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How fast (X1 + Xo+ -+ + X},)/n converges to mean o

e After the validation of the strong law, the next question is naturally “how fast
(X1 + Xo+ -+ X,,)/n converges to marginal mean?”

e More specifically, we concern that how fast

E(X1+X2-|-"'—|-Xn)—m‘ >€]

1
Pr[ =

converges to zero.

e This concern brings up an interesting research subject—Ilarge deviations, which
uses the technique of moment generating function and Markov’s inequality.



How fast (X1 + Xo + -+ -+ X},)/n converges to mean o

Definition (Moment generating function) The moment generating func-
tion of a random variable X is defined as

M(t) = Elexp(tX)] = / e dF (z),
for all ¢ for which this is finite, where F'(+) is the cumulative distribution function
(cdf) of the random variable X.

e A general representation for integration w.r.t. a (cumulative) distribution func-
tion F'(-) is [, -dF(z), which is named the Stieltjes integral.

e Such a representation can be applied for both discrete support and continu-
ous support. We will use this convention to free the burden of differentiating
discrete random variables from continuous random variables.




How moment generating function gets its name? 0.3

The Taylor expansion of exp{tx} is equal to Z Eazk for all real .

k=0
00

ik
Hence, exp{t X} = g EX ¥ which gives that
k=0

Elexp{tX}] = E o

3 ﬁxk] — iﬁE[xk].

if all moments of X exist.

Question: What if some moments of X do not exist? See the next example.

Example If the pdf of X is 1/(x + 1) for > 0, and zero, otherwise, then
L+te ! [0 s7le*ds, if t <O

E[X* = oo for k > 1. Insuch case, E[e’] = { 1, if t =0;
00, if £ > 0.
But Z HE (X" =1+ Z 7 is apparently not a well-defined function.
k=0 k=1
Therefore, we cannot write F [exp{tX }] = E[X".

k!
k=0




How moment generating function gets its name? 0-1

(©.9]

Lemma ([A29]) If f(x) = Z apx® converges for every |z| < r for some 7 > 0,

k=0
then f(-) is differentiable for |z| < r, and

f'(z) = df(;) = zoo:kak 1
k=1

d

From the lemma, it is clear that a; = f/(0).

9]
If f'(x) = Zkak 21 also converges for |z| < 7 for some r > 0, then ay =
k=1

2" (0).

We can repeat the process to obtain all the coefficients, if “convergence-for-some-r”
keeps valid.



How moment generating function gets its name? 0.5

e Thus, if E[|X*|] < A* for some A (which, for example, is valid when X is a

bounded random variable), then E[e!*] = Z EE [X™ (and also every order
k=0

of its derivatives) converges for [t| < 1/A.

e Accordingly, for k > 1,

BIxt) = mg) = T

t=0

This concludes that the moment of X can be obtained by successive differen-
tiation, whence M (t) gets its name.

e For convenience, we assume throughout (these slides) unless
stated otherwise that all moments of the concerned random vari-
ables exist, and these moments can be obtained by taking suc-
cessive derivative of the moment generating function.



Do moments alone determine the distribution? 0.6

Not necessarily, even if all moments exist! We need “positive radius of convergence”
for the below power series.

Theorem 30.1 Suppose all moments of X exist. Then if the power series

(©.9]

tk
Z EE [X*] has a positive radius of convergence (i.c., convergence for [t| < r
k=0

for some r), the distribution is uniquely determined by the moments.

Application of the distribution-determined-by-its-moments property

Example 9.2 If X;,..., X, are i.i.d. with Pr[X,, = 1] =1 — Pr[X,, = 0] = p.
Determine the distribution of S,, = X1 + - -- 4+ X,, by means of Theorem 30.1.



Do moments alone determine the distribution? 0.7

Solution: The moment generating function of S, is:

Ele!] = E[e! Xt HE X1 (by independence)

n

= (pe' +(1=p)'=)_ KZ) pF(1— p)k] e (by binomial expansion).

k=0
Since all moments of S, exist (by E[|S¥|] < n* < 00), and
f: ﬁE[sk] < f: WEUS < f: LI f: ltnl” _ el < o0
— kI T =k S — K k!

for every t € R, the distribution of S,, shall equal Pr[S,, = k] = (n) (1 —p)F.o



Cumulant generating function 0.

Definition (Cumulant generating function) The cumulant generating
function is defined as:

C(t) = log M(¢),

where M (t) is the moment generating function.

Polynomial approximate to cumulant generating function

o0 —1 v+1
e The Taylor expansion of log(z + 1) is Z =)

v=1

xz'.

U

0

Hence, if M (t Z
L—0
C'(t) = log M(t)
= log[(M(t) — 1) + 1]
- > B -y

(%

v=1

_ Oo(_l)wl — ¥ k U_OOCM
=Y - HHE[X] zzﬂt,

v=1

where {¢;}2°, are cumulants of X.




Cumulant generating function

Equating coefficients leads to

W(0) = ¢
C’<2)(O) = (9
C(0) = ¢
CW(0) = ey

In case E[X]

:()7

]

] — B*[X] = Var[X]

| — 3E[X][X?] + 2B X]

1 —4E[X]E[X)

CY0)=¢ = 0

CP0)=¢, = FE[X? = Var[X]
C0)=¢5 = E[X?

CW(0) =¢; = E[XY —3E?*X?

9-9

— 3E[X?% + 12E*[X|E[X?] — 6E*[X]



Properties of cumulant generating function 0-10

Property 1 Cs,(t) = Cx,(t) + Cxy(t) + -+ + Cx, (t) for S, = 37 X with
independent { X;}_;.

Proof: Taking logarithms converts the product relation into additive relation.
So, for independent random variables X7, Xo,..., X, the cumulant generating
function of S, = X7 + X9 + - -+ + X, equal:

Osn(t) = OXl(t) + CXQ(t) + -+ OXn(t)-
]

By this, we can easily confirm that the variance (c3) of sum of independent
samples equal the sum of individual variances (c2) by taking the 2nd derivatives.
This can be extended to any order of cumulants.

Property 2 Cy_,(t) = Cx(t) — tx.

Proof:
Cx_,(t) =logE [e“X_x)} =log F [¢"] — to = Cx(t) — ta.




Large deviations 0.11

e Observe that

1
Pr —(X1+X2+---+Xn)—m| 25]
n

1 1
= Pr E(X1+X2+---+Xn)—m25] + Pr [—(X1+X2+---+Xn)—m§—5 :
n

e By letting Y = (X5 + Xo+ -+ X,,)/n and y = € + m for the first term,
and letting Y = —(X; + Xo +--- 4+ X,,)/n and y = € — m for the second

term, the concerned “probability” becomes the estimate (or find a bound for)
Pr[Y > y].

e Can we provide a nice bound to Pr[Y > y] by moments of Y, as moments are
“easier” to obtain in practice? For example, for noise in communications, only
the first two moments are assumed known usually!

e (One of the) Answer(s): Markov’s inequality if Y is non-negative random
variable.

e What if Y may have negative values.



