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Characteristic function 26-1

Definition (characteristic function) The characteristic function of a ran-
dom variable X is defined for real ¢ by:

o(t) = /_ " Ry (z) = /_ " cos(tz)dFy(z) + 7 / " sin(tz)dFy (z).

©e 09 —00

e The characteristic function ¢(t) = M (it), where M (t) is the moment generat-
ing function of random variable X .

e The characteristic function is the (inverse) Fourier transform of distribution
function.

e The characteristic function always exist, because distribution function is always
integrable.

e [t is named the characteristic function since it completely characterizes the
distribution.
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Fundamental properties of characteristic functions

e The characteristic function of sum of two independent random variables is the
product of individual characteristic functions.

e The characteristic function uniquely determines distribution function.

e From the pointwise convergence of characteristic function follows the in-
distribution convergence of random variables.
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e ©0(0)=1.
o p(t)] <1forallteR.

e ©(t) is uniformly continuous.

Definition (uniform continuity) A function f(¢) is uniformly con-
tinuous in A, if for any 6 > 0, there exists h > 0 such that

sup [f(x) = fly)] <o

{(zy)eA? : |z—y|<h}
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Proof:
[t +h) — o(t)] = / Z APy (x) — / Z e dFx(x)
_ / Z(eihw_nemdFX(x)
< /Z (" = 1)| - [e"| dFx(x)
_ /Z\(eihm—ndex(x),
( _ / : V(cos(ha) — 1)? + sin?(ha)dF (x)
_ /_ : /2~ 2cos(ha)dFy ()
_ /_ :2\sin(hx/2)]dFX(ﬂf)

— 9F Hsin(hX/Q)H)

where the bound is independent of ¢. 0.
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Theorem (Taylor’s formula with remainder) Assume that f(-) has a
continuous derivative of order n + 1 in some open interval containing a. Then

" (g :
0= 0w L [ grrea

By the Taylor’s formula with remainder about z = 0,

i - (eix)(k)’xzo g, L7 ny ity (n+1)
=) 5 x+mo(az—t)(e) dt
k=0
N —0 k' n' 0
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Integration by part for the below expression yields that:

z . -t " e —t)"
/(aj_t)n—leztdt _ _(:C ) ezt _|_/ (CE’ ) (Z-ezt) dt
T / (z —t)"e"dt
0

n n

— / (;c—t)”ldt+3/ (z —t)"e"dt,
0 nJo

which implies that:

/Ox(;c — )" e — 1)dt

This summarizes to:
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Therefore, for x > 0,

n

eix - E :

k=0

(iz)*
k]

IA

IA

~

n!

in+1 T .
/ (x — t)”e”dt|
0

in

(n—1)! /Ox(ﬂ'j — )" e - 1)dt‘
i/%‘(5’5 —)"] - |e"| dt

n' 0
1 * :
- 1)!/0 (@ — 0" - | — 1) dt

1
—/ (x —t)"dt
n' 0

(nfl)!/ox(x_t)nldt 7

26-7

(since |e — 1| < ||+ 1 = 2)
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and for x < 0,
( in+1 T ”
n . (CE’ — t)”ez dt
D D e N o
k=0 ) (a: — )" e —1)dt
(n —

~

/ ]:U—t |e'| di

< 9
(e = 1)) dt
( 1 0
— (t —x)" dt
<" 2"’” 0 , (since [e" — 1| < || +1=2)
(n_l)'/ (t—xz)" " dt
( (_x)n—i-l
_ (n+1)
2(—x)"
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. ’x’rﬁ—l 2‘33‘71
< min : :
(n+ 1)1 n!

So to speak,

k=0

Lemma If X has a moment of order n, then

o(t) — zn:@E[X’“] < B [mm { [EX |+ 2’tX‘n}]

— k! (n+1)!" nl
tn—i—lE Xn—H 21¢Im BT XC|™
(if the moment of order (n 4 1) also exists) < min i X ], 1" EIXT :
(n+1)! n!
Proof:
o(t) — QEW] — / e dFy (x) —ZQ / " dFy (x)
| R I
k=0 k=0
= el =2 | )
k=0
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e Concern: When does the characteristic function have Taylor expansion?
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Corollary If for any ¢,

i B
n—00 n)
then A
= (it) k
p(t) = Z ——E[X"]
k=0

Theorem If

then
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Corollary If for some ty # 0,

ofte) = 3 ) ik

©. 9]

k!

k=0

then

1. for every —|to] <t < [to],

2. o®)(0) = *E[ X" for every k =0,1,2,. ...

e Property 2, as a direct consequence of Property 1, is an analogous property to

the moment generating function.

e However, moments can be determined by the characteristic function in a much

weaker sense! (Notably, unlike the moment generation function which may
have an unbounded jump at the origin, the characteristic function is uniformly

continuous. )
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Lemma If E[|X*|] < oo, then

P (0) = " E[X").

