Let X and Y be given sets. A function f: X — Y consists of two sets X and Y
together with a “rule” that assigns to each x € X a special element of Y denoted
by f(z). One writes f(x) to denote that x is mapped to the element f(z).

Definition X 1S called the domain (5% #F 1) of f, and Y is called the target or co-domain of f. —
The range ({E1#,) of f or the image of f, is the subset of Y defined by f(X) = {f(z) | z € X}.

P.S. We will frequently use the notation f : X — Y for a function.

Onto (Surjective) A funcion f : X — Y is said to be onto if range f =Y .-
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A function f : X — Y is called one-one
if whenever x1, x2 € X and x; # xo, then f(z1) # f(x2).

One-One (Injective)

not one-one

one-once

Bijection A funcion f : X — Y is called an bijection if it is one-to-one and onto.

Let X,Y,and Z besetsand f: X — Y and g: Y — Z be functions.
Composite Function By following f with g, we obtain a functiongo f: X — Z
called the composite of g and f. Thus (go f)(z) = g(f(z)) Vx € X

A function f: X — Y is said to be invertible

: Y (fog)ly) =y VycY
Invertible Function

If such a function g exists, then it is unique and

g Functional composition is associative but not commutative.

1. f is invertible < f is bijection
B Theorem 2. If f: X — Y is invertible, then f ' is invertible, and (f ') = f.

. . . . . . . 1 _ -1 1
is called the inverse of f. We denote the inverse 3.If f: X — Y and g: B — C are invertible, then g o f is invertible, and (g o f) frog .

of f (when it exists) by f .

Let f be a function defined on some open interval that contains the number a,
= except possibly at a itself. We write lim f(x) = L if for every € > 0

FER r—a
there is a number § > 0 such that if 0 < |x — a| < d then |f(z) — L| < €.

lim f(x) = L if for every € > 0 there is a number § > 0
~Left-hand Limit £—7¢

such thatif a —d <x <a then |f(z)—-L|<e
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B EE - B lim f(z) =L ifandonlyif lim f(x)=L and lim f(z)=1L
lim f(z) = L if for every € > 0 there is a number § > (0 | G o o
- Right-hand Limit £—@"
such thatif a <z <a+4d then |f(x)—L|<c¢
~ ERBRAE
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lim f(z) =0c0:VM >0, >0 suchthatif O0<|z—al<d then f(z)>M
r—a
e lim f(x) = —00:VN <0,36 >0 suchthatif 0<|z—a|]<d then f(z)< N
r—a
- Infinite Limit - The vertical line x = a is called a vertical asymptote of the curve y = f(x) ]
if at least one of the following statements is true :
-FEHiEg lim f(x) = oo lim f(x) = o0 lim f(z) =00 -
r—a T—a_ T—04
lim f(z) = —o0  lim f(z)=—-co  lim f(z)=—o0
Suppose that lim f(x) = L, then 36 > 0, M > 0 such that
~ 1SRRIV ERA BRI T
if 0 < |z — a| < é then |f(z)| < M.
- @® If f(z) = g(z) when = # a, then lim f(z) = lim g(z), provided the limit exists. +---------==-=========mmmmmmmmmmooes
r—a r—a
~ Proposition - ,.iiirolb f(a:) T g(:z:)] =L+tM ]

lim [ cf(x) | = cL

lim [f(2)g(2)] = LM
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W 7% Limit Laws > 3 7] DL 48 If f is a polynomial or rational function

hat ci d
Suppose that c is a constant an lim[f(z)]" = L" wheren € N

- ® LimitLaws 1o Jimits lim f(r) = L and lim g(z) = M. T z—a
r—a

z—a L - and a is in the domain of f, then lim = f(a).
1im f(ﬂf) _ W1fM7é0andL7éO f m—>af( ) f( )
z—a g(x) doesn’t exist if M = 0
lim / f(z) = YL wheren € N
- r—a

If n is even, we assume that L > 0.

Let p > 0. Suppose that, for all z such that f(x) < g(z) < h(x) when 0 < |x — ¢| < p.

