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Identically distributed summands 27.1

e Central limit theorem: The sum of many independent random variables
will be approximately normally distributed, if each summand has high proba-
bility of being small.

Theorem 27.1 (Lindeberg-Lévy theorem) Suppose that {X,}°, is an
independent sequence of random variables having the same distribution with mean

c and finite positive variance . Then
O’\/ﬁ

where N is standard normal distributed, and S,, = X7 + - -- + X,,.

= N,




Idea behind the proot

Proof:
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e Without loss of generality, we can assume that X,, has zero-mean and unit

variance.

e The characteristic function of S,,/y/n is then given by:
15 [eitsn/ﬁ} _E [eit<xl+---+xn>/\/ﬁ]

B [ 6z'tX/\/ﬁ}

4(5)

e By the continuity theorem,

Theorem 26.3 (Continuity theorem)

X, = X if, and only if x, (t) = @x(t) for every t € R,

we need to show that

t 2
I; n _ 172
oo £ (\/ﬁ) e |

li 1 ! t*
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n—00 & |PX \/ﬁ 9

or equivalently,
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Lemma If E[|X*|] < oo, then

P (0) = *E[X").

e By noting that px(0) =1, ¢’y (0) = 0 and ¢%(0) = —1,

l t
lim nlogpx(t/v/n) = lim%ﬁ(s) (s =1/+v/n)
n—00 5—0 S
 Pi(ts)
= th(tS) (L’Hospital’s Rule)
5—0 25
2 (90’;’((?58)90)((758) — [90’(758)]2)
2
= lim 24G)
5—0 2
t2
-2




Generalization of Theorem 27.1 274

e Theorem 27.1 requires the distribution of each X, being identical.

e Can we relax this requirement for the central limit theorem to hold?
Yes, but different proof technique must be developed.



[llustration of idea behind alternative proof 275

Lemma If X has a moment of order n, then
L (it)k i [ X 2k
e(6)= D grBX"| < Blminq s =

k=0
_ [RPTEXPY 2B
- (n+1)! n! '

(Notably, this inequality is valid even if E[|X|""1] = co.

Suppose that E[|X|?] < co. (The assumption is simply made for showing the idea
behind an alternative proof).

With F[X] =0 and F[X?] =1,

()= (-5)

IA

B [mm{‘tX!?’ t_XH _ It BIXP

6n3/2’ n —n32 6
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Lemma 1 Let zq,..., 2, and wy,...,w, be complex numbers of modulus at
most 1; then

m
\zlngx...xzm—wlxngu'xwmlSZ\zk—wk.
k=1

Proof: As
21 X Zg X+ X Zm — W X Wy X+ X W
= 21X 2 X X Zy — W X 29X oo X 2y FW X 29X X Zyy — W X Wy X+ X Wy,

= (21 —wy)(za X -+ X 2Zp) Fwi(2g X - oo X 2y — Wy X -+ X Wyy),
we obtain:

|21 X 29 X+ oo X 2 — W1 X Wy X v+ X Wy

(21 —w1) (29 X -+ X 2Zp) Fwi(29 X -+ X Zyy — Wa X+ X Wy

(21 —w1) (29 X -+ X 2Zp)| + |wi(zg X -+ X 2 — W X -+ X Wy

IA A

|21 —wy| + |22 X oo Xz — Wy X - X Wy

The lemma therefore can be proved by induction. |
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With the lemma and considering those n satisfying n > t2/4,

(5w (-3) [ = ol (G5) - (-5)
i BlIXP

n3?2 6
t]° E[|X]%] oo

— 7 O
vn o 6
The central limit statement can then be validated by:

9 n
(1 + — /2) e 12,

n

n

IA

n X




Exemplified application of central limit theorem 279

Example 27.2 Suppose one wants to estimate the parameter o of an exponential
distribution on the basis of independent samples X1, ..., X,,.