Proof:
1. k= 1:
p(t+h) —(t)

— E[iXe"™

~i(t+h) X itX iX@ZtX]

IA

‘eitX‘ .

€ —€

h h

€

: ax (€M —1— ihX)] ‘

h
ehX 1 —4hX
h

:mm{(1/2)yhX\2,2yhX\}]

h

min{(1/2)1|X %, 2|X]}]

By bounded convergence theorem, 7) min{ (1/2)h|X|?, 2| X |} < 2|X], i1) | X | is
integrable, and 4i7) limy, ;o min{(1/2)h|z|?, 2|z|} = 0 almost everywhere jointly

imply

hl0

lim £ [min{ (1/2)h] X ”, 21X [}] = B[ lm min{(1/2)h] ], 2|X[}] = 0.
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Theorem (bounded convergence theorem) If (7) |f,,| < g almost every-
where, (i7) g is integrable, and (ii2) f,, — f almost everywhere,
then f is integrable and lim, o [ fodu = [ fdp.

Hence, we obtain:

go’(t) _ 1}1%1 gp(t + h])l B gp(t) _ E[(’iX)eitX],

and
©'(0) = E[iX].
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2. k=2:
O (t+h)— ot , . E[(iX)etMX] — B[(iX)eX _ .
( })L ( ) L E[(ZX)2€ tX] _ [( ) }]l [( ) ] . E[(ZX)2€ tX]
et —1—ihX

— ElGX itx ©

(o5
hX 1 _ 5
< E[\X\'le“xl° - ; ZhX]

< E[min{(1/2)h| X[, 2]X[}]
which again gives by bounded convergence theorem that
P2 (t) = E[(iX)%™],

and

P?(0) = B[(iX)?.

3. Induction: The lemma can be proved by repeating the above process by in-
duction (proving that the lemma holds for & = n + 1 under the premise that
the lemma is valid for k = n). O
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e The above lemma does not imply that the derivatives of () always exist. On
the contrary, ¢(t) may be non-differentiable even if it is uniformly continuous.

e The above lemma actually tells us that the more moments X has, the more
derivatives ¢ has.

e Brainstorming: Can this property be applied to Fourier Transform pair?
Certainly, if the function is integrable.

e Brainstorming: In concept, the tail (rate-of-decaying) behavior of the dis-
tribution determines the smoothness (order of differentiability) of .
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Theorem 26.1 (Riemann-Lebesgue theorem) If X has a density, then

|[t|]—o00

px(t) — 0.

Every Lebesgue integrable function can be approximated by Riemann integrable
functions of two kinds.

Theorem 17.1 Suppose that [, |f(x)|dz < oo (which indicates its Lebesgue
integrability) and & > 0 fixed.

1. There exists a step function g(x) = Zf L il (g, 5, (x) (Which indicates its
Riemann integrability), where each a; and b; are finite real numbers, such that

/]f x)|dr < e.

2. There exists a continuous integrable h with bounded support (namely, which
indicates its Riemann integrability) such that

/yf 2)|dz < .

Notably, a bounded measurable function is Riemann integrable on [a, b] if
it s continuous in [a, b].




Riemann-Lebesgue theorem 2-17

Proof: From Theorem 17.1, there is a step function g(z) = S2%_ Tjl(a;,)(7) such

j=1
that
/yf 2)|dz < <.

where f(x) is the density of X, and satisfies f% x)dr =1 < oo. Therefore,
ztxdx / ( )eitxdx / ( ) —g(:r:)) ztxdx
< / [f(x) = g(z)|dr <e.

The proof is completed by noting that € is arbitrary and

k

/g(x)emd:r: = / ij](aj;bj](x) e dx
R R\ o

b
it
T / e"dx

J
l

a
e — "\ |00
X - — 0
1t

E

J=1

E

J=1
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e The characteristic function of sum of independent random variables is the prod-
uct of individual characteristic functions.

e The characteristic function of — X is the complex conjugate of the characteristic
function of X.
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e How to prove that “The characteristic function uniquely determines the pro-
bability distribution.”

e This is the task of Uniqueness Theorem.

e Please again think of the counterpart theorem for Fourier trans-
formation.

e Also, remember that the cdf of a random variable is sufficient to define its
statistic properties.
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sin(x) gy T2

T
Example 18.4 Prove S(T') = /
0
Proof:

T T 00 7
/ Sm(x)dx = / sin(x) [/ e “du| dx
0 X 0 0 i

00 T 7]
= / [ / e “sin(x)dr| du  (By Fubini’s theorem)
0 0 1

ro |

X

— /OOO . +1u2 11— eI (usin(T) + cos(T))] du

_ /OOO L - /O F (T + cos(T))du

1 4 u? 1+ u?

o) —uT

00 €

— tan '(u —/ cos(T — ¢, )du, where cos(o,) = 1/vV1+ u?
() Ny (1" = ¢u) (¢u) =1/

cos(T — ¢y,)du.