—Theorem — @ Squeeze Theorem
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BB MRE lim f(z) = L means that for every € > 0 there is a corresponding number N such that if > N then |f(z)—L|<e¢ A4 kPR 77 A B T —
1R fR B 3 45 e | T W All the Limit Laws are true when we replace lim by lim or lim .
lim f(x) = L means that for every ¢ > 0 there is a corresponding number N such thatif x < N then |f(zx)—L|<e¢ . _ o e rmee e
L ——00 Il That is, the variable x may approach a finite number ¢ or +o0.
1. If » > 0 is a rational number and ¢ € R, then lim - 0.
z—00 " SRR B RS R AR

h
If lim f(x) = lim h(z) = L, then limg(z) = L.
r—rC r—rC

r—C

-Theorem — 2. If » > 0 is a rational number such that =" is defined for all x and c € R,

C
then llm — = 0.
z——oo T’

The straight line y = mx + k is an asymptote of the graph y = f(x)
if lim (f(x) —max—k)=0 or lim (f(z)—mz—k)=0
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JK - 3 £R ) € F2 T DL ili—The liney = L
is a horizontal asymptote of curve y = f(x) if
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~ Definition The straight line y = max + k is called a horizontal asymptote of . .
. : lim f(z) =Lor lim f(x)= L.
the graph of f if m = 0, and is called a slant asymptote of the graph | =S T——00
of fif m #£ 0.
If y = mx + k is a slant asymptote of the graph y = f(z),
- Limit at Infin om0+ then m = lim fz) or m= lim fz) #l Ry = f(z) TRy =mz +k+ g(@)
imitatInfinity | o EHE75% T oo T i J 757 B lim g(z) =0 MIHA A y = mae + kLA !
and k= lim(f(z) —mz) or k= lim (f(z)— mx).
T —00 L—r—00
x
# lim f(x) =L %7 > Hl m = lim f(@) =0
L— 00 T—00
UTUIRU  C) e 2 - _
“BeWAE A M = 11_>m " HIEHAZRR 0 | lirglof(w) = 400 o

_ lim f(x) =0c0:VM >0,dN >0 suchthatif >N then f(x)> M
r— 00
_ lim f(z) = —c0: VM <0,7N >0 suchthatif >N then f(z)< M
r— 00
- Infinite Limit at Infinity -
. lim f(z)=0c0:VM >0,dN <0 suchthatif <N then f(x)>M
r— —00
L lim f(z) = —o0: VM <0,N <0 suchthatif <N then f(z)< M
r— —00
liml=1
r—a
limz =a
r—a
-lim |z] = |a)
r—a
lim =Y — 1 for each number a # 0
-EE®RRH z—0 ax
- lim 222 — 0 for each number a + 0
1 —
- lim CP% _ 0 for each number a #+ 0
x—0 axr
— 1
C lim 2229 = (0 for each number a # 0

7o g A function f is continuous at a number a if lim f(z) = f(a)
r—a

A function f is continuous from the right at a if lim f(x) = f(a)

- B IREE . . . . ‘f%‘ﬁ B f is continuous at a iff f(a), le_ f(x), li_)m+ f(zx) all exist and are equal.
A function f is continuous from the left at a if lim f(z) = f(a) z—a z—a
r—a
-8 - -

A function f is continuous on an interval if it is continuous at every number in the interval.
-7z Eg (If f is defined only on one side of an endpoint of the interval, we understand continuous at the endpoint to mean
continuous from the right or continuous from the left.)

- i@ A function f is continuous everywhere if it is continuous at its domain.
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If f and g are continuous at a and c is a constant, then the following functions are also continuous at a :

1. f+g Zq?SJbz¢§ifﬂ@#ﬂ

~ Proposition - -

If f is continuous at b, and lim g(x) = b

® then lim f(g(2)) = £(b).

If f is continuous at g(a) and g is continuous at a (lim g(z) = g(a)),
g Corollary T

In other words, lim f(g(z)) = f(lim g(x))

r—a r—a

then glcliré f(g(z)) = f(g(a)). That is f(g(x)) is continuous at a.

Suppose that g is continuous on the closed interval |a, b]
~@® Intermediate Value Theorem and let N be any number between f(a) and f(b), where f(a) # f(b).
= Then there exists a number c in (a, b) such that f(c) = N.

—Theorem - . . . \
If f is continuous on a closed interval |a, b|,

Balzano's Theorem 1f f 1S continuous on [a, b] and f(a) f(b) < 0,
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- @® Extreme Value Theorem then f has both a minimum and a maximum on the interval. then there exists ¢ < (a,b) such that f(c) = 0.
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~ Polynominal Function

~ Rational Function

~ Root Function

-EERE F—TFEEBKEN + Logarithmic Function
— Exponential Function

— Trigonometric Function

- Inverse Trigonometric Function