By law of large numbers,

1 1
X, =—(X1+ -+ X,,) converges to mean — with probabiity 1.
n o)

As the variance of exponential distribution is 1/a?, Lindeberg-Lévy theorem gives

that
X +Xo+ -+ X, —n/a

Vija

= ay/n (X, —1/a) = N.

Equivalently,

lim Pr [aﬁ (Xn _ é) < x] — o(z),

n—oo

where ®(-) represents the standard normal cdf.
Roughly speaking, X, is approximately Gaussian distributed with mean 1/a and
variance 1/(a*n). Notably, this statement exactly indicates that




Exemplified application of central limit theorem
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such that:
1. they are both defined on common probability space (€2, F, P);
2. PrlY, <y] = pn(—00,y] for every y;
3. PrlY < y| = p(—o0,y] for every y;
4. limy, 00 Yn(w) = Y (w) for every w € (.

Theorem 25.6 (Skorohod’s theorem) Suppose p, and p are probability
measures on (R, B), and p,, = p. Then there exist random variables Y;, and Y

By Skorohod’s Theorem, there exist Y;, :  — R and Y : 0 — R such that
lim av/n (Y,(w) —1/a) =Y (w) for every w € Q,

n—o0
and Y,, and Y have the same distributions as X,, and N, respectively.
As P ({w €O limy, o YVplw) = 1/04}) =1,

(o) o 2 0 g Vi)

a \Y,(w) aY,(w) a-(1/a)

where —Y is also standard normal distributed.

- _Y(w)a




Exemplified application of central limit theorem 2710

@(XL_OO:N'

Q n

This concludes to

In other words, 1/X,, is approximately Gaussian distributed with mean « and

variance o /n.
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Definition A triangular array of random variables is

Xi1 o Xipy
Xo1 Xog - Xopg—1 Xory
X31 X392 X33 -+ X3y X3ps 1 X3py

where the probability space, on which each sequence X, 1, ..., X, 1s commonly

defined, may change (since we do not care about the dependence across sequences. )

e A sequence of random variables is just a special case of a triangular array of
random variables with r, = n and X,, 1 = Xj.

Lindeberg’s condition For an array of independent zero-mean random variables
Xn71’ .« o . ’Xn77f'n7

n

. 1 2 . 1 2
2o Hx|>gs]xdFX””“(x):7}5§o a2t [X”vk[“Xnvk'Z“”] -
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Theorem 27.2 (Lindeberg theorem) For an array of independent zero-mean

random variables X, 1, ..., X, , if Lindeberg’s condition holds for all positive e,
then S

— = N,

Sn

where S, = Xp1+ -+ Xy pr .

Discussions
e Theorem 27.1 (Lindeberg-Lévy theorem) is a special case of Theorem 27.2.

e Specifically, (¢) r, = n, (17) X, = X, (¢47) finite variance, and (7v) identically
distributed assumption give:

SR 1
lim > — B [Xilxzeovm] = im B [XPl e0ym)] =0,
k=1

n—00 n—00 0‘2

where 0? = E [Xﬂ
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Proof:

e Without loss of generality, assume s, = 1 (since we can replace each X, ;. by
Xn,k/sn).

Hence, Lindeberg’s condition is reduced to:

. - 92 . u 2
lim Z/ r°dFx,,(z) = JLIEOZE [ka[HXn’k,zg]} = 0.

e el k=1

e Since F[ X, ;| =0,

1 .
o, (1) — (1 - §t2E[X5,k]> | < E [min {[t X1, [t X0 k]*}] < o0.