Large deviations 0.12

e Solution: Estimate Pr[Y” > y] in terms of Pr[e > €] for any positive ¢. In

other words, since e'¥ is non-negative, Markov’s inequality gives that

E [ el'Y k] ty
Pl > y) = Pr [ > ¢/7] < B[] _My®) _ o
- — — (6t’y)k ely ety ’

e Therefore, we can provide an upper bound for Pr[Y > y] in terms of the
cumulant generating function as:

PrlY > y] < exp{—[ty — Cy(t)]} = exp{Cy_,(t)} for t > 0.

— Hence the best exponent is inf;~o Cy_,(t). For E]Y] <0, we will see later
that inftz() Oy_y(t) = inft@)% Cy_y(t)
— Function Iy (y) = sup[ty — Cy(t)] = — }nafe Cy_,(t) is called the large de-
S

teR
vtation rate function. We will learn that the large deviation rate function

provides the rate of convergence very shortly.



Large deviations 0.13

It suffices to derive theorems on Pr[Y” > 0], since we can treat [Y > y] as [V =
Y —y > 0], and still yield the same bound. L.e.,

PrlY >y] = Pr[(Y —y) > 0]
= Pr[Y > (]
exp{—[t-0 = Cy(t)]} (= My (1))
= exp{—[t-0—Cpy—y(®)]}
= exp{—[ty — Cy(t)]} for t > 0.

IA

e Although the above formula is always valid, it becomes trivial if [ty — Cy(¢)] <
0.

e Question is under what condition the bound becomes non-trivial.
Answer: If E[Y] < 0, then Pr[Y > 0] < exp{Cy(1)]} = My (t) < 1.



Claim: E[Y?] > 0= (Vt € R)M{'(t) > 0. Proof: Suppose M{\(t) = E[Y?e!"] =
0 for some t = 5. Then Pr[Y2e*Y > 0] = 1 and E[Y?e*¥] = 0 jointly imply that
Pr[Y2es¥ = 0] = 1. Therefore, Pr[Y = 0] = 1, which contradicts to E[Y?] > 0.

PT[Y > O] < My(t> under —oo < E[Y] < 0 9-14

Observation 1 M{.(0) = E[Y] < 0 and M{*(0) = E[Y?] > E*[Y] > 0 imply
that My (t) is strictly convex and has minimum at some ¢t = 7 > 0, where
p = My(T) < 1.

Observation 2 The minimum 7 can possibly be infinity, if Pr[Y” > 0] = 0.

Example for Observation 2 Suppose Pr[Y = —1| = Pr[Y = 0] = 1/2. Then
PrlY > 0] =0, My(t)=(e"+1)/2, 7 =00, and p =Pr[Y = 0] = 1/2.



Bound under —oo < EY] < 0 and 7 < o0 015

e Billingsley’s book assumes that Pr[Y > 0] > 0. Indeed, Pr[Y > 0] > 0
implies My (t) — oo as t — oo, which in turns implies 7 < oo, which is
actually what desires by the subsequent derivations.

e Notably, 7 = oo implies Pr[Y > 0] = 0. So Pr[Y > 0] = Pr[Y = 0], a trivial
case of little interest!

e In addition, under 7 < oo and —oo < E[Y]| < 0 (and implicitly, 7 > 0),
p = My (1) > 0 because if My (1) = E[e™'] = 0, then Pr[e™ = 0] = 1, which
implies Pr[Y = —oo] = 1, a contradiction to E[Y] > —o0.

e Billingsley’s book did not assume that E[Y]| > —oo. But this case is actually
implicitly included (by assuming simple random variable) in the proof.

Example Pr[Y = —n| = 3/(7*n?) forn > 1, and Pr[Y = 0] = Pr[Y = 1] = 1/4.

3 X okt 4l 00, for t <0
Then E[Y] = —o0 and My (t) = _22 T = 1, for t =0
(L My (t), fort >0

Notably, in this example, the moments cannot be determined by taking the deriva-
tives of My ().




Bound under —oo < EY] < 0 and 7 < o0 016

e So we have an upper bound tingf% My (t) = My(7) on PrlY > 0] under the
€

condition that all moments exist and the moments can be obtained by taking
the successive derivative of the moment generating function.

e Is the upper bound tight? How to obtain a lower bound to Pr[Y" > 0]7

Answer: The bound is tight exponentially. This can be validated by providing
a lower bound to Pr[Y" > 0] in terms of the twisting distribution technique.



Bound under —oo < EY] < 0 and 7 < o0 017

Definition (Twisted distribution) The twisted distribution of Py(y) with
twisted parameter t is defined as:

eVdPy(y)  eYdPy(y)
Y

e For discrete random variable, the above equation can be rewritten as:
eVPrlY =yl eYPr[Y =y
Z eV Prly =4/ My (t)

y'ey

dpr y () (y) -




Why twisting a distribution? 0.1

Answer: To facilitate a probability estimation.

e In principle,

Py > 0] = / dPy(y / My (t)e d Py (y) = My(t) /0 " AP, ().

e Suppose Pr[Y > 0] is very, very small (so it is uneasy to make an accurate
estimate of it). Then choose t such that My (¢) < 1 immediately gives that

( /OOO e dPy (y)> > Pr[y > 0).

e Conceptually, measuring a big quantity (e.g., 0.32113 or ( [" e "dP,u)(y)))
is easier than measuring an infinitely small quantity (e.g., 0.0...032113 or
Pr[Y > 0]).

e Such a ‘“reversible probability amplifying technique” by moment generating
function helps us to make a better estimate on the perhaps very small Pr[Y” >

0]. (Note: The technique has to be “reversible”; otherwise, we still know little
about Pr[Y > 0].)

e Question: How to enlarge ([, e "dPyu(y)) to the extreme? Take t = 7
that gives the smallest My ().



Properties of twisting distribution 0.19

e By convention, denote by Y the random variable having Py (-) as its dis-
tribution.

e The moment generating function of Y is

Myols) = E[] = [ evipyot

- / MY dPY( )

B My S —|—t
My(t)
e The moments of Y become:
p[(ro)] - Dol MPs 0| P
dsk 0 My (1) My (t)
M/
So [Y(T>] = MYET§ = 0. In other words, 7—the largest amplifier—has
v\T

twisted the mean to the concerned margin, i.e., zero. This enlarges the “desire-
to-estimate probability” to the extreme.



Bound under —oo < EY] < 0 and 7 < o0 020

Now we have an upper bound:

PrlY > 0] = My(7) /0 ) e dPyr(y)

S My(T) /OOO dPY(T) (y) (since T > 0 )
— My(r)-Pr [Y“) > o}
S My(T).

[s the upper bound close to the true probability”? In other words, is the upper
bound an overestimate of the true probability?

A straightforward approach to substantiate the tightness of an upper bound is to
find a lower bound that is close to the upper bound.

The twisting distribution is especially useful in finding a lower bound.



Bound under —oo < EY] < 0 and 7 < o0 091

dP,
=5 [;/((T)) (i)o} be a distribution with support {y € ® : y > 0}, and

denote its associated random variable by TW.

