,
n—oo

~Convergent . ] > .
then the series is called convergent and we write E a, = s ( The sum of the series )
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-Divergent If the sequence {s,} is divergent, then the series is called divergent.

If |r| > 1, the geometric series is divergent.

~ Geometric Series

©.0
If |r| <1, the geometric series is convergent and its sum is E ar’ T =

n=1
~ Example -
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- Harmonic Series E — diverges.

n=1 L

o0
- @® If the series E a, is convergent, then lim a,, = 0.
n—oo
n=1
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~ Proposition - Z Z
n=1

. @® mmgepmg DuPpose that Z a, and Z b, are convergent series and c is a constant. | "

- E nEb,) = E n T E b,
= (a ) n=1 ) n=1 If Ry, = 5 — sy then
f(z)dx < R, < / f(x) dx

©.0

1
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If / f(x) dz is convergent, then Z a, is convergent.
1

Remainder Estimate ntl
n—1 e and we can get
~Integral Test o 50 . 50
If / f(z) dx is divergent, then E a, is divergent. Sn +/ flz)de < s < sp +/ f(z) de
1 n—+1 n

n=1

If |r| > 1, the geometric series is divergent.

~ Geometric Series

o
If |r| <1, the geometric series is convergent and its sum is E ar’ T =

n=1
~ Example -
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_ p-series PP . . : : <1

(From Integral Test The p-series Zl y: is convergent if p > 1 and divergent if p <1
n—

It Z b, is convergent and a,, < b,, for all n, then Z a, is also convergent.

Direct Comparison Test

(IRERYaEPIIAIE —DIRIEH])  1¢ Z b, is divergent and a,, > b,, for all n, then Z a,, is also divergent.
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— Comparison Tests -

An

- Limit Comparison Test If lim — = ¢ where ¢ > 0, then either both series converge or both diverge.
n—oo n
o0 . Remainder Estimate
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If the alternating series 21( )" "bn = b1 — by + b3 — by + (b > 0) If s = E (—=1)""'b,, where b, > 0, is the sum of an alternating series that satisfies
n—
-~ R AR ERE
bpi1 < b, foralln b <b d lim b. —
- =T N NIRRT (VAN Nely — =4 . o o N . . 1 > an 1m _0
RIS i/x BRERRE) satisfies the conditions Lm b — 0 then the series is convergent. "t " n—oo
i nooo then |Rn‘ — |3 — 3n| < bn+1
| ~ EREINBEMERUE - BIRAREUNER (LS R AR BUAB £ IR } BE BRI ELE - A
. \ — R AR EX
Test for D EFz = - &
| TestforDivergence (RT3 (SRS IBE) ( Miféﬁiﬁ;ﬁw " } I B T L B B ) |
It lim a, doesn't exist or if lim a, # 0, - ERMMBHEEEE > ANAS BRI ERK { TR
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then the series is divergent. RIS _
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If lim | ntl | = L < 1, then the series is absolutely convergent.

n—oo QA

. An+1 . An+1 . . .
- Ratio Test If lim | =L >1or lim | | = 00, then the series is divergent.

n—oo Ap n—oo Ap

: a : .. :
If lim |[—*1| =1, the Ratio Test is inconclusive.

N5 Ratio Test BRZR1 >
o P AEE ;R Root Test >
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n—00 an,

If lim {/|a,| = L < 1, then the series is absolutely convergent.
n—oo

“RootTest If lim 47/|a,| = L > 1lor lim {/|a,| = oo, then the series is divergent.
n—oo

n—oo

If lim 4/|a,| =1, the Root Test is inconclusive.

Ratio Test (RE M)
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Root Test
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For a power series, there are only three possibilities :
® 1. The series converges only when x = a.
- l—‘ﬂI .
2 9. The series converges for all x.
3. There is a number R > 0 such that the series converges if |x — a| < R and diverges if |z — a| > R.
1 2 > n
~ Geometric Series 1 _ 2 =1 L L v = nz_ox ‘CE‘ <1
If the power series Z c,(z — a)” has a radius of convergence R > 0,
o0
PSH’J?@&%&TﬁE@ L ’fthH/‘J fﬁﬁ%ﬁﬁ ) then the funCtiOH f defined by f(aj) = Cp + Cl(fﬂ — a) R — Z Cn(.fl? . a)n po ” = .
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ﬁ‘ﬁllﬁi fﬁj{]ﬁ FEIEJ El’\] EF' Eﬁ JZ\Z% P.S. El’\] E[Il I Co is differentiable on the interval (CL L R, a + R) and ml 2.Approximating Functions by Polynomials.

! Power Series 00 N N, ,
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; MATBBER 1 f'(z) = c1 + 2c2(x —a) + -+ = Y nca(z —a)"’

E n=1

2 (z — a)? . (z—a)""!
| B4R (Power Series » @& PS)) : a(r — e\ 2./ z)dx = C + co(lx — a + ¢ ... =C+ C
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The radii of convergence of the P.S. in 1 and 2 are both R.

If f has a power series representation at a, that is, if

f(x) = ch(w —a)" |r—al <R
—— n=0
® s then its coefficients are given by the formula BB AR H M R DR RS e — € LS kg -
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If f(x) = T,(x) + R,(z), where T, is the nth-degree Taylor polynomial of f at a, 7}13({)10 nl 0 foreveryz c R
~® B2 andif lim R, (z) = 0 for |z — a| < R, then f is equal to the sum of its Taylor series on the interval |z — a| < R.

n—oo

If | f "V (2)| < M for |z — a| < d then the remainder R, (z) of the Taylor series satisfies the inequality

~ @ Taylor's Inequality M nt-1
- Taylor and I\/Iflclaurin Series - ‘R”(w)‘ < (,n + 1)! ‘:B N a’ for ‘ZB N a’ < d
I 1 2 - n
< ¢ - —1+zxz+=x +---:Zx z| <1
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R A (1) i Z L for all x
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