Lemma If X has a moment of order n, then

o) — E”: (z‘t)’“E[Xk] < B lmm{yt)qml Q‘tX’n}]

—~ k! (n+1)!" nl

( < E [min {[tX|"*, [t X]|"}] forn > 2).
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e Observe that:

E [min {[t X4, [t X017} = / min {|tz|’, [tz|*} dFx, ()
(] <e] 7

+ / min { |tz|’, |tz|*} dFy, ()
(] >e] |

g/ tef*dFy () + / te2dFy (x)
Jel<] | |

[|[>¢]

< |te \tx]2dFXn’k(a:)+/ \tx]2dFXn’k(a:)

[|z]<e] [|z|>€]

< e|tPEX; ]+t / v*dFx, (z),

[|[>¢]

which implies that:

Tn

1 'n
> [exal) - (1= 3PEXE)| < S EIXE, +t22 [ s
h=1 k=1 [|z]|>¢]
R / 2dFy, ().
p—1 v llz[=e]
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As € can be made arbitrarily small,

O 1, 2
7}13;0; ox,,(t) — (1 5t E[Xn,k]>| =0.
e By
= = 1, 2 . 1, 2

H @Xn,k(t) - I — it E[Xn,k] < @Xn,k(t) — | 1- it E[Xn,k]
k=1 k=1 k=1
we get:

. 'n 'n 1

lim H o, (1) — o (1 —5tF [Xi,ko ‘ =0.

(Hint: Is this correct? See the end of the proof!)

)

It remains to show that

T 1 2 22
nll_}H()log (1 — 51& E[Xnk]) —@ "~




Lindeberg Theorem

n 1
o t/2 _ H (1 — §t2E[X72l,k]> | =

k=1

IA

27-16

For each complex z,

(0.¢}

’Z‘k—2

e* —1—2| < ’Z‘QZT
k=2

IA

IA

IA

1
35 Lep R s = et

1

e WZEQ (by BIXZ ] < s =1)
1 4 t2/2 2 . 2

lt4€t2/2 max E[X?2,]

A 1<k<ry mk
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e Finally,

which implies that

1<k<ry, 1<k<ry,

5+Z/ 2alFXk)

1<k<ry, ” l712e]

max E[X; ;] < &+ max / *dFy, ()
(] >e] ’

IA

The proof is then completed by taking arbitrarily small € and Lindeberg’s
condition. O

( - %tQ E [ng]) is a complex number of modulus at most 1 for t* < 4/E [X72zk:] T oo

Converse to Lindeberg theorem

e Give an array of independent zero-mean random variables X, 1,..., X, ,, .
If S,/s, = N, then Lindeberg’s condition holds, provided that

max E[X,,]/s; — 0.

1<k<ry,
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e Without the extra condition of

2 2
12}{;&;7(”” E[Xn,k;]/sn — 07

the converse of Lindeberg theorem may not be valid.

Counterexample Let X, ;. be Gaussian distributed with mean 0 and vari-
ance 1 for 1 < k < r, = n, and X,,,, be Gaussian distributed with mean 0
and variance (n — 1).

Thus,
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Then S, /s, = (Xp1+Xno+- -+ X,,) /s, is Gaussian distributed with mean
0 and variance 1, but

k=1 Sn J|x|>esn] ’ Sn J x| >esn]
_ 1 2L ey,
S5 [|2|>e5n] 2(n — 1)

SOl y——
2(n —1) ly|=er/2(n—1)/v/n—1]
where = =+vn — ly

1/ 2 1 _y2/2
= 3 Yy —=—=e 7 "dy,
2 Jiyzeva)” V2m

and hence Lindeberg’s condition fails.
Notably,

|
(n— 1)y’ ——e ¥ 2dy,

V21

E[X3,] (n—1) 1
max = max = —
1<k<n 52 1<k<n2(n —1) 2

does not converge to zero.
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Observation If X, ; is uniformly bounded for each n and k, and s,, — oo as
n — o0, then Lindeberg’s condition holds.

