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1. Gradient(# & ):grad (f) = Vf (» & 3).
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2. Divergence($t/&): div(F)=V-F (&£ 3).
fit AR ERIT ) » EHF B it B RORA.
3. Curl(*A): curl(F)=VxF (% &3).
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2.  Green' s Theorem H(_x__J dA = LDF-dr = IaDP dx+Q dy.

F=(P.0)

oD
3. Stokes' Theorem: HV xF-dS = LS F-dr.

4. Divergence Theorem : J ” d1V dV = ”F-dS.
OE
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, c Stokes' Theorem
5. Green's Theorem .
= Divergence Theorem .
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§16.1 Vector Fields

PR ALt E oder, F o DV MALSE e F

(i) VectorFieldF : F: DcR" > R", n= 2, 3.

(i1)) Conservative Vector Field F :3 f : R" > R s.t.Vf =F;
Such f is called a potential function of F.

(ii1) Curl and Divergence of F.

Example1 © F (x, y)=(-y, x)
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Example 2 ©  Gravitation Force F(x)= —Gm—Mx;

3
(Field) x|

m, M are masses of two objects, x=(x, y, z).

L mM
(Grawtatlon oc — ]

r

2 Bzl ~ F Rt &8k mEf



eqQ

Example 3 : Electric Force F(x) =—=X ¢, Q are electric charges (& /).
(Field) X
(1) qQ >0 = the force is repulsive.

(i1) g0 <0 = the force is attraction.

Example 4 : Gradient Fields Vf :}* rof 2 B % S#cens £ S
s T fR" >R, n > 1.

Definition: a vector field F is called a conservative vector field
if 3 ascalar function f s.t. Vf =F.
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(i1) - a : Given F, check if F is conservative vector field (CVF)?
(i1) - b : If yes, how to find a potential function f?

Example1 : F(x, y)=(-y,x)=(M,N). IsFaCVF?

Solution : If 3/ s.t. F=Vf =(f, f ), thenf = M andf =N,

However, aaﬂ:fxy =-1 and aaﬂ:fyx =1. Hence, f # f,, (2¢).
y X

Thus, F is not conservative .

Example 2 : Is the gravitational field F a CVF?
GmM

F(x) = Gravitational Field = — - <x, ¥, z> .

(x2 +y° +zz)E

Solution : f <x, v, z>= GmM

-
(x2+y2+22)2

?
Example3 : F (v, y)=(2x, %" =y") =(M,N)=(f.. f,).
Find a potential function f of F.

2

Solution : f (x, y)=x2y+g1(y)=x2y—y?+gz(x)-

2

= f (x, y):xzy—y?+k.

Theorem : (# & F, = ‘&, 8 F F_ %= Fav 4 2 & i 2)
¢ear: ()LetF:DcR"—>R", D:opendesk, F=(M,N).

(i) M, N have continuous first partial derivatives on R.

. . . Theorem 16.3.5 . OM  ON
# - F=(M, N)is conservative % > ——=—,
Theorem 16.3.6 ay Ox

Remark : % ¢ Fv(i),(ii)i% & © aﬂ?ﬁ ON
oy  Ox

, B F is not conservative.
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How about the counterpart Theorem in space ?
(= fciip$t 2
£ A% curl F(F 97 R)

Definition : Let F (x, y,z)=(M, N, P)

Define : CurlF (x, y,z) = Vx F(x, y,z) = <i,i,i>x(M,N,P)
ox o0y Oz
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®  Physical (Intuitive) Interpretation of the curl of F. (% % %£§16.5-37)
F : velocity field of a fluid flow ¥ 2% » — 3k~ B Z_e3f

S
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curl F
ohenfig = %| curl F(3% ) |

e Ifcurl F=0, then F is said to be irrotational.
o Curl F(x,y,2) % % £ 3 F &(x,y, 2)'iT ez e & fo < [ 2R

Theorem: (& &2 F,= &, §_ F %2 Farv o & & (5 12)
© vl = <M , N, P>, M, N, P:continuous 1" partial derivatives on an
open space in space Q.
Theorem 16.5.3

2% ¢ Fisconservative. ¢ e curl F(x,y, z) = 0, for all (x,y, z) in Q.
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Divergence (47 & ) of a Vector Field F = <M , N, P> :

divF=v-F=M_+N +P.
If div F =0, then F is said to be incompressible .
®  div F(x, y, z) = the net rate of outward flux per unit volume at (x, y, z) .

—f it By, p, 2) BT, @ B HF B fed BB A

a source

o divF(x,y,2){=0= (x,,2) < incompressible,

a sink.
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