§16.2 Line (Curve) Integrals
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(i) C=r(t), a <t <b, is a smooth curve :r'(¢) is a continuous on [a, b]and r'(r) # 0 for a <t <b.

(i1) C is a piecewise smooth curve : C =C,UC,U..uC, , C,i=1,2, .., n,are smooth curves.

4 3g 4] e line integrals

(1) F: vector fields (a Force). Work done by F along C.

jCF Sdr = jM dx + N dy, where F = (M, N) and dr = (dx, dy)

= the line integral of F along C.
j F-dr= j F(r(t))-r'(t)dt

()
(r(t))-—
= [[FCO) gy

=jCF-Tds.

ZA

T unit tangent

) [ f (o) = [ £ (o) (@ + @7 = [ 1 (w600, 70) 557 + 27 .

(line integral of f'along C with respect to arc length)

(i) [ f(x.p)de=[ f(x(0.90))x@)dr.
@) [ f(xy)dy=] 7 (x0.y0)y @) dr
Facts :
jcf(x,y)ds =J‘7Cf(x,y)ds
() [ _f(xy)de==] f(xy)dx
(i) [ _f(xy)dy==] f(xy)dv

(iv) IﬁCF-er—J.CF-dr .
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Example 1 :

(1,1)
C > LetF(x,»)=(x0),
— > V=X
C, C:r(t)=(tt), C,:r(t)={tt), 0<t<I,
—C ir@t)=(1-t,1-¢), 0<t<1.

Solution :

(i) Iqde=J;tx/5dt=g =g J‘_C]deZLI(l—t)\/Edt:—@ 2

0 0 2 .
(ii) jqxdxzj;tdtzézqu-dr, where F = (x, 0), J.C]xdxzj.;(l—t)d(—t):—%.
1
(iii) Iczxds =j; tN1+4e% dt :§(1+4t2)2 (%JO =%(5J§—1).
(iv) J.szdxzj.;tdtzézjczF-dr. F = (x,0)

Example2 : F = <y2,x>. Compute IC F-dr,i=1,2, C4- H.

%2’ J.C y2 dx + x dy

¢/
% G, :x=4-)"

(-5:-3)

Solution : C, :r(r)=(1-1)(-5,-3)+1(0,2)=(5r-5,5r-3) 0<¢<I
1 5
:>_[Cly2 dx+xdy=IO[(5t—3)25+(5t—5)5}dt=_g

ICZ yhde+xdy= f3[y2(—2y) + (4—y2)] dy = 40%,

1)
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C:r(t)=(1-0)r, +t

i+ Example 1 ICIF-dr:ICZF-dr, e Example 2 ¥ _[CIF-drijCZF-dr

(% % : & Example 1 # 7 F £ conservative, f Example2 # $1F % £,
58163 ¢ 59 Uit ).



Example 3 : Evaluate J.C (y+z)dx+(x+z)dy+ (x+y) dz, where

G G

C : line segments from (0, 0, 0) to (1,0, 1) and from (1,0, 1) to (0, 1, 2).

Solution 1: C :(1,0,7) C,:(1-1)(1,0,1)+(0,1,2) =(1-1,1,1+1)

F=<y+z,x+z,x+y>
dr =<dx,dy,dz >

jc(y+z)dx+(x+z)dy+(x+y)dz=IClF-dr+JCZF-dr
=[l+nydi+ [ (~Q+20p2+1)dr
0 0
_ 2 N _
= 2| + -1 =1+1=2,
Solution 2: (16.3 #ff ~ Ak & £32)

f(x,y,z2)=xy+xz+yz = Vf=F
IF-dr=I F-dr+f F-dr
c qQ c,

=f(1,0,1)-£(0,0,0)+ f(0,1,2)— f(1,0,1) = 2.

Example 4: Evaluate J.F -dr, where F = <sin X, COS Y, xz> and
r(t):<t3,—tz,t>, 0<r<l.

1 1 1
Solution : j F-dr= j03t2 sin£’) dt + jo 2t cos(—>) dt + jo t* dt
3! . 24[! r 1
= —cost | + sin(—¢ )| +—
0 0 5 o

=—cosl+1—sinl+%

zé—cosl—sinl.
5
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