Let dPyw (y)

From Slide 9-20, Pr[Y(™) > 0] > Pr[Y > 0]/My (7). As 0 < My(7) < 1, we must
have Pr[Y (") > 0] > 0 because if it were not true, Pr[Y > 0] = 0 leads to 7 = oo.

In fact, Pr[Y > 0]

= 0 already gives us what we demand to derive, i.e., the
probability of Pr[Y” > 0]! So the subsequent derivation is unnecessary for such a

trivial case.

PrlY > 0] = My(7) /O ) e dPy(y)

(Jensen’s Inequality) For a convex function ¢(+), o(E[X]) < Elp(X)].

TL

By Jensen’s inequality with ¢(x) = e™ 7",
e T = p(BEW]) < BlpW)] = E[e"].



Bound under —oo < EY] < 0 and 7 < o0 0-22

This gives that:

PrlY > 0] > My(1)-Pr [Ym > O} e TEWI,

Observe that

EW] = /OoodeW(w)

_ / 7, APy (y)
o ~Pr|Y()>0]

1 ©.¢]
< : ; dPy -
< sy ) AP

2
STV SO EY/? [(Y(T)> ] (by Lyapounov’s ineq.)

e
Pr[Y() > (]

<

We can then conclude that if —oco < E[Y] < 0 and 7 < oo, then

My(r) 2 PrlY 2 0] = My () - Pr [Yw - O} o {_Pr [Y(; > ()] b [<Y(T))2] }




A lower bound to Pr|U > 0] for zero mean U 023

To replace Pr[Ym > 0] in the previous inequality by moments of Y ("), we need a
lower bound to it.

Theorem 9.2 If E[U] = 0 and E[U?] > 0, then
EQ[U2]
AE[U4]

Pr[U > 0] >

(Schwarz’s inequality) E[|XY|] < EV?[X?EY?[Y?]

(Holder’s inequality) E[|XY|] < EVP[|X[PIEV]|Y|9] for p > 1, ¢ > 1 and
l/p+1/qg=1
Proof:

elet UT=U"-1 w>0) and U™ = —U - Ijy<o), where I} is an indicator random
variable that equals 1 when the event is true, and 0 when the event is false.

By their definitions, U™ and U~ are both non-negative.

e Then by Schwarz’s inequality,

B(U04) = B [0 Ty < B2 [0 B2 [Fa] = Y2 (U] B2 (1]



A lower bound to Pr|U > 0] for zero mean U 024

and by Holder’s inequality,
Bl ] = pllo P
< E/3/2) [(’U ’2/3> ] £1/3 [(’U’4/3>3]
= o) 2 ||
< E2/3 [U—} E1/3 [U4} .
Also by Holder’s inequality, together with E[U] =0 and U =U* — U™,
ElUT] = FE

VAN
& & &
E\E
S g
(S|
& &Y
w COO
~ T
N
= =
S =
\VJ w
=}



A lower bound to Pr|U > 0] for zero mean U 025

Hence,
E[U7] = E[U")+E[U )]
< EL/2 _U4: E1/2 _[[UZO]: 1 g3 [U‘} EL/3 [Uﬂ
< E'? _U4: E'/? _[[Uzo]: T <E1/4[U4] E3/4[[[U20]]>2/3 BY? [U4]
_ E1/2 U4' E1/2 [[UEO]: —|—E1/2 [U4] E1/2 [[[UEO]]

— 252 [U"] B2 [jpsy)]
= 2B (U] (Pr[U > 0))'/,

which immediately validates the theorem. O



A lower bound to Pr|U > 0] for zero mean U 0.2

E*[(Y )
E[(YD)?] > 0= Pr[Y™ >0] >
( )?] rf > 0] > AE[(Y ()4
E[(YY] =0 = PrlYD = 0] =1 = Pr[Y = 0] = 1 because Y has
the same support as Y = FE[Y] = 0, a contradiction to the assumption that
—oo < E[Y] <0.
> >0 > . (1) > } _ T 21y (7))2
= My(r) > Pr[Y > 0] > My(r) - Pr [Y >0 exp{ AGE O}E (V)]
4 )
E?[(Y(7)2 T
> M - EV2[(y ()2
= W g ) Tt
| AE[Y )Y )
E?[(Y())? ATE[(Y )]
p— M _—
) v = |~
where
Cy(7)



Chernoft’s Theorem 9.97

e Recall that what we concern is:

o

1
= Pr [—(X1+X2+~--+Xn)—m25]
n

1
E(X1+X2+-~-+Xn)—m| 25]

+ Pr [%(X1+X2+---+Xn)—m§—5]
= Pr{(Xi—-m—e)+(Xo—m—¢e)+-+ (X, —m—¢e) >0
+Pr{m—-Xi—e)+(m—Xo—e)+---+(m—X, —¢) > 0]
— Pr[Y > 0]+ Pr[Y > 0],
where
Y=(Xi—-m—-e)+(Xo—m—-¢)+---+(X,—m—¢)

and

A

Y:(m—X1—8)+(m—X2—8)+---+(m—Xn—5).

e Assume {X;}I | are i.i.d.



Chernoft’s Theorem: Upper bound 0.28

E* (V)] 4rB[(YO)]
My (7) = Pr[Y > 0] = My(7) - AE[(Y (DY] CXp {_E3/2[(Y(7))2]} '

e —oco< EY]=n(E[X]—m—¢)=—ne <.

o My(t) - H M(Xi—m—é) (t) — M(nX—m—s) (t)
=1

= My(t) =nMy_,, OML, 1)

= T satisfies M{X_m_g)(T) = (, which is assumed finite.
Or equivalently, we can say 7 satisfies Cy | /(T) = 0.
Notably, 7 is independent of n.

o Let p = Mx_p—o)(7). Since p is the minimizer for M y_,,_.(t) that has
negative mean —e and 7 < oo, we have 0 < p < 1.

e We then obtain:
p" > PrlY > 0]




Chernoft’s Theorem: Lower bound 929

E* (V)] 4rB[(YO)]
My (7) = Pr[Y > 0] = My(7) - AE[(Y (DY] CXp {_E3/2[(Y(7))2]} '

o My(t) = Mpx_, (1)
= My(r)= Mf_,,_.,(7) =p"
o Cy(t) = nCix_p—q)(t) = n[Cx(t) — (m + e)t]
o B[(Y)] = CY)(0) = CY(r) = nC%(T) = nha,
where Ay = C’”( ).
o E[(YO)] = Cl(0) +3E(Y )] = O (7) + 3n?A3
anf (T) + 3n*X\3 = nAy + 3n2\3,
where A\, = C’)(()( ).
By By O N
AE|(Y )]~ 4E[Y ) /2~ 4A0/n+30) 12+ 40/ (M3n)

° =




Chernoft’s Theorem: Lower bound 9.30

ATE[(YYY Az + 302X i )
CERYOR T T A0 34 2/ (gn)] Vi

Pr[Y > 0]

1V

BY©Y [ 4By
M) Tty |~ B
1

=7 ) ™Y {_4TA5/2 3+ /() ‘/ﬁ}

e As proved in Slide 9-26, Ay = E[(Y(7)?]/n > 0.

o n)y + 322 = E[(YD)] > E2[(Y()?] = n2\3 implies Ay > —2nA3. How-
ever, A4 is not necessarily positive.