00 e—uT

0o V1+u?
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Finally,
[t g < [T e - g1
cos(d — @y )du|l < e COS(L — Q)| au
0 1 + u? 0 1+ u?
o0 1
g/ e "I'du, because 1 > for u >0
0 1—|‘U2
= lTﬂOO
o .
O]

Theorem (Fubini’s theorem) Suppose X and ) can be expressed as X =
UX U and Y = UXV; for some {U}2, and {V;}7°, with u(l;) < oo and
v(V;) < oo. Then, if either

/X (/y \f(:c,y)\u(dy)) wide) < s

[ ([ 1) viay) < o
/(/fa:y dy) p(dx) = /(/Xf(a:,y)u(da:)) v(dy).
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Checking:

T poo
/ / }sin(a:)e_“x’ dudr = /
0 Jo 0

r | sin(z)|

i

dr <

S(m) +

T -

v

< 0OQ.
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In fact,0 < S(T") < S(m).

1.t

a.5

10 0 30 ] &0
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Observation
T itx 17 if z > 07
e
/ = dt = 2sgn(x)S(T'|x|), where sgn (z) = ¢ 0, if x =0;
-r ! —1, if x <O.
Proof:
T _itx 0 itx
/ “_dt = / ¢ / —dt
_p ot 1t 1t
—itx T oltr
= / dt+/ —dt
0 0 1t
0 0
t
= Sgn( )/ Mdt,
0 2] t
T\x| o; /
t
— 2sen(z) / Smtf Dt = 25an(2)S(T ).
0
[l

e Actually, when x = 0, arigorous statement should be /

T
—dt = indeterminable.

-T 1t
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Theorem 26.2 (uniqueness theorem) For any a and b with Pr[X = a] =
Pr[X =b] =0and a < b,

1 T _—ita —ith

Pr[a<X§b]:1hm2— - ;e
—00 LT J_T [

where @y (t) is the characteristic function of random variable X.

Proof:

e Let Iy denote the quantity inside the limit, namely,

1 T e—ita _ e—ztb

— t)dt
o | i wx(t)

1 T _—ita __ _—itb oo
- = ¢ - ‘ ( / emdFX(x)) dt
=T —00

1 00 T _it(x—a) _ it(z—0)
_ ( / ‘ € dt) dFy(z)
2m J_oo \J_7 1t

_ ! /OO sen(z — a)S(T|z — al) — sgu(z — b)S(T|z — b])|dFx(x).

n 00

It =

e The absolute value of the above integrand, namely [sgn(z — a)S(T'|z — a|) —
sgn(z — b)S(T'|z — b|)], is bounded above by 25(rr), which is integrable with
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respect to measure dFy(x).
Hence, by bounded convergence theorem,

lim Iy = ! /OO lim |sgn(z — a)S(T'|x — a|) — sgn(z — b)S(T|x — b|)|dFx(z)

T—00 T—o00

. /wab JdFx(2),
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where

Yop(x) = lim [sgn(x —a)S(T|x — al) —sgn(x — b)S(T'|x — b|)]

T—o00
( S(T|z — b|) — S(T|x — al), forz < a:
S(T|x — bl), for x = a; indeterminable!
= Tlglgo< S(T|x —a|)+ S(T|z —b|), fora <z <b;
S(T|x — al), for x = b; indeterminable!
S(T|x —al) —S(T|x—10|), forz >b

for r < a;

, for x = a; indeterminable!

, for x = b; indeterminable!

0
s
2
= < m, fora<ax<b;
™
2
0

for x > b.

Consequently,

T—o00

lim It = / 7#ab dFX )

:—Pr =al+Prla < X < b+ = Pr[X b].
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The proof is completed by noting that Pr[X = a] = Pr[X =b] = 0. O

Remarks:
e We can tell more from the proof (than from the statement of the theorem).

e For example,

Theorem If [~ |¢x(t)|dt < oo, then no point mass exists.
Le., Pr[X = a] =0 for every a € R.