Proof: Let M be the bound for X, ;, namely Pr[|X, ] < M] = 1 for each
k and n. Then for any ¢ > 0, es, will ultimately exceed M, and therefore
f[ngsn] r*dF x, ;(2) = 0 for every n and k, which implies

Tn 1
§ —
>
k=1

*dFy ,(z) = 0.
| :

x|>esp,
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1 1
Example 27.3 Let Pr|Y, , = 1] = . and Pr]Y,, =0]=1— R

1
Let an/{; = Yn,k: — E[Ymk] = Yn,k: — E for 1 S k S n.

k-1
k2

kE—1
k2

2 _
,and s, =
k=1

Then E[X,;] =0, E[X?,] =

n—oo

Since | X, x| is bounded by 1 with probability 1, and s? —= oo, Lindeberg’s con-
dition holds.

The Lindeberg theorem thus concludes:

Xn,l"‘"""Xn,n o Yn,l"‘"'""Yn,n_Zzzl(l/k) —~ N

Sn VL Wk = (R
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Goncharov’s theorem:
Yn,l Tt Yn,n - 1Og(n)
log(n)

= .

Theorem 25.41f X, = X and X,, — Y, = 0, then Y¥,, = X.

Proof: Goncharov’s theorem can be easily proved by:

<Yn,l Fe ot Y, — 221(1/k)> Ly
Voo (k) = >0 (1/k?)

and

<Yn,1 o+ Yo — Zzl(l/k)> B <Yn,1 +- Y — 1Og(n)> =0
V2 i (k) = 3o (1/R2) log(n) |
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Discussions

e Lindeberg’s condition is quite satisfiable in the sense that it is the sufficient
and necessary condition for normalized row sum of independent array ran-
dom variables to converge to standard normal, provided that the variances are
uniformly and asymptotically negligible.

e [t however may not be easy to examine the validity of Lindeberg’s condition.

e A useful sufficiency for Lindeberg’s condition to hold is Lyapounov’s condition,
which is often easier to verify than Lindeberg’s condition (since only moments
are involved in the computation).

Lyapounov’s condition Fix an array of independent zero-mean random vari-
ables X, 1,...,X,,,. For some ¢ > 0,

n

: 1 240
Jon, 2 s B 1] =0,
k=1 "

where 57 = > 7"  E | X2, ].
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Observation Lyapounov’s condition implies Lindeberg’s condition.

Proof:

1 2
— r°dF x
Z 8721 /[x268n] Xn’k( )

IA

ER
dF'
> o () i
- 55282+5/ ’$’2+(5dFXn,k($)

[|z|>esn]

)
5252%/%’56’% dFXn,k(x)'
k=1 "

IA

[l

Theorem 27.3 For an array of independent zero-mean random variables
Xni,...,Xny,, if Lyapounov’s condition holds for some positive 9, then

Sn
— = N,
Sn

where S, = Xp1+ -+ Xy p
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Example 27.4 The Lyapounov’s condition is always valid for i.i.d. sequence with
bounded (2 + §)th absolute moment.

Proof:
A r B [ X471
lim ——E[|X*™] = lim
“%O,;S%” | b=t rn 2102 X2)

5/2

E[\lem] o
= lim r

EH0/2[X2] oo "
= (
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Example 27.5 (Problem of coupon collector) A coupon collector has to
collect 7, distinct coupons to exchange for some free gift.

Each purchase will give him one coupon, randomly and with replacement.

The statistical behavior of this collection can be described as follows.

e Coupons are drawn from a coupon population of size n, randomly and with
replacement, until the number of distinct coupons that have been collected is
T, Where 1 < r, <n.

e Let 5, be the number of purchases required for this collection.
e Assume that r,/n — p > 0.
What is the approximation distribution of (S, — E|[S,|)/+/Var[S,|?

We can also apply this problem to, for example, that r,, out of n pieces need to be
collected in order to recover the original information.
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Solution:

e If (k—1) distinct coupons have thus far been collected, the number of purchases
until the next distinct one enters is distributed as X, where

PrXp=j]l=0—p) 'pp forj=123_. .

n—(k=1) k=1
n

where p;. =

(Notably, we wish to see any one of the remaining n — (k — 1) coupons to
appear.)

