ZHT AR T AETIAR > M T DL OISR AEAREER > ST o The idea behind linear approximations are sometimes formulated in the terminology and notation of differentials.

If y = f(x), where f is a differentiable, then the differential dz is an independent variable;

Linear Approximation If f is differentiable at x = a, M Differential that is, dx can be given the value of any real number.
then the approximating function L(z) = f(a) + f '(a) (z — a) is the linearization of f at a. The differential dy is then defined in terms of dz by the equation dy = f'(z)dz
The approximation f(x) ~ L(x) is called the linear approximation of f at a. so dy is an dependent variable; it depends on the values of z and dz.

c is the solution of the equation f(x) = 0. We can approximate c as follows:
Start at 1. The tangent line at (z1, f(z1)) intersects the x-axis at a point x
#2 which is closer to ¢ than x;. The tangent line at (x2, f(x2)) intersects the z-axis
at point x3 which in turn is closer to ¢ than x5. In this manner, we obtain numbers
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T1..o. . T which more and more closelv approximate c.
The method of locating a root of an equation f(x) = 0 Lyweeo o Sntls y app
Newton's Method |

is call the Newton-Raphson method.

Suppose that f is twice differentiable.
1. Make an initial estimate z; € (a,b) that is close to c. (f(z)f"(x) > 0 for all  between c and z.)

fria : L . . . . T
2. Determine a new approximation using the iterative relation: , 1 = =, — f(zn)

f'(zn) |
3. When |x,, — x,, 11| is within the desired accuracy, let x,. 1 serve as the final approximation.
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Suppose f and g are differentiable and g'(x) # 0 on an open interval I that contains a (except possibly at a).
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Let ¢ be a number in the domain D of a function f. Then f(c) is the
~i@u3tEE - (Absolute) Maximum value of f on D if f(c) > f(z) for all x in D.
- (Absolute) Minimum value of f on D if f(c) < f(x) for all z in D.

The number f(c) is a
-BEiEE - Local Maximum value of fif f(¢) > f(x) when z is near c.
- Local Minimum value of f if f(¢) < f(x) when « is near c.
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- If f(x) = x°, then £'(0) = 0, but
f has no maximum or minimum.

If f has a local maximum or minimum at ¢ and f'(c) exists, V&2a0 c /PRIQ; JFQRISEP
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then f’(c)=0. 2 FREE () RTFHE - thARIAEE R ERIE(E |

~ @ Fermat’s Theorem

If f(x) = | x|, then f(0) = O is a mini-
= mum value, but f'(0) does not exist.
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® A I > 7] LI Fermat’s Theorem B ik | Critionl Numb A critical number of a function f is a number ¢ in the domain of f
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If f has a local maximum or minimum at c, such that either f'(c) = 0 or f'(c) doesn’t exists.

then c is a critical number of f.
Let f be defined on an interval I.

~E% 1. fisincreasing on [ if for all z1, x5 € I, 1 < x2 implies f(x1) < f(z2). |
2. f is decreasing on [ if for all 1, x5 € I, 1 < x2 implies f(x1) > f(x2).

A function that is increasing or decreasing on an interval
is said to be monotonic on the interval.

~ Increasing/Decreasing - Let f be continuous on a closed interval |a, b] and f be differentiable on an open interval (a,b).

s 1.If f'(x) > 0 for a,f.z. z € (a,b), then f is increasing on |a, b]. gE@EERg;ﬁﬁ1pa;§gzgﬁﬁ¢%¥q¢@1§,
2.If f'(x) < 0 for all z € (a,b), then f is decreasing on [a, b]. . ﬁiﬁfﬁgér#;ag;rg::fvilve et
3.If f'(z) = 0 for all z € (a,b), then f is constant on [a, b]. SREEFHAIE Critical Number 2EHBEIE( |
~ ARG E - Suppose that cis a critical number of a continuous fumction f.
e -_ @ The First Derivative Test 1.If f' changes from positive to negative at ¢, then f has a local maximum at c.

(HABEBESED 2 If f' changes from negative to positive at ¢, then f has a local minimum at c.
3.If ' is positive to the left and right of ¢, or negative to the left and right of c, then f has no local extrema at c.

Let f be ditfferentiable on an open interval 1.
~#% 1.The graph of f is concave upward on I if f' is increasing on I.

s Concave | 2.The graph of f is concave downward on I if f' is decreasing on I.
Upward/Downward

- 1. If f"(z) > 0 on an interval I, then the graph of f is concave upward on I.
" 2.If f"(z) < 0 on an interval I, then the graph of f is concave downward on 1.

Let f be a differentiable on an open interval containing c.
- Inflection Point The point (¢, f(c)) is called an inflection point of the graph of f
if the concavity of f changes from upward to downward or downward to upward at this point.

Suppose that " is continuous near c.

The Second Derivative 1. If f'(¢) = 0 and f"(c) > 0, then f has a local minimum at c.
() Test , y . ol &% ZH The First Derivative Test !
shammEsz2) 2. 1f fi(c) =0and f7(c) < 0, then f has a local maximum at c.

3.If f'(¢) = 0 and f"(c) = 0 or doesn’t exist, then the test fails.
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If f is continuous on a closed interval|a, b,

we can follow below to find the absolute maximum and minimum :

asiEE - @ The Cll\jlsii Irclitefval 1.Find critical numbers of f in (a,b).
- ABEIMRE etho . : :
; shaesmEss1) 2.Evaluate f at each critical points in (a, b).
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3.Evaluate f at the end-points in |a, b). W T 7 R AR A B

4.Compare the values of 2 and 3. (8 L8{H J & KB 2 4B E 18 K H 5 &/ 2B E W/ NME ! ) SLAIE IS o SAVELT |

. _ Suppose that c is a critical number of a continuous function f defined on an interval.

The First Derivative Test , , . .
-@® for Absolute Extrema 1.If f'(2) > O for allz < cand f'(x) < 0 for all z > ¢, then f(c) is the absolute maximum value of f.

 BEIEIE TS : .
BBHBESEZ) 9 1p f'(z) < O0forallz < cand f'(x) > 0 for all z > ¢, then f(c) is the absolute minimum value of f.
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Intervals of Increase or Decrease : % PR E RV IE L 3B & RS

Local Extrema : JH Critical Numbers Bi—xEEH B L H S ERR{E
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Sketch the Curve : 438 LI EE
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