§16.3 The Fundamental Theorem for Line Integrals

N o
(1) smooth curves; piecewise smooth curves (= paths).
(i1) closed curves : initial point = terminal point.

(ii1) open region :

(iv) connected :

(yes) . . (no)

(v) simple curve : a curve that does not intersect itself anywhere

between its endpoints.
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not simple,  notsimple, simple, simple,
closed not closed not closed closed

(no) (yes)

(vi) Simply connected region : No hole + No separate pieces.
(yes) (no) (no)

(vii) ICF-dr is independent of path :
IC F-dr= IC F-dr for any C,, C, having the

same initial points and the same terminal points.
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Line integral i & 232

Recall :

[ F'(x)dx=F(b)~F(a) (et » %+ %L, FTC)

Theorem (16.3.2)(# & 232) Let F=(P,0).

e (1) F=Vf (%= 3H).
(i) Vf is continuous on C.
(iii) C:(piecewise) smooth curve r(¢), a <t <bh.

Bt [ Fodr=] Vf-dr=f(r(b))-/(r(a)).
Proof: n=3 I F-drzijf(r(t))-r'(t)dt
d dz
e or s

=[S (e ()
(e (0) o (v @),
n =2 : Similar.
Example 1: F(x,y)=<%xy,%x2> C:y=x; C:x=y"C:y=x;

A=2E 1 (0,0) - ¥ 2 (1,1) Compute J.C‘F-dr, i=123.
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Solution:  F=V/, where f(x,y)= %y .

1.
:>jq_F-dr:f(1,1)—f(0,0)=Z fori=1,2,3.

Theorem (16.3.3) JCF -dr 1s independent of pathin D < J.CF -dr=0
for every closed path C in D.

) CIRSRE AR O B S S ST o <



Theorem (16.3.4) = == : (i) F:DcR"—>R", n=2,3, D:open and connected.

(i1) F:continuous on D.

i
i

IC F - dr is independent of path in D.

0

F is conservative.

Proof : (<) Trivial.

(=) Constructive proof : ¥ *$45 -  potential function / s.t. Vf =F.

(i) n=2 (n=3 can be similarly proved):

o Bt D
Letf(x,y):J.CF-dr, / Y N

where C is a path in D with a fixed initial point (a,b) -

and terminal point (x, y).
(i) f(x,») is well-defined. (What? and Why?)
(ii1) Find a particular C :

Since D is open, 3(x,,y)e D withx, <x. Let

C =apath C, € D from (a,b) to(x,,y) followed by the horizontal
line segment C, from (x,,y) to(x,y) (See above Figure).

(iv) Claim Vf =F. Let F=(M,N).
S(x.y)=] Fdr=] Fedr+[ Fdr
:ICIF~dr+IC2de+Ndy x=t
= jq F.dr+j;M(t,y)dz. Here dy =0 (C, : 7k & 4L£)
%: 0+M (x,y). (jCF~dr Ao B s $ % #0)
Similar Construction (how?), we have

L =N(xy).
o (x.2)
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¢ s (1) D(F_#3): open simply-connected region.
(i) F= <M ,N >: M, N : continuous first-order partial derivatives.

: : oM ON
# ©  Fisconservativeon D < —=

oy ox

it
)
e

(=) Clairaut's Theorem.

(<:) Green's Theorem (§16.4).

n=3 F=<M’N’P>

=2 % s

%% ° F is conservative on D < Curl F =0 for all points in D.

Theorem (Conservation of Energy) : In a conservative vector field,
the sum of its potential energy and its kinetic energy remains a constant at any point.

This is the reason why the vector field is called conservative.
Proof :
(i) Let F=Vf e

P(A)= i=ic atA B =-f(4) (why?) F = Gravitaional field

K= Bk atd g = mlr(f. L

Wanted : P(A)+K(4)=P(B)+K(B). it B

["Fdr=f(B)-£(4)=P(4)-P(B).  F=rmi=mr"(c)

I
ijr"-r'dz =lmj3i|| r' (1) ||2=1m(|| rB)IF - IIr'(A)IF) =K (B)-K (4)
4 2 Jagy 2 '

= P(A)+K(A)=P(B)+K(B).
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