Chernoft’s Theorem 9.31

This concludes:
1
12 44N,/

p' > Prly > 0] > p" o) exp {—47‘)\;/2 34 X1/(A5n)] \/ﬁ} :

where

(7 is the unique, positive, finite solution to C (1) = (m + ¢), independent of n

logp=Cx(r)— (m+e)T
Ay = Cx(7)
A= CY(r)

\

Both the upper and lower bounds can be improved up to % p" (See J. A. Fill
and M. J. Wichura, “The convergence rate for the strong law of large numbers:
General lattice distributions,” Probab. Th. Rel. Fields, 81:189-212, 1989). But the

current bounds are sufficient for our present goal.

How about Pr[Y" > 0]? The same technique can be applied.



Chernoft’s Theorem: Upper bound 0-32

My (#) 2 Pr{Y > 0] > My () - EQ[W)%] exp {_MEKYW } |

) 4B[[Y ) BYE(VO)

A

o —co< ElY]=n(m—E[X]|—¢)=—ne <.

o My(t) = | [ Mon—xio)(t) = M5, (#)
i=1

= M(t) = nM,,_y_,(O)M] " ()
= T satisfies M(’m_X_E)(%) = (, which is assumed finite.
Or equivalently, we can say 7 satisfies C7 v (7) = 0.
Notably, 7 is independent of n.
o Let p = M,,_x_-(7). Since p is the minimizer for M, x_.(t) that has
negative mean —e and 7 < 0o, 0 < p < 1.

e We then obtain:
p" > Pr[Y > (]




Chernoft’s Theorem: Lower bound 933

AB[(Y ) :

A 27 ())? SB[
My(#) > PrfY > 0] > My(7) - Lo {_2]/3[&%} |

¢ Mf/( ) M(nm X— 5)(t)
= My (7)= M, _.)(T) =p"

o Cy (t) - nC (m—X—e¢) (t) - n[OX(_t) + (m - 5)t]

o E[(YD)Y = CF,(0) = CL(7) = nCx(=7) = ns,
where Xy = C%(—7).

o E[(YD)] = CUL(0) +3E(Y D)) = OV (7) + 3023
= an‘)(—%) + 3020} = ny + 3n2\%,
where Ay = C’é?‘)(—f').
21(v (7))2
oo FYT B

AB[(YO) 4B

))?]/n? 1
Y4 /n2 12 + 40/ (A2n)

Y
E[(Y(¢



Chernoft’s Theorem: Lower bound 9.34

FEVO)) _ arinda+3020 e s
* E3/2[(§/(%))2] N n3/25\g/2 =47, [3 + )‘4/()\271)} Vn
Py > 0] > My (7)- B YO [(Y )Y
- AE[(Y ()] P 3/2(Y (7))
= p"- 1 ex 1/ °n
= p 121 1o/ (An) p{ —47 N7 34 Ay /(A2 )] \/_}

e As proved in Slide 9-26, Xy = E[(Y ()2 /n > 0.

o nhy+ 3n2X2 = E[(Y)Y > E2[(Y)?2] = n2)2 implies Ay > —2n)3. How-
ever, \4 is not necessarily positive.




Chernoft’s Theorem 9.35

This concludes to:
1

12+ 40/ (A\2n)

pt>Prly > 0] > "

exp {—4%5\;/2 [3 + 5\4/(5\371)} \/ﬁ} :

where

(7 is the unique, positive, finite solution to C%(—7) = (m — €), independent of n

logp=Cx(—7)+ (m —¢e)T
Ay = Ok (=7)
A= CY (=)

\

Both the upper and lower bounds can be improved up to % p" (See J. A. Fill
and M. J. Wichura, “The convergence rate for the strong law of large numbers:

General lattice distributions,” Probab. Th. Rel. Fields, 81:189-212, 1989). But the
current bounds are sufficient for our present goal.




Chernoft’s Theorem 9.36

To summarize,

1
P+ p" > Pr [ E(X1+X2+---+Xn)—m 25]
> 1 47342/ 03]V an + Al B/ B3]V den
- 12 44Xy /(A3n) 12 4+ 4X4/(A3n)
where
( . . _ —

= inf M(x_pm—o)(t) = inf e ™™ My (t

P = i Mcom—n(t) = Jnf e e M (1)
= exp{ —sup[t(m +¢) — C’X(t)]} =exp{—Ix(m+e¢)}
teR

< p=inf My, x_o(t)=infe "™ My(—t) (Sets=—t)

teR teR
= ing{; e*“e M Mx(s) = exp {— supls(m —¢) — C’X(s)]} =exp{—Ix(m—¢e)}
5€ seR

\

where Ix(x) = sup[te — C'x(t)] is the large deviation rate function.
teR



Chernoft’s Theorem 0.37
Observation How fast
Pr [

> 5]
converges to zero, if Xy, Xo, ..., X, are 1.1.d.7
Answer Exactly exponentially fast (we have both upper and lower bounds). And
the exponential rate can be determined by the large deviation rate function of the

1
~(Xi+ Xyt 4 X)) —m

marginal X .
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Suppose we wish to estimate the variance o2 of a zero-mean Gaussian noise by

successive observations Ny, No, ..., N,. Then
N2 N2 L. N2
p{‘ N A N >g} <o
n
where p = exp { —Iy2(0? +¢)} and p = exp {—Iy2(0? —€) }.
1
if ¢ < 1/(20%);
MN2(t) _ tN2 / 2 2/(202)du _ mv 1 /( g )7
Vino 00, otherwise.

—ilog(l —20%t), if t < 1/(207%);

00, otherwise.

= Cy2(t) = {

1
= Iy2(z) = sup[tr — Cy2(t)] = sup [tx + =log(1 — 20275)]
teR 1<1/(202) 2

if v <0;

B 1 e (1002 (L if >0
— ——)x+=lo — — = — if x
202 21 58 “\2%2 22/ )

00 if v <0;

B {;(1);1(@(:2), if x>0
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Hence, if ¢ = 0.0102, then

—log(p) = Iy2(0% +¢) = %(0.01) — %log(l +0.01) = 2.48346 x 107°

“og(p) = Iyalo? — ) — —%(0.01) - %log(l —0.01) = 251679 x 1077
So, if we desire that

Pr{ N12+N22:”+N5 — o’ > 0.0102} <Pl <1070 41077,

it is safer to have the sample number satisfying:

log(10~%) log(10~"
n > max{ 0g(1077) los(10 )} — max{463583, 457444} = 463583,
log(p) ~ log(p)

Observations

e When the required degree of accuracy is higher (i.e., € smaller), more samples
are needed!

e The above required sample number has nothing to do with 2.
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1
5 log(1 - 20%t), if t < 1/(20?);

0, otherwise
=7 = © and p = l(a2 + 6)1/26_6/(202>
202%(0% + ¢) o
= Ay = Cho(1) =2(c” +¢)?
=\ = C(7) = 48(c° + &)
. £ Loy 1/2 ¢/ (202
=7 = T andp:;(a — g)l/2es/(277)
= Ay = CUy(—7) =2(c* —¢)*
= A\ = CW(—7) = 48(0? — &)’

= A /A2 = A/A2 = 12 and TAY? = 7Y% = £/(V20?)

b le 4+ N22 IS Ng o—0-06(1+4/n)v2n
n 12(1+4/n)
— 6.64514 x 10727 (p" + p") for n = 463853 and & = 0.010>.