Proof:
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i : 1 1 0
e — 1] < min< —|z|, =2|z|
ol

: 1 1
e — (1+iz)| < min{gle,FQ\x\}

1 1 1
_ <1+m+§(z’x)2)| < min{glﬂi!?’@?\x\Q}

L oX —al 4 Prla< X <8+ SR =9 = dim = [
—PrlX =a rla —PrlX =5 = lim —
p 3 T om o it X
1 T e—ita_e—itb
< li — £)| dt
< lmsupo [ - [px(t)]
1 00 ezt(b a) __
< L b allex(oae
b a
< ‘ ’ ‘QOX ’dt

Thus, when taking a = b, we immediately obtain Pr[X = O
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e Another example of “We can tell more from the proof.” is:

Theorem If [~ |¢x(t)|dt < oo, then the random variable X has density
f, and its density (can be made to) satisfies:

1 [ :
1. fx(x) = %/OO ox(t)e " dt;
2. fx(z) = Fi(x) for every z € R;

3. fx(x) is uniformly continuous for x € R.

Proof: First, from Slide 26-28, we know that random variable X has no point
mass. Then, by Theorem 26.2, we have that for every z (as Pr[X = x| =0
and Pr[X =x + h] =0)

Fx(aj + h) — FX(gj) L 1 o0 e~ itr _ e—it(aﬂ—h)
h = Jim o | ern— (s
As it t(x+h) th
et _ o—it(x cith _ 1
I x(®)] < | lox 0] < oo

which is integrable with respect to Lebesgue measure, dominated convergence
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theorem implies that

FX(Jﬁ + h) — Fx(ﬂj) B 1 /oo e—itac o e—it(l’—l—h)
(4

N th

t)dt.
h 27 Px(t)

Using dominated convergence theorem again with respect to A yields:

. Fx(af + h) . Fx(ﬂi) 1 00 e~ itr _ e—it(aH—h)
= — t)dt
T T

—zt(achh) _ itz
__/ ex(t)7 (}33% h )dt

= —/ ox(t)e " dt.
21 J_ oo
We can similarly show that:

Fx(x) — Fx(z —h) 1 /OO ~ite gy

li =
hli% h 27

Accordingly,
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o Claim: F%(x) is uniformly continuous in x € R.

Proof:
1] [ . = .
[Fx(z +h) = Fy(2)] = o / @X(t)en(”h)dt—/ wx(t)emdt‘
T |J - —00
1] [~ o
- / ox (e (™ — 1)dt
™

< _/ ’SOX ’ ‘eztx‘ ‘ezht 1| dt

_ f_oo‘QOX( )‘dt/ ‘ iht_l’f

27

where fy(t) = |px(t) \// lox (t)|dt

1

! ( / fext )\dt) B[ sin(hU/2)]],

where the upper bound is independent of x. |
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e The proof is then completed by quoting the following theorem. In other words,
since I satisfies that

b
/ F(2)dz = F(b) — Fla)

for every a,b € R, it is surely a density of X. O

Theorem (See Page 224 in Section 17) If F'is a function with continuous deriva-
tive £, then

b
/ F'(z)dx = F(b) — F(a).

e Note that the density is not unique. Any function g satisfying

for every a,b € R is a density of X.
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Summary of properties of cdf F

e F'is differentiable almost everywhere.

Theorem (H. L. Royden, Real Analysis, 3rd edition, pp. 100,
1988) Let g be an increasing real-valued function on the interval [a, b].

Then, ¢ is differentiable almost everywhere. The derivative ¢’ is measur-
able, and

b
/ g'(z)dx < g(b) — g(a).

By this theorem, together with the fact that the number of intervals that
F'is increasing is countable, cdf F'is almost everywhere differentiable.

e F'is not necessarily differentiable on every x.

e F may not have density.
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e If F' has density f, then F" = f almost everywhere.

e If F" has continuous density f, then F’' = f everywhere.

By definition of density,

1 [t _ F(z+h)— F(z)
E/x flz)dx = ” :

This can be used to show the above two statements.

e If F’ is continuous, then F’ (can be made to) be the density of F.

Remarks

e The tail behavior of the characteristic function determines the smoothness

of fX-

e The tail behavior of the density (i.e., fx) determines the smoothness of px.
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1

fx(z) = —6_“’2/2 for — o0 < x < 0.
e Standard normal: V2T
ox(t) = e /2
First,
/ lox(t)|dt = / e 1240t = /21 < 0.

Hence, fx(z) can be recovered from 5= [ @y (t)e "*dt, and is also uniformly

continuous.

