Parametric equations are equation such that x and y are both

: : : Each t determines a point (x, y). As t varies, (z,vy) = (f(t), g(t)) varies
Parametric Equations functions of a third variable ¢ (call a parameter): B Parametric Curve BOIGHE, ) , (2,9) = (f(2), 9(2))

L = f(t)7 y:g(t)a S [avb]'

and traces out a curve, which we call a parametric curve.

The curve traced out by a point P on the circumference of a circle
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as the circle rolls along a straight line is called a cycloid.

Cycloid
HEAR
Z28biaE
We choose the angle of rotation 6 of the circle (§ = 0 when P is at the origin)
as parameter. From the figure, we can know that |OT| = arc PT = 6.
Therefore the center of the circle is C(r6, r). Let coordinates of P be (z, y).
iz r=|0T| — |PQ| =170 —rsinf
Then from the figure we see that {y — |TC| - |QC| = r — rcosf Therefore
arametric equations of the cycloid are 4 © r(6 —sin6) 0 cR
: B 4 y = r(1 — cosb) '
Suppose f and g are differentiable functions and we want to find the slope of a tangent line at a point on the parametric curve ]
r = f(t), y = g(t), where y is also a differentiable function of . Then the Chain Rule gives
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Verify that the following examples satisfy the equation f'(0) = ¢'(0) =0
] i dy — 0> [l CH KT - and that the given description holds at the point where £ = 0.
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We know that the area under a curve y = F(z) froma tobis A = / F(x)dz,if F(z) > 0.
. . r = f(t)
If the curve can be traced out by the parametric equations y = g(t)’ a<t<pg, then
we can calculate an area formula by using the Substitution Rule for Definite Integrals as follows:
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Let y = F(x) be corresponding Cartesian equation. Suppose a < x < b corresponds to a < t < 6.
(1) If t = « derives leftmost endpoint, then (2) If t = B derives leftmost endpoint, then
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Area Under Parametric Curves
#%) Find the area enclosed by the astroid.
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A:4/ ydzx 4 times area under y fromx = 0tox =1
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=4 / sin® t)(3 cos® tsint) dt Substitution for y and dz
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Cartesian Coordinates B 8
If curve C is given by = = f(t), y = g(t), a <t < 8, where f' and ¢’ are continuous on [, f]
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and C is traversed exactly once, then length of C'is L = / \/ (d_f)Q - ( di )2 dt.
. . . x(t) = cost z'(t) = —sint )
\ Parametrizing the unit circle by setting {y (£) = sint’ t € |0,27], we have {y’ () = cost
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and the arc length formula gives L(C) = / V/sin?¢ + cos2 tdt = / 1dt = 2. HAEEARE R KN & LERE&BMNER  B—FHAEERGE—F » 12
g% Calculate the circumference of the unit circle. ¥ t o ’ » > inop | o A fE éii T B WA WA R R Y 3R AT R 2 Bk B AR B 7 3K
Parametrizing the unit circle by setting {w(t) _ C-OSQt , t € |0, 27|, we have {w’ (t) _ 2_ Sl;t T L= > Rl L HMm BT ERRAF — kil 4% > HEEZH2HTEENRE R >
friti y(t) = sin /() =205 A A 2 B A 50 0 5 T K
and the arc length formula gives L(C') = / V4sin? 2t + 4 cos? 2t dt = / 2dt = 4r.
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Arc Length
Suppose that C'is the graph of a continuously differentiable function y = (x), = € |a, b|.
We can parametrize C by setting {Z;((f)) B ; (t) t € a,b]. Since z'(t) = 1and y'(t) = f'(¢),
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MRS R AR gives L(C / \/ 1+ )]2 dt. Replacing t by x, we can write: L(C / \/ 1+ )]? d.
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H e H 7 Cis the graph of a continuously differentiable function y = (x) A5 > H % H AR A S 18 BE Hl !
Calculus with

Parametric Curves
For a parametric curve C given by z = f(t), y = g(t), where f' and g’ are continuous
we let s(t) be the arc length along C from an initial point (f(«), g(a)) to a point (f

Arc Length Function
on C'. By formula, the arc length function s for parametric curves is s(¢ / \/ | )2 du

If curve is given by z = f(t),y = g(t) a <t < b and is rotated about x—axis,

where f', ¢’ are continuous and g(¢) > 0, then resultmg surface area S is M LL&E x il 2 1] - Suppose that C'is the graph of a continuously differentiable nonnegative function y = f(z), = € |a, b].
/ 2y \/ dm )2 )2 g We can parametrize C by setting {Z;((f)) : ; (t) t € a,b]. Since z'(t) = 1 and 4/ (t) = f'(t), the area of surface generated by revolving C about the z axis is
Surface Area o ERD ATUEER b
If curve is glven by ¢ = , a4 < t < b and is rotated about y—axis, given by the formula A = / 2mys/ 1 + [f'(t)]? dt. Replacing t by x, we can write: A = / 2 f(z)4/ 1+ [f'(x)]? dx.

where f', g' are contmuous and f > 0, then resultmg surface area S is
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If a curve C'is given by r = f(0), we can write parametric equations for a polar curve » = f(6) as follows dy
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Let R denote the region bounded by r = f(6), 8 = a and 6 = b,
where f(6) > 0and 0 < b — a < 27. Then the area A of R is

Area
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If a curve C'is given by r = f(0), we can write parametric equations for a polar curve » = f(6) as follows
r=rcost = f(f)cosf, y=rsind= f(0)sinf (BIEKEHEMALIETFHSETER)

7‘% {% — 32 cos@ — rsin @ Using cos? §+sin? = 1 dx | dy

A curve with polar equation r = f(6), a < 0 < b, is
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