> 0.0102} > (p" 4 p")
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Suppose we wish to estimate the head-appearing probability of a coin flip by suc-

cessive trials X1, Xo, ..., X,,, where X; = 1 represents a head appearance. Then
Xi+Xo+---+X .
Pr{ L " p >s}§p”+p”,
n

where p =exp{—Ix(p+¢e)} and p=exp{—Ix(p —¢)}.

Myx(t) = Ele™] = / e"dPx(z) =ep+1—p

= Ox(t) = log(e'p+1—p)

= Ix(x) = suplte — Cx(t)] = sup [tz — log(e'p+ 1 — p)]

teR teRr
r 1 —
xlog(z)%—(l—a:)log( CC),if()<:1:<1;
p l—=p
= { —log(p), if x=1;
—log(1 —p), if ©=0;
| 00, otherwise
Hence, if p= 0.1 and € = 0.01p = 1073, then
0.101 0.899
—log(p) = Ix(p+¢e) =0.1011og + 0.899 log — 5.53918 x 107
0.099 0.901

— 5.5721 x 107

—log(p) = Ix(p —¢e) = 0.099 log 01 + 0.901 log 0.9
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So, if we desire that

{X1+X2+'“+Xn
Pr

n

—p| > 0.0lp} <P 4" <1070 4+107,

it is safer to have the sample number satisfying:

log(107%) log(10~7
n > max{ 05(1077) log(10° )} — max{2.07845x 10%, 2.06617x 106} = 2078450,
log(p) ~ log(p)
]
Observation

e When p = 0.5 and € = 0.005, —log(p) = —log(p) = 5.00008 x 10~°. Hence,
the required number of samples becomes 230255. Accordingly, it is easier to
“ensure” a fair coin than a biased coin.

e [rom the two examples, you shall learn that what the law of large numbers
concern is really a large number.
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1 — 1 — 1—p—c¢ pte
o 1Og( p)p+e) andp_( p ) ( p )
p(l—p—c¢) l—p—c¢ p+e

(

=X = C%(r)=(p+e)(1—p—e)

=M\ = CYM) =(p+e)1—p—e)[l —6(p+e)+6(p+e)]

p(l—p+e) o 1=p NPT p T

A (I—=p)p—oe) andp(l—p+€) (p—€>

=X = C%(-7)=@p—e)1—p+e)

=M= CP=) =(p—e) (1 —p+e)[l —6(p—e) +6(p— &)
X1+ Xo+--+ X,

Pr{ —p
n

for n = 2078450, p = 0.1, = 0.01p, 7 = 0.0110621, Ay = 0.090799, A, = 0.0413322
# = 0.0111608, Ay = 0.089199, A, = 0.0414602

=7 = log

> 0.01p} > (7.52188 x 10727)p" + (7.5219 x 1027)p"



Example 2 9-44
X1+ Xo+ -+ X,

Pr{ —p| > 0.0lp} > (8.20011 x 10727)p" + (8.20011 x 10~27)p"
n

for n = 230255, p = 0.5, = 0.01p, 7 = 0.0200007, Ay = 0.249975, A, = —0.12495
7 = 0.0200007, Ay = 0.249975, A\, = —0.12495




Strong law of large number revisited 0-15

(X1+ Xo+ - +Xn)—m'28] < oo for any € > 0

Theorem If Z Pr [
n

arbitrarily small then the strong law holds.

Theorem If { X;}22, areii.d., and all moments of X; exist and can be determined
by taking the derivatives of the moment generating function, then

>re[ |5

for any € > 0 arbitrarily small; hence, the strong law holds.

Proof: Choose 0 < 7 < oo such that M x_,,_.))(7) < 1 and choose 0 < 7 < 00
such that M,,_x_.(7) < 1. (Note that 7 and 7 need not to be the minimizers.)

0

O == G = - +Xn)—m'2€] <> (p"+p") <o

n=1

Pr(Xy—m—¢e)+---+(X,—m—¢)>0] = Pr [GT[(Xl—m—€)+---+(Xn—m—g)] > 1
< E"e"¥ 9] (by Markov’s inequality)
- M&—m—5)<7)7
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and

Pr[(m — X — 5) 4+ (m — X, — 5) > 0] Pr [67[(m—X1—6)+...+(m—Xn—a)] > 1
< EMe”™=X=9] (by Markov’s inequality)
- M(Cln—X—e)(T)'
[
Note that the validity of the upper bound only requires the assumption of “mean
being negative.”
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Theorem 9.3 (Chernoff’s Theorem) Let X, X5, ... be independent and iden-

tically distributed random variables satisfying F[X,] < 0 (and E[X,] > —o0),

P[X, > 0] > 0 (or tingf% Mx(t) = Mx(7) for some finite 7) and all moments of X
S

exists and can be determined by taking the derivative of its moment generating func-
tion. Then

1 X1+Xo+---+ X,
lim ——log Pr ki i > O]

n—00 n T

— —L}ggf%log Mx(t) = —gélgf% CX(t) — IX(O)

where I'x(x) = sup[tz — Cx(t)].
teR

Theorem (Cramér’s Theorem) Let X3, X5, ... be independent and identically
distributed random variables satisfying Mx (t) < oo for all . Then
1 Xi1+Xo+---+ X,
inf Ix(z) < liminf ——logPr [ e i >a]

r>a n—o00 n n

1 [X1+X2+---+Xn ]
> a

< inf [X(ﬂf)

xr>a

< limsup —— log Pr

n—00 n n
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e The previous discussion introduces the rate of convergence for Pr[X; + Xy +
oo+ X, > 0] for iid. { X} and —oo < E[X] < 0.

e We are thus confident that =(X;+- - -4+ X,,) converges to its mean exponentially
fast (in the sense that the probability of £(X; + - - - 4+ X,,) deviating from its
mean decreases to zero exponentially fast).

e The above result is obtained by twisting the original distribution with a spe-
cially chosen factor 7, resulting a larger Pr[Y' (") > 0] with E[Y()] = 0.
Notably, if Y = X; + Xo + -+ X, then YO = X!V 4 x{7 ... 4 x{7,

and {sz »_, are also i.i.d.

j=1
random variable W = Z; + Z5.