As px(t) decays exponentially fast at |[t| — oo, fx(x) has all orders of deriva-
tive and is very, very smooth in its shape.
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Furthermore,
2"20((n 4 1)/2)
"X VT

n! n!
([t 712(j — 1)

2%~ )W
LP2T((2) + 1)/2)
L @)W

1 (2[t])! . . :
max m, 1 . respectively for n = 27 — 1 odd and n = 25 even
g

1 2elt|?)’ .
< max{— 1}( 6“ ) since 7! > (j/e)’

|’ J

t]"

for n =27 — 1 odd;

\

for n = 27 even

IA

n—o0

0

Stirling’s approximation

n n 1
2N <E> <nl <\Vonrw (ﬁ) 1+ .
e e 12n — 1

Gamma function I'(x + 1) =z - I'(x) for x > 0 and I'(1/2) = /7.
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implies that

— (@)
px(t) = ZTE[X]
k=0
o @) 20PA 4 (—D)ND((k + 1)/2)
-2 ( VT )
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fx(z) = 1lfor0 <2 <1,
e Uniform: et — 1
px(t) = -

[ oot = [y [0l

©. 9]

First,

Hence, fx(z) cannot be recovered from o= [°° ¢x(t)e "*dt, and is not uni-
formly continuous as it has jumps at x = 0 and x = 1.
In addition,

tI"E| X" t|"(1 1 t|"
CMPEIXP] /)

implies that

oxt) = Y- U pixy
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fx(z) = e for 0 <z < o0.

e Exponential: 1

/OO| S /Oo L 2/00 L
—00 L —at —00 V1+t2 0 \/1—|—t2

Hence, fy(z) cannot be recovered from 5= [*° ¢x(t)e"**dt, and is not uni-

First,

formly continuous as it has a jump at x = 0.
In addition, for |t| < 1,

P E|X | tnl
T 211018 o B T

Nn—00 n) n—oo n! Nn—00

B[] = /OO ellte=dy = /OO e~ gy — 1 < 00
0 0 L=t

T 1t
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1
fx(z) = el for —oo <z < 0.
e Double exponential (Bilateral exponential): . 1
ex(t) = 55

First,

dt = 7™ < 0.

[
oo |12

Hence, fx(z) can be recovered from 5= [ @y (t)e "*dt, and also is uniformly

continuous.
But it is not differentiable at x = 0. (Check “tail” of ¢(t)!)

In addition, for |t| < 1,
"B X]|" t"(n)
T 1251 10,9 R TN L G R TR

n—00 n) n—oo nl n—00

B[] = / " elel L el gy, / ey - L o
—00 2 0 I — ‘t’

implies that for [t| < 1,

0.9

it)" = (it)¥ > .
px(t) = Z%E[Xk] — Z% (%(1 + (—1)’%!) = (it)” = s
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r) = —for —o0o < < 0.
e Cauchy: fx(@) (1 + 2?)

px(t) = e
/.

Hence, fx(z) can be recovered from 5= [7 @x(t)e """dt, and is uniformly

First,

dt = 2 < o0.

continuous and differentiable (for ¢ x(¢) decays very fast at |t| — oo and hence
fx(z) is very smooth).
In addition,

" ENXTT { 00, for [t] > 0;

lim _ . : :
n—00 n! indeterminate, for |t| =0, (due to the indeterminate of 0 x 0o)

and px(t) exhibits no Taylor-expansion expression (at the origin).
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(fX(ﬂf) = 1 —J|z[for —1<ax<l.

e Triangular: < 1 — cos(t)
px(t) = 2 (t—2>

Notably,

< 1 — t
/ 2‘%”‘6& = 21 < 00.

o0

Hence, fx(z) can be recovered from 5= [ @y (t)e "*dt, and also is uniformly
continuous.

But it is not differentiable at x = —1,0, 1. (Check “tail” of ()!)

In addition,

S 1 110 N 7 (O [Cem V) N [

n—00 n! n—00 n! n—00 (n + 2)

=0

implies that

= (it) = (it)¥ 1+ (-1 = (t2) 1 — cos(t)
ex(t) = 2 G PIXT =25 ((k+1) ) ZZW e
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1 /1— cos(x)
e No name: fxlz) = m ( x?

px(t) = (L= [t)I—11)(t)-

)for —00 < xr < Q.

Notably,

/ (1= [¢)—1p)(t)| dt = 1 < o0.

©.¢]

Hence, fx(z) can be recovered from 5= [ @y (t)e "*dt, and also is uniformly
continuous and differentiable (for @ (t) decays very, very fast at |t| — oo, and
hence fy(x) has all orders of derivatives and is very, very smooth).

In addition, E[|X|"] = oo for n > 3; hence,

t"El|X]"] [ oo, for [t| > 0;
| indeterminate, for [t| =0,

lim
Nn—00 n)

and px(t) exhibits no Taylor-expansion expression.
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Theorem 26.3 (Continuity theorem)

X, = X if, and only if, px, (t) = px(t) for every t € R.

Proof:
1. X, = X implies ¢y, (1) = ox(t) .
Theorem 25.8 (A rephrased version) The following two conditions are
equivalent.
o [, = F
e lim / f(z)dEF,( / f(z)dF(x) for every bounded, continuous real
?1;10(;1011 f.