¢S, =X1+Xo+---+X,,

1 —pi

1
o B X} = — and Var[X}] = —
Pk Py
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e Hence,
rn/n—1/n 1 n 1 n 1 n/n 1
n/ de < E[S,))=) —= 1 Sn/ dx,
S e ol o 1-w

which implies that

lim = 1.
nse0 n log[1/(1 — p)]
([ n Tn, 1 o pk Tn E
Var[S,] = Var[Xy] =Y ——=3 —"—,
k=1 = Dk k=1 (1 - T)
which implies that
Var[S,] Var[.S,]

= 1.

B [P/ = x)2de i nlp/(1 = p) +log(1 = p)]
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e Therefore, since Lyapounov’s’s condition holds for 6 = 2, i.e.,

, 1
JLHQOZS4 1 — B[] SJ:%kZS4 15

Z (2 = pi)(12 — 12py, +pk)
8% k=1 Pi

= lim
n—oo

1l
f 2o

24
= Jm 5 Z

24n Tn/” 1
n—oo 53 Jo (1 —x)1

IA

dx = 0,

<

we obtain:

Sp —nlog[l/(1 — p)]
Vnlp/(1 = p) +log(1 = p))

= N.
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Counterexample Lindeberg’s condition does not necessarily imply Lyapounov’s
condition.

Consider a sequence of random variables that are independent, and each has density

function
c

M= ioatm)
where c = e 2 =2 [Tt e dt ~ 0.0375343. ...

s foro > e~ 2.71828. ..,

[t can be verified that the i.i.d. sequence has finite marginal second moment

hence, Lindeberg’s condition holds.

However,

245 = c
E||X)] +]_/€ xw(log(x))zdx_c/l du=o

where v = log(z). Accordingly, Lyapounov’s condition does not hold!
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e Can we extend the central limit theorem to sequence of dependent variables?

Definition (a-mixing) A sequence of random variables is said to be a-mixing, if

there exists a non-negative sequence aq, s, s, . .. such that
lim «ap, =0
n—oo

and

sup  sup Pr[(X{ € H) A(X5, € G)]—Pr[X) € H]|Pr[X:%, € G]| < an.
k21 HcBkNGC B>

e Operational meaning: By a-mixing, we mean that X = (X, Xy, -, X}
and X<, = (Xougr, Xpgrg1, - - - ) are approximately independent, when n is
large.

e An independent sequence is a-mixing with . = 0 for all k =1,2,3, .. ..
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Definition A sequence of random variables is said to be m-dependent, it

(X, X)) and  (Xitkyn, - -+ Xivkinte)

are independent whenever n > m.

e An independent sequence is 0-dependent.

e A m-dependent sequence is a-mixing with o, = 0 for n > m.

Example 27.7 Let Y7, Y5, ... be i.i.d. sequence.
Define X,, = f(Y, Yoi1,. .., Yoim) for a real Borel-measurable function on R,

Then X, Xo, ... is stationary and m-dependent.
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Example 27.6 Let Y7, Y5, ... be a first-order finite-state Markov chain with pos-
itive transition probabilities.

Suppose the initial probability equals the one that makes Y7, Y5, ... stationary.
Then

Pr[)/l - 7;17 SR Y/{: — 7;/{27 Yk}—i—n — j07 I Y/C—HH-E — ]E]
(n)
= (lepzlz‘g e 'pik_lik> Di, 4, (pjojl e 'pje_ljz> ’
where p;; = Py, v, ,(j|i) and pz(-j) = Py,y, . (7]7).
Also,
PriYi =i1,..., Y = 0] Pr[Yiwn = Jo, -+, Yiqnse = J4]

- (pilpim " 'pik—ﬂ'k) Dj (pjojl " 'pje—m) :
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Theorem 8.9 There exists a stationary distribution {m;} for a finite-state, ir-
reducible, aperiodic, first-order Markov chain such that

(n)

P — mi| < Ap",

where A > 0and 0 < p < 1.