A| for any measurable set A can be implemented by Pr|X 1(T> + X2(T> c Al

Claim: (i) {X;}5_, iid. (ii) Define a random variable Y = X + Xj. (iii) Define
new i.i.d. variables {Z;}5_,, where Z; has distribution Py(-. (iv) Define a new

Then, Y™ and W have exactly the same distribution. Le., to compute Pr[Y () €
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Proof:

PmWﬂgm__/ (/ e dR/) (L/;JMR@A
Pr[wgb]—/ /bxldp (22)APy i (1)

b—xq o2 ol Ll
— /OO . MX(T)dP)((SUQ)MX(T)dPX(CUl)

! /OQ/M1 (51+02)
= e\ 12 d Py (29)d Px (1)
M3(7) oo =

The equality of the above two terms can then be proved by noting that for a

function f(-)

/ f(y)dPy(y / /b : f(z1 + x9)dPx(x2)d Px (7).

e We then provide a lower bound to Pr[Y () > (] = Pr[Xl(T)+X2(T)+- x>
0], where E[X](-T)] = ( for 1 < j < n. See Slide 9-29.
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e Question: Can we say more about XI(T) + sz 4o X with {X](-T) i1
Lid. and B[X] = 0?
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If {X;}32, are ii.d. with zero mean and finite variance o* (and implicitly all mo-
ments of X exist and can be determined by taking the derivatives of the moment
generating function), then

i X+ Xo4 -+ X,
1. Pr| lim LAzt i =0

| n—00 n
[ X+ Xo4 -+ X,
2. Pr [limsup S B
| oo o+/2nloglog(n)
X+ Xg+ -+ X,
3. lim Pr|Z TAat <

n—00 J\/ﬁ o y]

where ®(-) is the cdf of the zero-mean unit-variance Gaussian distribution.

=1 (Strong law of large numbers)

| I

= 1] =1 (Law of iterated logarithm)

= ®(y) (Central limit theorem)

Implication The law of the iterated logarithm tells us that sum of all i.i.d. samples,
normalized by 0\/ 2nloglog(n), always approaches 1 infinitely often, regardless of
the marginal distribution!




Law of the Iterated Logarithm 0.52

e limsupa, = a if, and only if, (Ve > 0)(I N)(Vn > N) a, —a < € and
n—00

Ve>0)(VN)dn>N)a,—a>—c¢.

Recall lim a, = a if, and only if, (Ve > 0)(3 N)(Vn > N) a, —a < ¢ and

n—oo

Ve>0)(dN)Vn>N)a,—a>—c¢.

e Indeed, limsup a, = lim sup{a,, a,i1, Gpio, ...} = lim sup ay.
N—00 n—00 n—00 >,

Hence, to prove

lim sup

X1+ Xo+-+ X,
Pr =1 =1
nsoo  04/2nloglog(n)

it suffices to prove that for every positive €, (where € is understood as “countable”
in its range),

Plleew~.-@Nwn>NDi2t o Fo L)y
o+/2nloglog(n)

and

Plleere - wN)@n>NBi2t ot o L)y
o+/2nloglog(n)
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Equivalently,

T Tyt ay ety
P r € R —l<epr | =1
(U m {_ o+/2nloglog(n) })

N=1n=N

and

O (0. @] xl _|_aj2_|_ o o o —|—ajn
P x e R —1>-—€ =1
(ﬂ U {_ a\/inoglog(n) }>

N=1n=N

Or equivalently, by De Morgan’s law,

> o0 aj1_|_x2_|__|_ajn
P x € R —1>¢ =0
(ﬂ U {_ 0\/2nloglog(n) - })

9-53
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Or equivalently (as written in Billingsley’s book),

Pr [Xl +Xo+ -+ X, > (14 &)oy/2nloglog(n) i.o} =0

and

Pr [Xl + Xo+4 -4+ X, > (1 —e)o/2nloglog(n) i.o.] = 1.

In order to reduce the confusion, I personally prefer to distinguish between the
“event” and the “set”. That is why I put “Prlevent]” and use “P(set)”, where
the event is defined through some random variables, and the probability of a set is
measured by probability measure P. Billingsley’s book sometimes mixes the two
together, which may be confused for beginners.

Assumption Without loss of generality, we assume that the variance o2 is unity.
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In order to prove the previous two equalities, we need two preliminary theorems.
Theorem 9.4 Let S, = X; + Xo + -+ + X,,, where {Xj};?‘;l are 1.1.d. with
zero mean and unit variance (and implicitly all moments of X, exist and can be
determined by taking the derivative of the moment generating function). Suppose
that the positive constant sequence ay, as, ..., a,, ... satisfies

a
a, = oo and — — 0.

/n

Then there exists a sequence (y, (o, ... with ¢, — 0 such that

P [S, > an/n] = o~ an(1+Gn)/2.

Recall S,,/+/n converges in distribution to zero-mean unit-variance Gaussian. So
P[S > \/7] . /OO 1 —82/2d
av/n —e s
e a« V2w

1 _ppf,_ 1, 1:3 135
— e _ _
/277'0, 0,2 0/4 aﬁ ’

where the last equality holds for @ > 0. In this theorem, we divide S,, by a little
larger quantity than /n.
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Proof: Observe that:

Pr[S, > a,v/n] = Pr[Xi+Xo+ -+ X, > a,v/n]
— Pr(X1 — a0/ V) + (Xz — an/3/m) + -+ (Xo — an/y/m) = 0.

Then by letting Y = (X7 — a,/v/n) + (Xo — an/v/n) + -+ + (X, — an/+/n) and
noting that {X; — a,/v/n}_; are iid., we have —oco < E[Y] = —a,/n < 0 and
for all sufficiently large n,

Pr[Y > 0]
> Pr[(X; —a,/+v/n > 0)and (Xo —a,/v/n) > 0and --- and (X, — a,/v/n) > 0]

= (Pr[X1 —a,/v/n > 0])" > 0 (The strict positivity is proved below.)

We claim that (3 ¢ > 0)Pr[X; > €] > 0 because if it were not true, i.e., if
(Ve > 0)Pr[X; > ¢] =0, then Pr[X; < 0] = 1, which together with E[X;] =
0 implies that Pr[X; = 0] = 1, which violates E[X?] = 1. Accordingly, as
an,/+/n — 0, there exists N such that for n > N, a,/y/n < €, and hence, for
n > N, Pr[Xy > a,/+/n] > Pr[X; > €] > 0. O
So we can apply the previously derived upper and lower bounds to Pr[Y” > 0.
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Definition (o-notation) Suppose that g(x) # 0 for all z # a in some open
interval containing a. Then f(x) is little-oh of g(x) or f(x) is of smaller order
than g(z), denoted by

if
@) _
e

Definition (O-notation) Suppose that g(z) # 0 for all  # a in some open
interval containing a. f(x) is big-oh of g(z) or f(x) is of the same order as g(x),
denoted by

f(@) = Olg(z)) s = — a,

if
f(z)

< Q.
g(x

lim sup
e—0 {zeR:|x—al|<e}
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My (1) > Pr[Y > 0] > My(7,) -

E2[(Y())] 47, B[(Y 7))
B[V P {‘ E3P[(Y ()2 } |

e Upper bound: My (t) HMX an/ym) () = My an/\r)()

1=1

n—1
= My (8) =M1 mOMix_o, m®)

= T, satisfies M(/X—an/\/ﬁ)(Tn) =0.
Equivalently, 7,, satisfies CéX_an/\/ﬁ> (1) = C% (1) — an//n = 0.

