§16.4 Green's Theorem (‘= S’ erficdf 4" & » 2 32)
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(1) (ii)
(counterclockwise if P48 = ) (PE R R pRs, R AR 4R)
Green’s Theorem:
(D) Do
JC \\ C- tivel . d
, . : positively oriented,
Y K piecewise smooth,

simple closed curve.

-
_—_— -

(1) F= <P, Q>: P, O : continuous partial derivations on D'.

8x 6y

“'JH-

w7

D

dA Lj(aQ gjjjdA jpdx+Qdy jF -dr.

Remarks : (i) =3 IC Pdx + Qdy :4)C Pdx+ Qdy = (](;C Pdx+Qdy = I . Pdx+ Qdy

(i) na®wF DB OD A n—1% > fcfp» &+ 238 a4 2 -
;T*UK— Banfich R A chn £~ 1T & D B R Sl

(n=1)EH A £* &.aD.

(i) If ‘Z—f-g—y—l thenj Pdx +Qdy = A(D) .

Flt (1)Q x,P=0;o0r

(i) 9=0,P=-y;or
1 1
) Q= Ex, P= -Ey.
i % 3§ line integral &k f& F4.
(iv) Theorem 16.3.3 (3 & %= HFHe-v & 15 i2) .
Green's Theorem + Theorem 16.3.2 - 16.3.4 .
(v) ¥R % D E_ (i) finite union of simple regions

¢ (©2)
e = (i1) region with holes +4r

1 CIRCETIENE & 0 L S -3



VLRl D G )0 ¢ G Rk (hole)
”%ﬂ‘éﬁ C1 ’ %3’%%?} Cz-

G
¥t + B Green's Theorem 728§ * : F :<P, Q>.

0 0
M [flex o dA=.[C1UC2F-dr, P EC,L C, BT
D P Q
W C AP, C, R4
0 0
(i1) if F is conservative, then E 5 =0, and, hence,
P 0

CF-dr:-jC F-dr:J:C F-dr.

Here C,and C, ?5'1 Ri5 s,

Proof of (i) : #-D % = D, fv D, 4=+ H.
A Green's Theorem ¥ 4 % * & D frD,, A
15

HAp 4D B (S PEA)A ) 5 0D, e D,

5 s 5 @ 5 w

[[lox ay|aa=([[lax ay|da+[[lox  oy|da

D P Q Dy P Q D, P Q
=4}6D1F-dr+(.f;aD2F~dr
= F-dr
0D, wdD,

= . )
jcluczF dr . (why?)
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'
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.
A
P
=

Fwdd, 385, #17 C UG,
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x=acosl, y=bsind, 0<0<2rx

_J-zn(_(__bsm@)asm@—k;a(cosﬁ)bcosej do

Example 1 IC xtdx+xy dy.
Solution : _[C x*dx+xy dy
1 pl-y
-[fpaa=[ [ viras
=[(y=2")dy=--<=
x>y ,
Example 2 —2+b—2 =1 Z#FFl& f
a
) 1 1
Solution : F= V,—X)= <P, Q>
272
A(D) = j  Pdx+0dy
= rrab.
Proof: Special case :

yA

Cs:y=g,(x)

C4 CZ
G i y=gi(x)
a b X
A= v
& (x) ay

= [ (P(x.8,(x)) - P(x.8,(x))) dx

L P(x, g (x)) dx—L P(x, g, (x)) dx
J.C de+J.C de+J.C Pdx + J.C Pdx

J.C Pdx.

Similarly, j j 2—5 dA = jc Ody.
D

o

Cs

D :typel m type Il region = simple region

xy

C:x=g(0)
C3 :x:gz(y)




Example 3

Example 4

Evaluate :

Solution :

Evaluate :

Solution :

JC(3y—eSi“x)dx+(7x+\/y4 +1)dy

P

Q

JC(3y—esm)dx+(7x+\/y4 +1)dy

= [[ (7-3)d4=4x97=36x.

X +y2 <3?

IC yidx +3xydy

I yidx +3xydy

[[(3y-2y)d4

D

NN
(_

(rsin@)rdrd = j smedej

__j |



-y X
Example5 F(x,y)= , =(P,
b ) <x2+y2 x2+y2> 0]

Prove that LF -dr =27z for any positively

oriented simple closed path that encloses the origin.

C:rlr)
G

Ci:r(={acost,asint)
0=1<2n

2 2
Proof : (i) 8_P:—y —X :a—Q

oy (x2+y2)2 ox
(i1)) By Green's Theorem, 0= J‘Cu(iq)F -dr.
(1) o (i) #

acost
2
a

2

2z —asint .
O:ICF-dr:ICIF-drzjo [ » a(—sint)+ acostjdt

=2r.

Example 6 Evaluate : L Ydx-xdy C:x’+y’ =4

Solution : IC Ydx—xdy

H (—3x2 -3y’ )dA = —3]02” Ioz rrrdrd6 = —67[!02 rdr

x2+y2§4

(-m)ﬁj _ 24z



Example 7  Evaluate : gSCF-dr, whereF:<y—cos ¥, xsin y>
andC:(x—3)2+(y+4)2:4
s ey - , B oQ OoP
Solution : (3x : C E_"F ¥ 4d) :@]Scp.dr__”[a__jdA

:—H(siny—l—siny)dA =4r.
D

2xy Y —x
(+ +y2)2 ’(xz +y° )2

C is any positively oriented simple curve that encloses the origin.