From Theorem 25.8, X,, = X implies that

lim /% cos(tx)dFy (x) = /% cos(tz)dFy ()

n—oo

and
lim /sin(tx)dFXn(x) = /sin(tx)dFX(x).

n—o0

These two jointly give that px (1) — wx(t).
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2. ox. (1) = px(t) implies X, = X |

n—oo

We will first show that ¢y (t) — @x(t) implies {X,,},>1 (or equivalently,
{F,}»>1}) is tight. Then, by Helly’s Theorem, there exists a subsequence
{ X, k=1 such that X,, = Y, where Y is a random variable with legitimate
cdf Fy()

Theorem 25.9 (Helly’s theorem) For every sequence {F),}>° of distri-
bution functions, there exists a subsequence {F, }7°, and a non-decreasing,
right-continuous function F' (not necessarily a cdf) such that

lim F, (2) = F(z)

k—o00

for every continuous points of F'.

Theorem 25.10 (rephrased version) Tightness of {F), }7°, is a nec-
essary and sufficient condition for the limit F(-) in Helly’s theorem to be a

cdf.

Definition (tightness) A sequence of cdf’s is said to be tight if for any
e > 0, there exist x and y such that

F,(z) < e and F,(y) > 1 — ¢ for all sufficiently large n.
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By Fubini’s theorem,

[ amexma = L ([Ta-eman)
%/Z (/1(1 - eim)dt) dF,(z)
_ / Z (1 _ Sméz"”) ) dF, (z)

(This shows that £ [* (1 — ¢, (¢)) dt is a non-negative

real number.)

> 2/ (1 — sm(ux)) dF,(z) (since 1 — sin(uz) > 0)
e]>2/u] uT uw
1
ol (e Yan
2]>2/] |uz|
> / dF,(z)
2]>2/]

2
= Pr [\Xn] > —] .
u
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Checking for Fubini’s theorem:

// ’1—6itx!an(x)dt§/ 2dt = du < 0.

With the above inequality, we next prove that the sequence of probability
measures { Fl, }°° is tight.

Fix an ¢ > 0. Since px(¢) is (uniformly) continuous and ¢x(0) = 1, there
exists u (small enough) such that

~ - pxoa <5

u J_, 2

Continuity at ¢ = 0 means that for €/4 > 0, there exists u > 0 such that
11— x(t)| <e/dfor —u <t <u.

By bounded convergence theorem,

1 /u(1 —ox (D)dt "= %/uu — ox (1))t

u —U u
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Hence, there exists Ny such that for n > Ny,

E /u(1 o (t)dt < &,

u —Uu

which by the previously obtained inequality confirms that
2
Pr []Xn\ > —] < ¢ for all n > Ny,
U
namely, {Fx, }°°, is tight.

Now suppose that X, =Y for some Y. Then, by the first part of the proof,
we obtain that for every ¢,

k— 00
ex,, (1) — ey (t).
However, we are given that for every ¢,

k—o00

o3, (1) 23 ox(8).

These two limits should coincide in every t, i.e., x(t) = @y (t).

We can then infer by the Uniqueness Theorem that X, = X.
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Theorem 26.2 (uniqueness theorem) For any a and b with Pr[X =
al = Pr[X =b] =0 and a < b,

1 T _—ita —ith

Pr[a<X§b]:1hm2— - ;e
—00 LT J_T [

gpx(t)dt,

where @ (t) is the characteristic function of random variable X .

n—oo

In fact, we know by ¢y (t) — ¢x(t) and the Uniqueness Theorem that for
every subsequence {n;};>1 satisfying that {X,, };>1 converges in distribution
to some limiting random variable, this limiting random variable should be X.

Finally, we will prove X,, = X by contradiction.

Suppose X, does not converge in distribution to X. Then, there exists x with
Pr[X = 2] = 0 such that

Pr[X, <z| A PrlX <z,
which implies the existence of subsequence {n;},>1 such that

lim inf ‘Pr[an < ] — Pr[X < ]| > 0.

Jj—00



COHtiHuity theorem 26-51

However, for this {X, };>1, we can find a further subsequence such that
ank = X. This contradicts to

lim inf ‘Pr[an < ] — Pr[X < ]| > 0.

Jj—00

We therefore obtain the desired contradiction. ]
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e The next two corollaries can be proved similarly using the above proof.

e But their statements could be more useful in applications.

Corollary 1 Suppose a sequence of characteristic functions {, (t)}°2; has limits
in every t, namely lim,,_,~ @, () exists for every t.

Define
g(t) = lim @, ().

n—o0

Then if g(¢) is continuous at ¢ = 0, then there exists a probability measure p such

that
i, = p, and p has characteristic function g

where 1, is the probability measure corresponding to characteristic function ().