The zero-mean assumption implies that C%(0) = 0. Also, the strictly positive
second moment indicates the strict convexity of C'x(t), which in turn implies
the strict increasingness of C'(t) in t. As a result, a,/v/n — 0 as n — o
gives that 7,, = 0 as n — oo, because C'(7,) = a,//n.

By Taylor expansion,

/ O” (O) 2 3 1 2 3
Cx(t) = Ox(0) + Cx(0)t + =58 + O(t) = 5£° + O(t) as t = 0,

from which we obtain (by taking the derivative)
C(1)) = 70+ O(72) = a,//n as 7, — 0 (or as n — 00),
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which implies 7, = a,/v/n + O(a?/n) — 0 as n — oo; hence, 7, is eventually
finite.

lim sup 70 a;l/\/m < Cimplies (3 N)(V n > N)|7, — a,//n| < C72, or
n—00 Tn

equivalently,
Tp — 07'73 < an/\/ﬁ < T, + 073.

Let N1 be the smallest n satisfying 1 — C'1,, > 1/2 for all n > Nj. Then for
n > max{N, N1}, a’/n > 72(1 — C7,)?, which concludes that

n— Qp Cr? C
70— an/v/il _ O w0

(V n > max{N, N, }) 2 /n 20-Crn)e  (1=Cn)

(It is the reason why the theorem assumes a,/v/n — 0; the theorem does
require 7, — 0.)

Notably, 7,, is dependent on n.
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log pn = 10g Mx—a,,/ym)(Tn) = Clx—a,/yim)(Tn) = Cx (7o) = anTo/ V10

1 1
= [572 + O(Tg)] — [0 + O(T2)| 70 = —57'3 +O(77) as n — oo.
We then obtain:
pn = Pr[Y = 0]

E2|(y ™)) Ar, B[(Y )]
My (1) = Pr[Y > 0] = My(7,) - AB[(Y ()] CXp {_ E32[(Y ())2] } '

e Lower bound:

- My(t) = Miy_o,/ym ()

= My(m)=Mix ./ /m) () =Ph

— Oy (1) =nCx_q,/ym(t) = n|Cx(t) — ant/\/n]

— E[(Y™)P) = C1 1 (0) = G (1) = nCY(T) = nhay,
where A, = C%(T,).
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= By = O, (0) +3E%(Y ()
= Cy(7) + 30203,
= nCY () +3°A3,
= nhy, + 3”2)‘%,717
where Ay, = C')(?) (75).
— Then
EQ[(Y(Tn))Q] B E2[(Y(Tn))2]/n2 - )\%m B |
AE[(Y )4 4E[(Y )4 /02— 4 (30, + Aua/n) 124 4han/(A, )
and
(7n))4 22
N
Accordingly,

1
—47, [34 Mg/ (N Ao }
12+ 4,/ (AZ,n) GXF’{ T [34 M/ (A34m)] v/ Az

PriY = 0] = ¢}, -
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This concludes to:

1
"> PrY > 0] > g {47 34 A/ O3,0)] VAo }

where (as n — oo or t — 0 for the O-notation)

( 1 1, FE[X?
Cx(t) = §t2 +O(t?) ( = 5152 + %t?’ + O(t*) for the computation of C')(?‘) (t))
an a% An 2
negmto(%) (o gpmmrom)
< ] - 1 2 O 3 (1721 O a’731
0g Pn —57n + (Tn) - _% ng/g
An
Ay = CW (7)) = 0(1




Proot of Law of the Iterated Logarithm 0-63

As a result, by letting Pr[Y” > 0] = e~ ®(1+)/2 e obtain (as n — oo for the
O-notation)

1 M A n
nlogpnz—iai(l—kgn)anogpn—log <12+4 4, >—4Tn <3+ 4, ),/)\ann

A%)nn )\%mn
ay a, L, a, a,
i O (n1/2) > _ia”(l + ) > -5t O (n1/2>

& 0(%) <G < (%)
(o) o) ool oG

Thus, if a,, — oo and a,,/+/n — 0, then (, — 0. O




Proot of Law of the Iterated Logarithm 0-64

Theorem 9.6 Let S, = X +- -+ X,,, where { X;}22, are i.i.d. with mean 0 and
variance 1 (and all moments of X exist, which can be determined by taking the
derivatives of its moment generating function). Also, let Pr[Sy = 0] = 1. Then for

a > 2,

maX{SO, Sl, ey Sn} Sn
P > <2Pr|l— > a — V2| .
[ NG —“]— r[ﬁ—“ f]

Proof: Denote M,, = max{Sy, S1,...,5,}. Then M, is non-negative and non-

decreasing in n.

Pr %Za = Pr %>a/\Mn_1<oz
Vn
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Using this result, we can further derive:
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M.
Since (—‘7 > o >

M;_
Vn

1) .
) implies

Vv Vv

—L > @, we have:

7))
)

Pr[(M]>oz>]\{/j,1>/\(S—<a—\/§)]
ot 2 (5
i

- Pz ﬁ]P[ VT

IA

IA

(M; and M;_; only depend on X, ..

.

X;; S — S, only depends on X1, ...

So the above two events are mdependent )

Pr %>oz>]wj_1 —‘S Sl
:\/ﬁ— \/ﬁ: Vn

Pr %>Q>Mj_1 Var[Sn—Sj]
/T Vn o 2n

Pr %>oz>]wj_1 (n_j)<lPr
/T Vn 2n T 2

>
(by Chebyshev’s ineq.)

X,
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Consequently,

] s nffen-v

IA
s
%
Q
|
),
_I_
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Theorem 9.5 (Law of the Iterated Logarithm) Let S, = X1+ - -+ X,
where {X;}2, are i.i.d. with mean 0 and variance 1 (and all moments of X;
exist, which can be determined by taking the derivatives of its moment generating

function). Then

. Sh
lim sup =1| =1.
n—soc  +/2nloglog(n)

Proof: We shall prove the two equations in Slide 9-53.

P

1. Pr [Sn > (1+ €)4/2nloglog(n) i.o} = 0.

[ have modified the proof in Billingsley’s book so that the proof is more
“straightforward” for engineering major students.

Choose a positive @ such that 1 < 6% < 1 +«.