T/

22
Solution : () P=—22 -2 =X P _0 gi

(x2 + 5 )2 ’ (x2 +? )2 oy Ox

(i1)) By Green's Theorem

Example8 LetF(x,y)= . Find ICF -dr =7, where

L2 )
C:x"+y =a.

0= F-dr = jCF-drzch-dr.

cu-¢)

(iii) jq F-dr

o : a’(sin”> @ —cos’ @
=J'2 wa(_smeyr ( - )a(cosé’) do
0 a a
2 _ 3 T —
=J~2 sin” @ cos @ —cos 9d0=jz cosﬁdezo.
0 a 0 a



Example9 4= IC 2xydx +(x* +2x) dy =?

2 2
C : yT=1 C,:x*+y* =1
C=Cu(-

O ol "

+
LU(=C,)

Solution: 4= [[(2x+2-2x)dy=2Area(D)=2(67—7)=10x

D

Green's Theorem can be extended to regions with holes.

Example 10 Find the positively oriented simple closed curve C

for which the value of the line integral
3 3 _
Ic(y —y)dx—2xdy (— B)

1S a maximum.

Solution: By the Green's Theorem, we have that

f(xl,ly)
B=[(-6x*=3y"+1) d4

= C:6x>+3y" =1 (if FF4h)
EMB A




1T & & Green's Theorem 4= Divergence Theorem %2 Stoke's Theorem

S F )M T

() 4v Stoke's Theorem 1A % : Stoke's Theorem LF~dr = H(curl F)-Nds.
D

- mnF%ar a7/ ®

F(x,y,2)=(P,0,0)= curl F = <—@ op @—a—P>

oz 6z ox oy
:>cur1F-<O,O,1>::curlF-k=8—Q—8—P.
ox Oy

Green's Theorem

= [ Fdr= ﬂ(a—Q—a—PJdA =ij(curzF)-de.

= (1) Green's Theorem Z_Stoke's Theorem < &= ‘&L 5 chff- 35 T F 7R 535 »
A TESFRAZBLIF VTG 0 P Fhz 3wl A2 RIAPHE
711 Stoke's Theorem % = Green's Theorem 537] ;¢.
(2)= Hen— B SR M~ 3] 5% dhsurface integral = R S0 fii— B OAAE A
T At Lo B C

PRELE

3) F-dr=| F-TdS = circulation of F around C_ .
C, C, ¢

C,- X% aidfl(atx])

@) [[ (curl F)-NdsS ~ (curl F)-N(za’)

circulation of F around C,

5) ¢ (3),(4) = (curl F)-N =1lim
(5) 4 (3.4 ( ) a—0 area of disk §,

=rotation of F about N .
= the measure of the rotation
effect of the fluid about N .



(Il) 4~ Divergence Theorem 7R i
BB G
Divergence Theorem : ”F -NdS = ”F -dS = J..U divFdr.
s N 0

(- & dBen R B A Pz L T QR Sfp A
EnRhodr CEFAEY LQTERS)

rb R R IR SRR (2 23797 4 Green's Theorem 3,

[F-Nds = [[ divFd4 (Divergence Theorem 1= (7] 5%).
C D

C:r(s)=(x(s), y(s)}

(1) 17 55K # C S8 Fr(s)=(x(s),p(s)) > s £ A5RE

= dl;l( 5) <x (), y (s)> T = unit tangent (why?).
S
(why? r(0) = (0, 70) = 0 = (¥ 0, 0)
dr(t)  dr(t)  dr(t)
p__dt __dt __d _dr)
ar@®)| |r@)| ds ds

dt dt

(i) N=(y'(s),~x'(s)). (why?)

i 1= - g = [ 2422
- ” div F dA. Green's Theorem



PEE A
(iv) F #& % pV, where p= constant density of a fluid, v = its velocity.

(v) (F-N)AS =& 8 = p5 74 in &) AS s £ (flux).

(vi) LF -NdS = the net flux of F across S.

(Vi) BxS=S (FE i aamkie, o (xo,yo,zo))

0=0, (x5 o Tk il), afx].

(vii) £ 5 = [[[ div F dV ~divF 7/(Q,).
O,

flux of F across S,

V(Q,)

x) a—>0 = divF(x,,y,,z,)= flux per unit volume at (x,, y,,z,).

(ix) divF (xg,v,2,) =

(xi) «divF (x,,¥,,2,)> 0:the net flow is outward near (x,, y,,z,)
(xo, y»2, ) is called a source.
« div F (x,,¥,,2,) < 0: the net flow is inward near (x,, y,,z,)
(xo, ¥y»2, ) is called a sink.
«div F =0 for all points. Then field is called divergence free

or incompressible.

(xii) Divergence Theorem : — B = 2% 3 Q & D A et in £

10 R~ r*&E ¢ 5E Kz