Proof: Notably, in the second part of the proof (i.e, the proof of the tightness of
{16,}22), the only condition required is that g(t) (i.e., px(¢) in the previous proof)

is continuous at t = 0 and ¢g(0) = 1. So the same proof can be used to show this
[

corollary.
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e In the proof, the continuity of g was used to establish tightness. Hence,
if {Fxn}0°, is assumed tight in the first place, then the corollary apparently
holds.

Corollary 2 Suppose a sequence of characteristic functions {,(¢)}°°; has limits
in every t, namely lim;_, @, (t) exists for every ¢.
Define

g(t) = lim @x, (t).

t—00

Then if {p, }5°, is tight, then there exists a probability measure p such that

iy, = p, and p has characteristic function g

where 1, is the probability measure corresponding to characteristic function ¢, ().

Observation If { X, }°°, is uniformly bounded, then {F, }°°, is tight.
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Example 26.2 Let X, be uniformly distributed over (—n,n).

S| sin(nt)

Th t) = " —dy =
en ¢x, (1) /ne o nt

Hence, the limit of px, (¢) exists, and is equal to:

sm(m)_{o, ift#o;_{o, if ¢ £ 0;

g(t) = lim oy, (t) = lim

n—00 n—oo Nt

lim lim cos(nt), if t =0 1, ift=0

n—o0 t—0

In this example, {F, }°°, is not tight,
and as expected, ¢(+) is not continuous at t = 0.

Notably, the probability measures of X,,’s converges vaguely to “all-zero measure.”

Actually, g(t) cannot be obtained by integrating e’ with respect to the true all-
zero-measure for x € R, but a (bizarre) measure that is zero everywhere and

integrates to 1 over the entire range. Hence, I put double quotation mark here to

indicate it is not the usual all-zero measure.
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Theorem Suppose the support of the distribution of random variable X is con-

tained in [0, 27].

Then ;
Prla < X <b] = lim / om(t)dt,

m—0o0

if PriX =a]=Pr[X =b=0and 0 <a <b < 27,

where
T sin®[m(z —t) /2]
Tt " 2tm / sin®[(z — t) /2] iFx(@).

Proof: By Fubini’s theorem,

/a b om(t)dt =

([ )

27

A
Yy = By
_ /0 " ﬁ ( / b Sligfzt(t__f/é }2] dt) dFyx(x)
- () et
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By dominated convergence theorem, for any ¢ € (0, 2m),

.9 22
i 1 sin (m3/2)d8 :/ 1 (lim sin (m3/2)) Is—0.
)

m—00 2T, J5|s|<on SIn*(s/2) <|s|<2r 2 SIn*(5/2) \m—oo m

[t can be shown (cf. the next slide) that for integer m,
1 (7 sin®(ms/2) Iy i - I, o
ds — is ds — isk g
Sy B ey B PP LS 3 OY

. .
Z sin(km) “ 1 (because sin(k)
km

= (0 except k = 0)

1 sin®(ms/2) | moe
LRSS g 2%
2mm |s|]<g S (8/2)

which implies that (note: =27 <a—ax <b—x < 27)

0, ifa—x>0;

1 b—x ;.2 2 . .
T / Slr.lng/)dS ) ifa—r<0<b—u — 0, %fx<aorx>b,
m—00 27TM a—z S (5/2) 0 ifb_r<0 1, if a <z <b.
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”i—:l zf: sk m—1 6—i3€(1 _ eis(2€+1))
(=0 k=—¢ (=0 b=er
1=e* \'5 (=0
1 1 —e ™  el5(1 — els™)
1—623<1—6ZS 1 — et )
1 e—zs(m 1)(1 _ 6ism) 6z’s(1 _ eism)
1—62'8( 1 — e 11— )
el — ™2 sin®(ms/2)
eis(1 —es)2  sin®(s/2)
As Pr[X = a] = Pr[X = b] = 0, we obtain from dominated convergence theorem that

lim

b
im /a o (t)dt

a—=x

1 " sin?(ms /2)

sin(s/2)

ds) dFx(z) =Prla < X < b).
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Discussions:

e By following from the previous theorem, the Fourier coefficients are defined by:
2m
Cry = / eimxdFX(aj) form=0,+1,42,---
0

o {C}m—0+142.. can be viewed as the values of the characteristic function
for integer arqguments.
In other words,

Cm = @X(m)a

where .
wx(t) —/ emdFX(:C).
0
e Notably,
T sin?[m(x — t)/2]
m t) = dF
om(t) 27Tm/ sin [ t)/2] x(7)

or m—1 1 l

= %/0 ZZ (v— tde 2ﬂmzzck€_”k-

(=0 k=—/
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e Hence, the distribution of a random variable with support contained in [0, 27]
can be uniquely determined by the samples of ¢ x(t), namely {@x(m) =0 +1 42

— Trivial Extension: The distribution of a random variable with bounded
support can be uniquely determined by the samples of its characteristic
function (if with a properly selected sampling period).