Let ny = [0F] > 0F — 1, and

for k > logy(e® +1) (ie., 0¥ — 1 > e which implies loglog(ny) > 1),
let 2 = 0 \/2loglog(ng) (> 0v2) > V2.
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Then Theorems 9.4 and 9.6 give that for & > logy(e®+ 1) and for some (; — 0,

Pr i Pr
,—nk - Lk = ,—nk

> xp — \/5] (Theorem 9.6)

= 2exp {—%(xk —V2)%(1+ Ck:)} (Theorem 9.4)
(e = V2P(L+ @)} |

Since

(= VDX14G) _  (0y/2loglog(d") — V)’

lim lim (Because (i J 0)

k—00 2602 log(k) koo 2602 log(k)
. (04/loglog(6%) — 1)?
= lim
k—00 62 log(k)
_ (04/log(k) + log log(f) — 1)
T b 62 log(k)

=1
there exists K such that for £ > K,

(zr — V2’ (1 + G)
2602 1og (k)

)

1
> —.
— 0
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Accordingly, for k > Ky £ max{K, log,(e® 4+ 1)},

M, 2
Pr [\/—77111 > xk] < 2exp{—0log(k)} = 7

Now for n > e fixed, there exists £ such that np_; < n < ny, and

V2nloglog(n) > /2(nj_y + 1) loglog(nj_y + 1) > \/ 2 (%) log log (%)

The last strict inequality follows from:
n :W—lj>9’€—1—1:9—k—1>@— |
e 6 = 9 o

which implies that (This is the only step requiring 6% < (1 + ¢))
(14 ¢)y/2nloglog(n) > 93\/2 (%) log log (%)

= ¢ \/anﬁlog log (%)

> 0+/2n;loglog (ng,)  (since 6 > 6)
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1
Claim: Given 6 > 1, fp(x) = loglog (%) ~3 loglog(x) > 0 for x > e’

— 1)1 |
Proof: The claim can be validated by fy(z) = éel ( )) [i)g(?j);_ (fg(?e))] > () for
x0log(x)[log(x) — log

z > e and fg(eeg) = log[e? — log(0)] — 1 > 0 for any 6 > 1. O

Accordingly, [Sn > (14 ¢)4/2nlog 10g(n)} implies that

M,, (2 S, > (14 ¢)y/2nlog log(n)> > 0+/2n; loglog (ny.),

where k is the unique integer satisfying [0*71| < n < [0%]| (namely, k =
[logy(n)]). As a consequence,

Pr [Sn > (1+¢)y/2nloglog(n) i.o. in n} < Pr [Mnk > 0+/2n;.loglog (ny) 1.0 in k| .

Theorem 4.3 (First Borel-Cantelli Lemma) If Z P(A,) converges (i.e.,

n=1

Z P(A,) < o), then P (lim sup An) = P(A, i.0.) =0.

n—o0

n=1
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By the first Borel-Cantelli lemma,

00 Ky
Z Pr [Mnk > 0+/2n; log log (nk)] = Z Pr [Mnk > 0+/2n; log log (nk)]
k=1 k=1

+ > P [Mnk > 6/2ny.log log (nk)}
k=Kop+1

= 2

Ko+ ) 1
k=Ky+1
> 2

Ky ¥
2 1

0 —1)Ki™

IA

IA

= Ko+

< 00,

we obtain (The below equality holds without the condition that 6% < (1+¢).):

Pr [Mnk > 9\/an loglog (ng) i.0. in k| = 0.

This completes the proof of the first part.
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2. Pr [Sn > (1 —¢)y/2nloglog(n) i.o} =1.
Choose & satisfying & > max{1,9/e2}. Take n; = |£].
1
( E) \/an log log(ny,)
For any k, let m; = ny — ni_1 and a; =
ay
Th d 0ask .
en ap — 00 an \/m_k—> as k — oo
1
(1 — E) v/ 21y log log(ny) ]
> =(1—=)+/2logl
°q; > T ( 5) \/ oglog(ng) — oo
[ ]
1
(1 - —) v/ 21 log log(ny)
. ay . §
lim = lim
k—o00 /M k— o0 mi
1
— k k
e ch— gh-1 = ek =




Proot of Law of the Iterated Logarithm 0.74

Theorem 9.4 then implies:

1
Pr [Snk L T (1 — g) \/2nk log log(ny.)

= Pr [X”k;—l‘H + -+ Xnk, > ak\/_]

1
= exp {—5(1%(1 + Ck) for some (; — 0

)y

| (1 — g \/2nk log log(ny)

:exp<—§ (14 ¢x)

Ve

C e {_(5—1) [ny log log(ng)] (1 + () }
g §* (g — ng—1)

> exp {_(5 5) ([ék’flcjgiog é:k] 11 e } since £ — 1 < ny < & and ny_y < 1)

( p \

= expq — (£ — 1)?[¢" loglog(£M)]( 1+Ck L — exp ¢ €= 1)loglog(§f)(1+@)
\ £2(gk — gh-1) ( _—gk_£k1> ) \ £ (1——£k_£k1> |
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As (; — 0, there exists K such that (. < for all £ > Kj.

26 — 1

log(&) +log(26 — 1) —log(€ — 1) | . 1 1
0 (0) if, and only if, P < 1

Hence, for k > K, £ max {Kl, log(é) + log(21fog—(§1)) —log(€ — 1) },

Also, k >

"

(& — 1) loglog(€F)(1 + ¢)

\

é‘k _ é"k:—l

1
Pr [Snk — Sp_y = (1 — g) v/ 2n; loglog(ng)| > exp — . ’
\ J

"

(& — 1) loglog(&") (1 +

1
26 — 1

)

> exp{ —

1
\ € (1 N 25 — 1
= exp{—loglog(fk)} = !

)

klog(&)

~~

/
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Theorem 4.4 (Second Borel-Cantelli Lemma) If { A, }Oo_ forms an inde-

pendent sequence of events for a probability measure P, and Z P(A,,) diverges,

n=1
then P (lim sup An) =
n—,oo
1 o
Since { [Snk — Sp,_, = (1 — g) \/ 21 log log(nk)] } are independent events,
k=1
and
- 1
Z Pr [Snk — Sn, 2 (1 — —) \/an log log(nk)]
k=1 §
> kZQ Pr [ Snpy > (1 — g> /21 log log(nk)]
> N !
- = 00,
52, Flog(é)

it follows from the second Borel-Cantelli lemma that with probability 1, .S, —
1
Spp_y = (1 — E) v/ 21y log log(ny) infinitely often in k.
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Now we can let X,, = —X,,, and let M,, and S,, be respectively the counterparts
of M, and S, for {X,} (and nj, = [£*]), and apply the proof in the first part
with 6 = v/2 to show that (cf. Slide 9-72)(This holds without 8 < (1 4 ¢)):

Pr [Mnk > 9\/an log log (n) i.0. in k} = 0.

Hence, it is with probability 1 that —S

nNg—1

= Snk—l < Mnk—l < «9\/2nk_1 loglog (ng—1)
for all but finitely many k.

2
Observe that 0/2n;_1 loglog (ng_1) < _ﬁ\/an log log (ny).

f

The validity of the above inequality follows:

k
1
Apply ng_1 (é &7 < gFl = % < nkg
Apply nj_1 < ny for ny_; inside log log(+).

2
) < % for ny_1 outside log log(+).

2
As a result, it is with probability 1 that =5, | < 75\/27’% log log (ny,) for all

but finitely many k.
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To summarize, it is with probability 1 that for infinitely many &,

Sup > (1 - —) V2niloglog(ng) + Sy, ,

> (1 — —> v/ 2n; log log(ny.) — 7\/2nk log log ()
— (1 — - — —) v/ 21 log log(ny,)

> (1 \/Lg — 7) v/ 21 log log(ny,)

= (1 — \%) /21 log log(ny,)

> (1 —¢e)y/2n;loglog(ng).

Final note

e The original statement of the law of the iterated logarithm was due to A. Y. Khinchin
in 1924.

e Another statement of the law of the iterated logarithm was given by A. N. Kol-
mogorov in 1929.



