814.3 Partial Derivatives
% Partial Derivative (i % #c) fx (a, b) of f with respect to x at (a, b).

Definition :
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Notation :
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Example 1 :
Let f(x,y)=x*+xy+y?, find f,, f, f,, f,, f,, f,.

Solution :

fo=2x+y (@ yE ¥ BHiEcs)
f,=2y+x(F= x§ ¥ fiyies)
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Example 2 :
f (x,y,2) = xyz, x >0, find f,(2,3,0).



Example 3 :

2x% +3y*(x* +¢)
f(x,y) = X—y ’
0 ,X=Y

Y Find £.(0,0)

Theorem :
(i). (Clairau’s Theorem)
If f.y and f,x are continuous on a region D, then

f,,(a,b) = f, (a,b)forand (a,b)e D.
(). f,, =((f,), )y, o+ fy are continiouson D, then

fy(a,b)=f,,(ab)=f,(ab)for (ab)eD.

Example 2 :
2 2
Letu(x,y)=e"siny. Prove that Au ::a—l;+a—l2J =
ox~ oy
Proof :
u,=e’siny u, =e’cosy
u, =e*siny u, =-e*siny
=u, +u, =0 (Laplace's Equation)
Example 3 :
o%u o%u
Letu(x,t)= f(x—at). Prove that —-=a’—..
()= ) ot? OxX?

Proof :
u, =-af'(x—at) u, =f'(x—at)
u, =a’f"(x—at) u,=f"(x-at)
=t, =a’u, (WaveEquation)

Example 4 :
Let xyz = cos(x + y + z). Find a ot
ox oy
Solution :

¥z fed i xqey b bz RHhak
(Take partial derivative with respect to x )
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= yz+ xygz (=sin(x+y+ z))(%ﬂj

oz —sin(x+y+z)-yz

ox  xy+sin(x+y+z)

Similarly,

0z —sin(x+y+2)-xz
= == _

y  xy+sin(x+y+z)

Example 5 :

1
f(x,y)=(x*+y® e Find f,(L0).

Solution :

F(x0) =% =x= f'(x) =1
- f (1,0)=1.
(f,(L0) Ry & 2_Z 0%xerpie 4.)

Example 6 :

X3y —xy®
XIZX " (x,y) = (0,0).

f(x,y)=9 x“+y
0 , (X, ¥)=(0,0).

(1) Find f,(x,y), f,(x,y)for (x,y) # (0,0).
(2) Find f,(0,0), f,(0,0).

(3) Find f, (0,0, f,,(0,0).

Solution :
(1) For (x,y)=(0,0), we have

4

Xy Ay —yP f(x y):xf’—4x?’y2—xy |

f.(xy)= —— ;
(x2+y2) (x2+y2)

(2) By definition, we have

f(h,0)-f(0.,0) _ 0
h

f,(0,0) = lim

h—0

0

f,00)=lim £(0, h); £(00) _



3)

Let
X'y +4xPyd —y® 00
o) = N ={ (v’ (x.y)#(0,0)
0 , (x,y)=(00).
-h*
= gy(0,0) = fxy (0,0) _ Ihlgg Q(O,h);g(0,0) _ hh4 _
Let
X* —4x’y* —xy* 0,0).
h(X,y): fy()(,y): (X2+y2)2 ) (X,Y)i( ) )
0 , (% y)=(0,0).
|5
= hx (0,0) = fyx (0,0) = lﬂ]w — % =1.

Since f,(0,0) = f, (0,0), by Clairaut's Theorem

f,, and f , are not continuous near (0,0).

Check :
If (x,y)=(0,0),thenfy (X, y)andfy (X, y)~==* ~ &+
B d VBT o

= Ilim f_(x,y)and Ilim f (X, y)donotexist.
(x,y)—(0,0) Xy( ) (x,y)-(0,0) yX( )