— A drawback of using samples to determine the distribution with bounded
support is that the probability masses at two end points are undetermined.

In other words, using the above theorem as an example, we can have two
distinct distributions with equal positive Pr[X = 0]+ Pr[X = 27] > 0, but
their “samples” are identical.

Example Pr|X = 0] = Pr[Y = 27| = 1.
Then

ox(t) = E[e"™] = 1 and py(t) = E[e™] = ™,
However, for every integer m,

127Tm —1

l=@x(m)=py(m)=c

Observation Distributions with the same Pr[X = 0] + Pr[X = 27| are
indistinguishable using the approach of Fourier series.

,.-..
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Corollary Suppose the support of the distribution of random variable X is con-
tained in [0, 27]. Then for 0 < a < b < 27,

1 1 b
CPIX =a] 4 Prla < X <]+ 5 Pi{X =] = Im / o (1)l

m—o0

Proof: Since sin?(ms/2)/sin*(s/2) is a bounded even function,

1 U sin (m3/2 / sin? m3/2
~ 2mm

2mm J_, sin (3/2 sin? 3/2
Hence,
1 U sin (m5/2 / sin? m5/2 1
2rm J_, sin (3/2 " 2mm sin? 3/2 -2
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which implies that

0, ifa—a>0;
1 .
. 5, ifa—xz=0;
1 b—x 2 2 271 )
lim 2—(/ SH,l gmsé )ds) =< 1, ifa—z<0<b—ua;
m—0o0
™ \Jo_r sin(s/2) %7 b — 20,
\O, ifb—x <0
(0, if x <aorxz>Db;
= 9 %, if v =aorx=0>0;
L1, ifa<a<b.
Accordingly, the corollary holds. O

Theorem Suppose { X, }>2 ; have supports in [0, 27, and suppose the mth Fourier
coefficient ¢,,(n) of X,, converges to ¢,,. Then

X, = X,

where X is the distribution determined through {¢;, b integer-
The distribution of X is unique except possiblely in the way the mass on {0, 27}
is split on the points of 0 and 2.

Proof: Note that a sequence of random variables is tight, if their supports are
uniformly bounded. [
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Give a sequence of real numbers z1, z9, 3, . . .
Let the probability measure p,, put masses 1/n at points 27 (v — |xx]).
Let the probability measure p be uniformly distributed over (0, 27].

Hence,
n

2m
) = [ el = 30 eBmiolo,

n
k=1

27 21 .
: 1 : 1. it m=0:
= 1mx d - zmxd — 7. )
‘ /0 " uldr) 27r/0 o {o, if m £ 0.

Therefore, p, = u, it

and

n

1 ) n—oo
for m #0, — g ei2mmier—le]) 2%,
n
k=1

This is named Weyl’s criterion.
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Now if z;, = k6, where 6 is irrational, then e*™ £ 1 for m # 0, and

1 e .
- Z 6@27rm(k:9— |k6])
n

k=1

1 n
- E :6z27rmk9
n

k=1

1 S ezmmleilon)
n
k=1

3

12mmbn
1 ormpl — €
€ 2rmi
n 1 — etemm
iTmbn ( ,—iTmbn iTmon
l emmee (e — € )

€

n eiﬂmQ(e—mmH _ emmG)

irmé(n+1) Sin<7rm(9n)

n sin(7wmo)

0.
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e Question: Is (inverse) Fourier transform always continuous, just like the
characteristic function?

Answer: No. Think of the (inverse) Fourier transform of sin(x)/x.

(0, if |t] > 1;
< sin(z)
oo T 2
o, if [t < 1
If [°° |f(z)|dz < oo, then the (inverse) Fourier transform is uniformly con-

tmuous

[ ptadn = [ e o

| e

< [l -] || 1wl

_/Z\ (e —1)| | /()| da
= ([ wrnae) [ e - vjart

where dF () = |f(@)lda/ (%, |/ (2)]dz).
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e Question: Does (inverse) Fourier transform has Taylor expansion?

Answer: This section learns us that if

t)" " d
o Wl f(@)lde

n—00 n!
2. / elllel] £ () |dz < oo,
R

then Fourier transform has Taylor expansion at ¢ = 0.

)

We also learn that even if Fourier transform does not equal its infinite Taylor
sum, we can still express it in partial Taylor sum up to order n, if

[l lrta)ide < .
R
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e Question: Does (inverse) Fourier transform has derivatives?

Answer: If
A\x\”]f(x)]dx < 00,

then Fourier transform has the kth derivatives at t = 0 for all £ < n.

More can be established through the lessen from this section!