A first-order Markov chain is aperiodic, if the greatest common divisor of the

integers in the set {n € N : pg-?) > (0} is 1 for every j.

(n)

A Markov chain is irreducible, if for every ¢ and j, p;;” > 0 for some n.
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ZZ (Pr[Yl—il,...,Yk—ik,YkJrn—joa---7Yk+n+€—j€]

iKeH jieg

—PrYi=11,..., Y = i) Pr[Yirn = Jo, - - o, Yirnye = jf])

- | Z Z (pilpiliz e 'pik—lik) (pggo a ij) (pj0j1 o 'pjﬁ—ljﬂ)

ifeM jieg
< Z Z (pilpiliz " 'pik_ﬂk) pg:;o — Pjo (pj()jl o .pjf—ljﬁ)
et jieg
< Ap" Z Z (pilpilig e ’pik_lik) (pjojl e 'pjz—ljé)
KeM jieg
< Ap" Z Z (Pz‘lpz‘m " ’pik_lik) (Pjoj1 T ‘pjz_lje)

i]féyk jgeyﬁ—kl
= Ap" ) 1=AY|p",
JoEY
for some A > 0and 0 < p < 1.
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Since the upper bound is independent of £ > 1, ¢ >0, H € R¥ and G € R, we
obtain that Y1, Y5, ... is a-mixing with a,, = A|Y|p". |

Hence, a finite-state, irreducible, aperiodic, first-order Markov chain is a-mixing
with exponentially decaying a,.
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Theorem 27.4 Suppose that Xy, Xo, ... is zero-mean, stationary and a-mixing
with a,, = O(n™°) as n — oo.
Assume that E[X!?] < co. Then

(©.9]

1 n—oo
L. ~Var[$)] =¥ 0’ =E[X{]+2)  E[X1 X1
k=1
2. . .
= N. (—” = N.)
o/ Var[S,]

Proof: No proof is provided. O
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Example 27.8 Let Y7, Y5, ... be a first-order finite-state Markov chain with pos-
itive transition probabilities.

Suppose the initial probability equals the one that makes Y7, Y5, ... stationary.
Example 27.6 already proves that Y7, Ys, ... is a-mixing with «,, = A|Y|p".
Thus, X7 =Y — EY1], Xo =Y, — E[Y5], ... is also a-mixing with o, = A|Y|p".

Furthermore, the finite state assumption indicates that all moments of X, are

bounded.
Accordingly, Theorem 27.4 holds, namely,

Xi+---+ X,

= N.
v Var[ X + - + X))
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More specifically, let
Y, e {-1,+1}
and
PYn|Yn—1(+1’ o 1) - PYn|Yn—1(_1‘ + 1) = E.

Since the probability transition matrix can be expressed as:

11 1177
[1—8 e ]_[\{5 1\/51 [1 0 ][\{5 1\/51
€ 1 —¢ N 0 1—2e| |—=
we have:

n 1 1 1 117 .
[1—5 3 ] _ v v [1 0 ] VG _[%+%(1—25) %
and Y1,Ys, ... are a-mixing with «;,, = 2(1/2)|1 — 2¢|" = |1 — 2¢|™.
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Theorem 27.4 then gives that:

VarY++Yn N—00 -
“ LY g2 By

k=1
= Z y%PY1(yl)

yle{_lal}

+22 Z Z ylyl+kPY1+k\Y1(y1+k’y1)PY1(y1)

k=1 y1e{-1.1} y1  pe{-1.1}

> 1
= 1+2 Z Z Z 591?J1+/~:PY1+,€]Y1(?J1+/<‘91)

k=1 yye{—-1,1} yoe{—-1,1}

n

= 142 1—2&:1—1,
;( )h =
and
ht o th
n(t-1)



